
1

Hadron spectra and thermodynamics for all quark 
flavors from a universal Hagedorn temperature

66. Cracow School of Theoretical Physics, Kraków, Poland, 16/06/2026

• MM, Kovács, McLerran, Redlich, PRD 112 (2025) 9, 096010 
• MM, Redlich, 2601.22902 [hep-ph] (2026) 
• MM, McLerran, Redlich, 2603.28668 [hep-ph] (2026)

Michał Marczenko with Győző Kovács, Larry McLerran, Krzysztof Redlich



The Hagedorn Hypothesis
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ρ(m) ≃ m−a exp(m/TH)

Hagedorn (1965): Limiting  for strong systemsT

Hagedorn, 1965

Log𝒵 ∼ ∫ ρ(m)e−m/T

Singularity at TH

scale controlling the asymptotic  
growth of resonances 



The Hagedorn Hypothesis
scale controlling the asymptotic  

growth of resonances 
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ρ(m) ≃ m−a exp(m/TH)

Cabibbo, Parisi (1975): Transition to QGP

Log𝒵 ∼ ∫ ρ(m)e−m/T

Singularity at TH



The Hagedorn Hypothesis
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ρ(m) ≃ f(m) exp(m/TH)

Typical Prefactor 

 

But depends on Bootstrap Condition

f(m) = A/(m2 + m2
0)5/4 ∼ m−5/2

Typical Hagedorn Temperature 

 

Associated with Deconfinement

TH ≈ 150 − 180 MeV

see, e.g., Hagedorn, 1965, 1971; Satz, 1979; Satz, Redlich, 2016; Broniowski, Florkowski, 2000



Hagedorn Spectrum from d=4 Relativistic String
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Common Hagedorn Temperature: TH =
3

2π
σ

• Recent estimates on  give  (e.g. Brambilla et al, 2023) 

• Baryons described as quark-diquark open strings (Fujimoto, 2026)

σ ≈ 480 MeV TH ≈ 330 MeV

Effective scale set by string tension

GLUEBALLS AS CLOSED STRINGS

ρcl(m) =
1

TH ( 2π
3 )

3

( m
TH )

−4

em/TH

MESONS AS OPEN STRINGS

ρop(m) =
2π

6TH ( m
TH )

−3/2

em/TH

see Fujimoto, 2025; Green et al 1988; Meyer, 2009



Confined LQCD EoS described by strings
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Thermodynamics exposes the full spectrum
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Spectrum from LQCD fluctuations 
• Fit to  gives:  
• Spectrum consistent with PDG

̂χB
2 TH ≃ 323 GeV

Spectrum from experimental data 
• Fit to spectrum gives:  
• Underestimates LQCD thermodynamics

TH ≃ 340 GeV
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dm′￼ρ(m′￼) Generalised susceptibilities: ̂χBQS
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Correlations in the Baryonic Sector
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Residual discrepancies 
point toward missing 

repulsive/non-resonant 
interactions.

Overall agreement is good
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9

Overshoot of ̂χBQ
11

Ideal treatment neglects 
non-resonant interaction

S-Matrix phase-shift analysis  
(Andronic et al, 2018)

Correlations in the Baryonic Sector
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LQCD thermodynamics (Kaczmarek et al, 2025): 
• Consistent with PDG mesons 
• Inconsistent with PDG baryons (factor of 2 at )Tc

Charm Lattice QCD Equation of State

Hagedorn spectrum overpredicts the EOS
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String spectrum governs excitations 
above the current quark mass 

ρ(m) ⟶ ρ (E = m − ∑ nqmq)



Parameter-free Equation of State
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Parameter-free agreement with LQCD EoS  

Hadronic spectra are controlled by 
excitation energy above the current quark mass

Quark masses from PDG 
 

+ 
No (re)fitting 

 fixed from light sector 

ms = 0.093 GeV, mc = 1.273 GeV

TH ≈ 323 MeV
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Charm Quark Susceptibilities up to 4th Order

Overall description of LQCD fluctuations quantitatively 
consistent across quantum number channels
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Universal Excitation Energy Threshold 
Ethr = mthr − ∑ nqmq

 
within uncertainties

ρcharm(E) ≃ ρbottom(E) Charm and bottom follow  
the same excitation pattern

Single excitation spectrum for all flavors 

ρop(E) =
2π

6TH ( E
TH )

−3/2

eE/TH

Quark Model

PDG

Quark Model

PDG
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Universal growth of states across quark flavors

Exponential growth of states above the energy threshold is universal 
and governed by  linked to the fundamental string tensionTH
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Thank You
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Hadrons emerge naturally as strings

Exponentially growing spectra are governed by a universal 

Scale set by the string tension

TH
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Universality across quark flavors
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Thermodynamics
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̂P(m) =
1

2π2 ( m
T )

2

K2( m
T ) eμ/T ̂P =

∞

∫
0

dm ρ(m) ̂P(m)

ρM = ∑
i=π,K,η

diδ(m − mi) + ∑
i=ρ,K*,ϕ

diθ(m − mi)ρop(m)

ρglue = θ(m − mthr)ρcl(m)

ρB = ∑
i=N,Δ,Λ,...

diθ(m − mi)ρop(m)



Baryons as quark-diquark strings
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tions has to include the infinite number of dynamical vari-
ables describing all possible string oscillations and is con-
nected, for example, with the mentioned stationary waves.
So the profound problem of quantization for the quasirota-
tional motions of various string hadron models requires spe-
cial consideration beyond the scope of this paper.

I. STRING WITH MASSIVE ENDS

The relativistic string with the tension ! and the masses
m1 , m2 at the ends "the meson or q-qq baryon model# is
described by the action $2,3,13%

S!"!!
&
!"gd'd(")

i!1

N

mi! !ẋ i2"'#d' , "1#

written here in the general form with N material points for all
mentioned hadron models. For the string with massive ends
N!2, X*(' ,() are coordinates of a string point in
D-dimensional Minkowski space R1,D"1 with the signature
# ," ," , . . . , g!Ẋ2X!2"(Ẋ ,X!)2, where (a ,b)!a*b* is
the "pseudo#scalar product, Ẋ*!+'X*, X!*!+(X*, &
!,(' ,():'1$'$'2 , (1(')$($(2(')-, ( i(') are inner
coordinates of the quark1 world lines, their coordinates in
R1,D"1 are xi

*(')!X*(' ,( i(')), ẋ i
*!(d/d')xi

*('), and the
speed of light c!1. The first summand in Eq. "1# is propor-
tional to the world surface area and may be rewritten in the
equivalent form $3,15,16%.
The equations of motion

+

+'

+!"g

+Ẋ*
#

+

+(

+!"g

+X!*
!0, "2#

and the boundary conditions for the quark trajectories

d

d'

ẋ i*

!ẋ i2
"

""1 # i!

mi " +!"g

+X!*

"( i!"'#
+!"g

+Ẋ* # $
(!( i

!0

"3#

are deduced from action "1# $3%.
The exact solution of Eq. "2# satisfying conditions "3# and

describing the rotational motion of the rectilinear string is
well known $2–4% and may be represented as

X0.t!b' , X1#iX2!/"1sin"/b(#•ei/t. "4#

Here / is the angular velocity, (!$(1 ,(2% , ( i!const, (1
00$(2; the substitution (̃!sin(/b() can be made.
The authors of Refs. $15,16% search motions of this sys-

tem close to the rotational one "4# in the form

X0!t , X1#iX2!(R" t #ei[/t#1(t)# f (()], "5#

where 1(t), f ((), Ṙ(t) are assumed to be small. After sub-
stituting this formula into Eq. "2# and dropping the second-
order terms they obtain the expression for f (()

f "(#!1̈" t #/"3R"1" t #$ f 1"( ,v!#" f 1"1,v!#% , "6#

where f 1(( ,v!)!( 12 v!A#("1!1"(2v!
2 )A , A

!arcsin(v! , v!!/R(t), (1!00(01!(2, the first
heavy quark with m1→2 is at rest.
Deducing Eq. "6# the authors of Refs. $15,16% ignore that

"a# the obtained function f (() "6# depends on t essentially
$one may assume the dependences R(t), v!(t) weak but this
cannot be valid for the multiplier 1̈(t)%, so all previous cal-
culations appear to be wrong; "b# expressions "5#, "6# do not
satisfy the boundary condition "3# for the moving quark. The
dependencies 1(t), f, R(t)"3R4 on time should also be ana-
lyzed. In particular, the following important question re-
mains without answer: do these disturbances grow with in-
creasing time, in other words, is the rotational motion "4#
stable?
In our opinion, a better way of searching quasirotational

motions and solving the stability problem includes the choice
of the coordinates ' ,( on the world surface "that can always
be made $3%#, in which the orthonormality conditions

Ẋ2#X!2!0, " Ẋ ,X!#!0, "7#

are satisfied. Under restrictions "7# the equations of motion
"2# become linear

Ẍ*"X"*!0, "8#

and the boundary conditions "3# take the simplest form

mi
d
d'

Ui
*"'##""1 # i!X!*"' ,( i#!0, i!1,2, "9#

where Ui
*(')! ẋ i

*(')/!ẋ i2 is the unit R1,D"1-velocity vector
of ith quark.
In Eqs. "9# the functions ( i(') are chosen in the form

( i(')!const. One can always fix them, in particular, as

(1!0, (2!5 "10#

with the help of the reparametrizations $3%

'̃%(̃! f%"'%(# "11#

( f% are arbitrary smooth monotone functions#, which keep
the invariance of Eqs. "7# and "8#.
Using the general solution of Eq. "8#

X*"' ,(#! 1
2 $6#

* "'#(##6"
* "'"(#% , "12#

1We use the term ‘‘quark’’ for brevity, here and below quarks,
antiquarks, and diquarks are material points on the classic level.

FIG. 1. String baryon models.

G. S. SHAROV PHYSICAL REVIEW D 62 094015

094015-2

Sharov, 2000

Classical rotational motion 
•  and  are unstable 
•  and  are stable

qqq Y
q(qq) Δ

• Closed strings thermally suppressed:  
• Quark-diquark picture supported by Regge trajectories (Selem, Wilczek 2006)

nq(qq) ≫ nΔ

Baryonic spectrum described with the same  as mesons (Fujimoto, 2026) TH

Fujimoto, 2026)
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Counting the States in Practice
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   such that   N(m) = ∫
m

0
dm′￼ρ(m′￼) ρ(m) =

dN(m′￼)
dm′￼ m

Discrete spectrum
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Thermodynamics of Glueballs

21Thermodynamics described well with asymptotic Hagedorn tail (Meyer, 2004)

̂P(m) =
1

2π2 ( m
T )

2

K2( m
T ) eμ/T

̂P =
∞

∫
0

dm ρ(m) ̂P(m)

A&T
Meyer
A&T + closed strings
Meyer + closed strings
LQCD

0.01

0.1

1

(ω
→
3p

)
/T

4

Td TH

0.2

0.25

0.3

0.4 0.45 0.5 0.55 0.6 0.65 0.7

1/
3
→
p/

ω

T/
↑
ε

Trace Anomaly

Link to deconfinement in Pure Gauge Theory: 
 (Lucini et al, 2004)TH = 1.069(5) Tdec



LQCD, Meyer
Closed Strings
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Above , LQCD spectrum saturates due to difficulties in extraction of the states2 M0

Glueball Density of States

In Pure Gauge Theory scale is set by σ

Hagedorn Temperature: 
TH

σ
=

3
2π

ρgb(m) = θ(m − mthr)ρcl

Spectrum is practically parameter-free

   such that   N(m) = ∫
m

0
dm′￼ρ(m′￼) ρ(m) =

dN(m′￼)
dm′￼ m



Open strings, TH = 0.2 GeV
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Open-String Spectrum and Thermodynamics
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O. strings + PDG baryons
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The same set of parameters describes mesonic sector too



Regge Phenomenology and Flavor Dependence

Experimental observation 
Light hadrons follow approximately linear trajectories 

    where     

see Chew & Frautschi (1962), Collins (1977)

J ≃ αM2 + β α ≡
dJ

dM2
= (2πσ)−1

Page 2 of 15 Eur. Phys. J. A (2012) 48: 127

contributions in different angular-momentum configura-
tions from the broad and overlapping resonances. Thus,
there is now the chance to clarify the “missing” resonance
problem. The attempt to assign (nearly) all baryon reso-
nances to SU(3) multiplets should be helpful to identify
problems and to serve as guidance for further discussions.
This assignment requires to identify the leading orbital
angular momenta L and the spin S within the three-
quark system. Measured quantities are only the total an-
gular momentum, the spin J of the baryon, and its mass.
Here, theoretical input is required. We use a holographic
mass formula derived in [11] which reproduces the known
spectrum of nucleon and ∆ resonances with remarkable
precision.

In this paper, we shall use the word missing resonance
in a restricted sense. E.g., we may interpret the three
resonances N3/2+(1900), N5/2+(2000), N7/2+(1990) [12]
as members of a spin quartet, with orbital angular mo-
menta L = 2 and quark spin S = 3/2 coupling to the ob-
served particle spin J . In this interpretation, N1/2+(1880)
—observed in recent coupled-channel analyses [13]— was
missing to complete a quark spin quartet [14]. But the
existence of a N1/2+ resonance would be required in any
kind of quark model. More subtle is the question if two ad-
ditional doublets (N3/2+ , N5/2+) and (∆3/2+ , ∆5/2+) as
requested by symmetry arguments (see eq. (9) below) are
realized in nature. None of these states has been observed.
The latter type of resonances, i.e. the non-observation of a
complete L, S multiplet, we shall call missing resonances
in the context of this paper.

We refrain here from a discussion of the possibility that
baryon resonances are formed as parity doublets. If this
conjecture holds true, it gives an exciting new approach to
the internal dynamics of excited hadronic states; we give
here a few references for further reading [15–18]. However,
the predictive power of the conjecture is limited: it pre-
dicts that resonances should occur as parity doublets but
there is no prediction at which mass. In this article we
hence restrict ourselves to a discussion of the data within
the quark model and its symmetries.

The outline of the paper is as follows: In sects. 2 and 3
we summarise the empirical data on light-flavoured delta
and nucleon resonances, respectively. In particular we re-
call that these can be suitable organised according to lead-
ing and daughter Regge trajectories where the resonance
positions follow from a simple mass formula. In sect. 4
we summarise the relevant symmetries for light-flavoured
baryons and the classification of states in multiplets within
the framework of the (harmonic oscillator) constituent
quark model. In sect. 5 we discuss the structure of the
nucleon and ∆ resonances within the framework of this
classification, before concluding in sect. 6.

2 The mass spectrum of ∆ resonances

2.1 Regge trajectories

It is well known that meson and baryon resonances lie on
Regge trajectories, i.e. that their squared masses depend
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Fig. 1. The leading Regge trajectory: ∆ resonances with maxi-
mal J in a given mass range. Also shown is the Regge trajectory
for mesons with J = L + S.

linearly on the total angular momentum J . Figure 1 shows
such a plot; ∆ resonances are plotted having the largest
total angular momentum J in a given mass range. This
trajectory is called the leading Regge trajectory. The reso-
nances are consistent with having even orbital angular mo-
mentum L = 0, 2, 4, 6 and quark spin S = 3/2 maximally
aligned to form total angular momentum J = L+3/2. The
errors in the fit are given by the PDG errors and a second
systematic error of 30MeV added quadratically. This sys-
tematic error is introduced to avoid hard constraints from
well measured meson or baryon masses like the ∆(1232)
mass; the error can be interpreted as uncertainty due to
variations of the self-energy of different hadrons due to,
e.g., the proximity of (strong) decay thresholds.

Figure 1 also shows the leading Regge trajectory of
natural-parity mesons, again as a function of the total an-
gular momentum. Light mesons with approximate isospin
degeneracy and with J = L+1 are presented. Although it
is customary to plot the meson trajectories for L even and
L odd (for positive- and negative-parity mesons, respec-
tively) separately, there is no problem fitting both trajec-
tories simultaneously: This property is called MacDowell
symmetry [19].

The dotted line represents such a common fit to the
meson masses taken from the PDG [12]; the error in the fit
is given by the PDG errors and a second systematic error
of 30MeV added quadratically. The slope is determined
as 1.142GeV2. The ∆ trajectory is given by the ∆(1232)
mass and the slope as determined from the meson tra-
jectory. Obviously, mesons and ∆’s have the same Regge
slope. This observation is the basis for diquark models;
indeed, the QCD forces between quark and antiquark are
the same as those between quark and diquark.

Klempt, Mensch (2012)
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Before concluding this section, we consider some conse-
quences following from our result for the slope parameter
~3!. The 3/2 power implies a rather large value for the kinetic
energy possessed by bound state of heavy quarks. This be-
comes substantial already for the Bc system and is certainly
so for toponium and top mesons. Unfortunately, mass spectra
are completely unknown in the first case @9#, while top bound
states are predicted not to form, due to the large mass and
short lifetime ~through weak decays! of the top quark. Pres-
ently, it is not possible to verify from data whether such a
large kinetic energy term exists.
It must be emphasized that parametrizations that include

quark mass dependences other than m11m2 alone might
change significantly the 3/2 power law. The accuracy of the
present data renders difficult such an analysis in terms of
more than one combination of the quark masses.
In string-type models @10#, where the associated kinetic

energies are not overly large, 1/a8 would be linear in m̃
5m11m2 ~within our assumption that a8 only depends
upon m̃). Hence we tried to constrain the fit to reproduce this
behavior. A phenomenological problem arises, however,
with the light sector. Since a85a8(0)/(11Am̃) has a large
negative derivative for small m̃ , there appear significant
variations for the slope in that region. On the other hand, we
require for all the slopes of the light sector a light8 '0.8
20.9 GeV22. Such can be obtained only with an almost

perfect degeneracy in the u , d , and s quark masses.
We hope to return to this interesting but delicate question

elsewhere. Below we continue our analysis with the uncon-
strained fit ~3!, which reproduces the observed falloff in the
slope quite well.

B. Level splitting through the a„0…[aI„0…2aII„0…
parameter

Let us now consider the spacing between the first and
successive trajectories for various mesons. This distance is
defined to be the energy squared gap between states of fixed
J for successive trajectories @EJ

I11#22@EJ
I #2. We also ana-

lyze the corresponding energy level splitting @EJ
I11#2@EJ

I # .
There is phenomenological evidence suggesting that suc-

cessive trajectories alternate between states of normal and
abnormal parity. That is, the first trajectory contains the nor-
mal set starting with JP512, followed by the abnormal set
with JP502, and so on. In particular, lowest J51 states for
any meson @2# have negative parity. As energy increases, we
encounter a state of positive parity, followed by a negative
parity state and so on. This trend is summarized in Table I.
Exceptions to this regularity are present and we discuss

them briefly in the following. For example, for the v reso-
nances, we have two closely lying states v(1420) and
v(1600), which have both been assigned negative parity. A
similar situation is found for the charmonium states

FIG. 1. Slope parameter for various mesons as a function of m11m2.

HADRONIC MASSES AND REGGE TRAJECTORIES PHYSICAL REVIEW D 58 016003

016003-3

Filipponi et al (1998)
Heavy Flavor suppresses the slope 

reduced effective slopes and apparent flavor dependence 
see Filipponi & Srivastava (1998), Afonin (2007), Sonnenschein & Weissman (2014)

Is the flavor dependence dynamical or kinematic?



Excitation Energy Reveals Linearity
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•  

•

J(E2) = αEE2 + βE

αE =
dJ

dE2
= const

•  

•

J(M2) = αMM2 + βM

αM =
dJ

dM2
= αE (1 − ∑ mq/M)

Slope hierarchy: αll̄
E < αls̄

E < αlc̄
E < αlb̄

E Slope hierarchy: αll̄
M > αls̄

M > αlc̄
M > αlb̄

M

Excitation Energy Representation Physical-Mass Representation

Trajectories for ρ, K*, D*, B*



Geometry of Rotating String

26

Light-Light String: m1 = m2 = 0 Heavy-Light String: m1 = 0, m2 = ∞
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Geometrical Correction
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As  the ratio M → ∞ αM /ασ → γIntroduce correction: αE ⟶ γ ⋅ αE = γ ⋅ (2πσ)−1
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 Baryons as quark-diquark stringsΛ
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γs = 1.129(17)
γc = 1.464(30)
γb = 1.655(24)

Vector Mesons 
 

 

γs = 1.070(25)
γc = 1.356(27)
γb = 1.673(145)

Similar enhancement factors for mesons and 
baryons support Hagedorn universality and the 

quark–diquark picture of baryons.

QCD spectroscopy governed by a universal excitation-energy string structure
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The  scale Reappearsσ
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Now, we can make an extrapolation of Nc toward a
realistic value of Nc ¼ 3, in which all transitional changes
should be smooth crossovers except for the liquid-gas
transition of symmetric nuclear matter that is a first-order
phase transition. In Fig. 5, we present our most plausible
picture of the new phase diagram including a window of the
SQGB regime. In the conventional phase diagram, the
counterpart of the onset of the SQGB is simply the pseu-
docritical temperature Tc ∼ 150–160 MeV. We claim that,
even above Tc, presumably up to Td ∼ TH ≃ 285 MeV, the
stringy phase continues with thermal degrees of freedom of
quarks, even though quarks are still unscreened and thus
confined. We would emphasize that our picture does not
contradict the preceding modeling efforts; in terms of the
HRG model, the repulsive interactions between mesons as
considered in Ref. [56] are the ingredients for the model to
confront lattice-QCD thermodynamics. In our language,
through interactions in such a model or the van der Waals
parametrization of thermodynamics [57,58], the system
somehow gets to know the presence of quarks.
The temperature upper bound of the SQGB phase at a

given μB, viz., TdðμBÞ, is given by the screening argument
based on the thermal screening mass expression (4). When
MDebye is comparable to the QCD scale or larger, the
confining interaction is not long ranged anymore due to
screening, thus the deconfinement sets in. This is essen-
tially the argument presented in Ref. [59], in which Figs. 4
and 5 provide the estimate of TdðμBÞ.

IV. HAGEDORN SPECTRUM

In this section, we derive the expressions of the
Hagedorn spectrum for the closed and open strings and
discuss the behavior of the entropy density for those
Hagedorn spectra. These are well-known results, but we
provide them here to make this paper self-contained.

A. Derivation of the closed- and open-string results
for the hagedorn spectra

We follow the arguments found in the standard text-
books; see Ref. [60]. For the open string, the energy (mass)
spectrum is given by

α0M2 ¼ N − 1; ð6Þ

or in terms of the string tension σ, instead of α0, it is
approximately written as

M2

2πσ
≃ N; ð7Þ

where N ≫ 1 is assumed. Here, N is the sum of the string
modes, i.e.,

N ¼
X∞

n¼1

nα†nαn; ð8Þ

where αn is the annihilation operator of right-moving (or
left-moving) string modes with nth quanta. The physical
states are prepared with the Fock states with transverse
polarizations, so the number of states is the number of
partitions of the total energy. How to count this is given by
the Hardy-Ramanujan formula (for more details, see
Ref. [60]), and for the case with b ¼ D − 2 polarizations,
the partition number is found to be

pbðNÞ ≃ 1ffiffiffi
2

p
"
b
24

#ðbþ1Þ=4
N−ðbþ3Þ=4 exp

"
2π

ffiffiffiffiffiffiffi
Nb
6

r #
: ð9Þ

For our problem of the four-dimensional theory, we use
b ¼ 2 (though in the string theory textbook [60],D ¼ 26 is
the standard choice to avoid anomalies without supersym-
metry), and so we are interested in

p2ðNÞ ≃ 1

22 × 33=4
N−5=4e2π

ffiffiffiffiffiffi
N=3

p
: ð10Þ

In the case of the closed strings, corresponding to the
glueballs in our problem, one must be careful of the energy
spectrum that is given by

M2

2πσ
≃ 2ðN þ ÑÞ; ð11Þ

and in this case, N contains both left- and right-moving
string vibrations, i.e.,

N þ Ñ ¼
X∞

n¼1

ðnα†nαn þ nα̃†nα̃nÞ: ð12Þ

For the strings with zero momentum, the first term and the
second term should be the same, that is, N ¼ Ñ. This
means that the physical states are given by the tensor
product of the states with α†n and the states with α̃†n. So, the
number of states is given by ½pnðNÞ&2, that is,

pclosedðNÞ ¼ 1

24 × 33=2
N−5=2e4π

ffiffiffiffiffiffi
N=3

p
: ð13Þ

FIG. 5. New and realistic phase diagram for Nc ¼ 3 including a
window of the SQGB regime.
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the normalised di!erence of the normalised susceptibili-
ties (4),

Rω→ε(T, ωmin) =
ε̃
norm
ω (T, ωmin) → ε̃

norm
ε (T, ωmin)

ε̃norm
ω (T, ωmin) + ε̃

norm
ε (T, ωmin)

. (7)

Using Eq. (5) summed over ωmin ↑ ω ↑ Nϑ/2 gives
very similar results. Similar ratios were considered in
Refs. [14–16, 64–66]. Again, this quantity vanishes
when U(1)A is e!ectively restored. The dependence of
Rω→ε(T, ωmin) on the temperature is shown in Figure 2,
for all three generations. We observe that the ratio ap-
proaches zero far above the chiral transition temperature.
This is our first, qualitative, finding.

To obtain a quantitative result, including an estimate
of the systematic uncertainties, we proceed as follows.
To estimate the uncertainty due to the choice of ωmin,
we compute Rω→ε for several values of ωmin within the
interval ωminT ↓ [0.125, 0.44] for Generation 2 and 2L
and ωminT ↓ [0.13, 0.36] for Generation 3. The central
value is taken as the midpoint between the maximum
and minimum values obtained in these intervals, and the
corresponding systematic uncertainty is defined as

ϑsys(T ) =
1

2

(
Rω→ε(T, ωmin)

∣∣
min

→ Rω→ε(T, ωmin)
∣∣
max

)
.

The total error is obtained adding the statistical and sys-
tematic errors in quadrature. The smaller caps on the
error whiskers in Figure 2 indicate the statistical error
and the larger caps the total error. Our conclusions are
robust under variations of the temporal cuto! ωmin and
across the three generations.

Since the U(1)A symmetry is only expected to be ef-
fectively restored, with no phase transition, any criterion
for determining the restoration temperature will neces-
sarily be somewhat arbitrary. One option is to define
it as where Rω→ε decreases to below a certain fraction
of its zero-temperature value, prompting the question of
which fractional value to choose, with results depending
on this choice. Here we have opted instead for the stricter
condition that Rω→ε = 0 within errors at the restoration
temperature. Selecting an alternative criterion, in which
Rω→ε = 0 to within a certain fraction, does not a!ect the
main conclusion, namely that U(1)A symmetry is e!ec-
tively restored considerably above the chiral transition.
To determine the restoration temperature, we interpo-
late the central values of Rω→ε at di!erent temperatures
with a cubic spline, and use this to find the zero cross-
ing point. The uncertainty on TU(1)A is estimated via
a Monte Carlo resampling procedure, in which the input
data are sampled according to their uncertainties and the
spline interpolation is carried out for each replica.

We find that the Generation 3 results indeed reach
zero within the quoted uncertainty. On the other hand,
the Generation 2 and 2L results get close to zero, but
they do not exhibit a clear crossing, and central values lie
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FIG. 2. Rω→ε results for Generation 2 (blue circles →), 2L
(orange diamonds ↑) and 3 (dark-gray squares ↭), with the
inset showing a close-up of the region of interest. The dark-
gray curve shows a cubic spline interpolation of Generation 3
data only and TU(1)A is taken as the temperature where the
spline reaches zero within errors.

within approximately one standard deviation from zero.
We take this as being due to the smaller temporal lat-
tice spacing of Generation 3, with twice the anisotropy
compared to Generation 2 and 2L. With this higher res-
olution in the temporal direction, the Generation 3 data
provide clear evidence for e!ective restoration of U(1)A

symmetry at TU(1)A = 319(22) MeV. This is our sec-
ond, quantitative, finding. From our results we cannot
conclude whether the transition temperature depends on
the quark mass.

We have carried out a similar analysis for the restora-
tion of SU(2)L ↔ SU(2)R chiral symmetry. We find a
distinctively lower temperature for the chiral transition,
see the Supplementary Material for details.

Discussion – Using the state-of-the-art set of ensem-
bles produced by the Fastsum collaboration, we find ev-
idence for the e!ective restoration of U(1)A symmetry at
T = 319(22) MeV. This is the first large-scale study of
this problem using Wilson fermions on highly anisotropic
lattices. Our results suggest the following pattern of sym-
metry restoration in QCD with non-zero quark masses:
a crossover transition at which SU(2)L ↔ SU(2)R sym-
metry is restored, which takes place at Tc ↗ 154 MeV for
physical quark masses, and the e!ective restoration of
U(1)A symmetry at a considerably higher temperature,
TU(1)A ↫ 300MeV.

Further evidence of restoration of U(1)A symmetry
around 320 MeV was recently reported in Ref. [67],
where in an extensive study the infrared eigenstates of
the Dirac operator are understood in terms of random
matrix theory. Those results are consistent with other
explorations [68, 69] of the Dirac operator eigenstates,

Fujimoto et al, 2025 Aarts et al, 2025
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FIG. 1. The five experimentally measured temperatures of IMR dielectrons are shown. Here

IMR denotes the intermediate mass region, 1 GeV < M < 3 GeV. For clarity, the STAR 2024

point is shifted to the right from its actual position by 25 GeV along the horizontal axis. The

observed temperatures are constant within → 10% for all nuclear collisions’ experimental data at

the various bombarding energies at BNL and CERN. The theoretically determined temperature

of the deconfinement phase transition of pure gluon matter (see text) is shown by the shaded

horizontal band. The dashed line marks the temperature, obtained by arithmetic averaging of the

four experimentally determined dilepton temperatures from STAR (RHIC). The arrow indicates

the upper temperature limit extracted from the ALICE data [6, 7] at CERN.

heavy-ion collisions conjectured in previous works [17–19].

CONCLUSIONS

Dilepton data measured at
↑
sNN from 27 to 200 GeV (and to 5.02 TeV) yield a nearly

constant dilepton temperature T ↓ 290 MeV in the intermediate mass region across a broad

range of bombarding energies. Is this due to the initial lack of light quarks which precludes

the production of dileptons at higher, early temperatures (T ↭ 600 MeV), or is this a

signature of a long-lived Yang-Mills mixed phase at T → T YM

c
? An interesting experimental

Vovchenko et al, 2026
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Open strings, TH = 0.2 GeV
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Density of state is additive: ρ(m) = ρS=0(m) + ρ|S|=1(m)
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Charm Spectral Abundances

Overall excitation-energy string 
spectrum captures global 
charm-hadron systematics
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