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Perfect spin hydrodynamics

@ Gas of particles with spin

OuThl =0, (1)
BN =0,
J)\;_LV — L>\,u,u 4 5>\,u1/

NI =0 O\SI = TUl — Th
=0 for symmetric THY b oo e H

o Nontrivial forms of energy—momentum and spin tensors

For spin 1/2
174 174
Teq = Tng
S)\M,I/ _ S)\MV
eq T YGLW

—

@ In general, six new degrees of freedom in addition to T, u, &= V.
We can parametrize the spin polarization tensor w,g as

wap = kaUﬁ — kﬁua + eaﬂ,y(;ufywé, (2)
with k- u=w-u=0.
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Classical spin description

e Spin 1/2
NEy = [ 4PaS P [ (x,p,s) = fiqlxp.5)] @
Tétqv = /dP ds p*p” [@(X, p,s) + feg(x, p, s)] , (4)
53‘(;“’ = /dP ds p)‘ stV [fe'g(x, p,s) + fe?l(x7 p, 5)] . (5)

@ The equilibrium distribution functions are
Fermi-Dirac fi& (x, p,s) = [exp (FE(x) + puBr(x) — Twun (x)s) + 1] -t
or Boltzmann foz’teq(x7 p,s) = exp (££(x) — puB*(x) + %w;w(x)s*“’) ,

o dP = ﬁ, ds = ﬂ%d“s&(s -s+52)(p-s),

E=u/T and BH = u?/T.

W. Florkowski, M. Hontarenko, Phys.Rev.Lett. 134 (2025) 8, 082302.
ZD, W. Florkowski, M. Hontarenko, (2024), Phys.Rev.D, 110(9), 096018.
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Fourth-order expansion in w

@ The integrals can be computed. Up to the fourth order in w:

NE, = (no + 2 + na)u” + (neo + ne2)t”, (6)
Té‘q" = (g0 + &2 +ea)utu” — (Po + P2 + Psy)ARY (7)
+ (Prw + Pre2) (KK + whw?) + (Pe + Po)(t*u” + tVut)
1 Poi(kFw” + whkY),

S — A [Fi (kHu” — kY u!) + Fo (whu” —w”ul) + Fre (tH kY — t7 kM) 4+ Feth?]
+ FAk(AAHku _ A)\I/k;l,) + FAW(A/\HWV _ A/\uw;l) + kaw’\(k”w” o kllwll)
+ Ftktk(k“u” — kVu") + Ftu(t)‘“u” - t)‘”u“) + Fat e,
(8)
where tHY = e‘“’aﬂuawg, th = thvk,, = eMvaB kyuawﬁ.
@ The scalar coefficients multiplying the vectors and tensors on the RHS are
functions of T, u, k2, w?, k*, k?w?, (k- w)?, w*.
@ We have computed them for both the Fermi—Dirac and the Boltzmann case.
@ We used them in numerical simulations in a boost-invariant transversely
homogeneous geometry and found the difference to matter in the case of large
spin polarizations.
ZD, N. tygan, [in preparation]
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Boost-invariant transversely homogeneous geometry: results

longitudinal, Co =0.5
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Boost-invariant transversely homogeneous geometry: results

longitudinal, Co =1
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Boost-invariant transversely homogeneous geometry: results

transverse, Co = 0.5
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Boost-invariant transversely homogeneous geometry:

y
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Generating functions

@ Spin 1/2, classical approach
1
na(x) = 2/dP cosh & exp (—puB*) /dS exp (;u,wsuu)
@ Spin 1/2, quantum approach
nqt(x) = 4/dP exp (—p - B) cosh ¢ coshy/—a2,

S. Bhadury, ZD, W. Florkowski, S.K. Kar, V. Mykhaylova, arXiv:2505.02657 [hep—ph]4
S.K. Kar, V. Mykhaylova, arXiv:2511.09580 [quant-ph].

“ d%n
M = gm0
N
2
Thy _ 0°n
08,08,
S — 0
e 65)\8w;uj

@ The integrals converge for physical values of spin polarization w.
ZD, W. Florkowski, V. Mykhaylova, Phys.Rev.D 112 (2025) 5, L051901

(9)

(10)

(11)
(12)

(13)
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Comparison of the frameworks up to any order in w

@ It can be shown that

oo a2 n
(<) = 4 [aPexp(—p - §)cosh Sy Ezn’)! , (14)
e 2n( 42\nn2n
na(x) = 4/dPexp(—p.5) coshfg(—l)”%, (15)
where 1
au(x,p) = — ——€uvapw™® (x)p”. (16)

4m
@ To achieve an exact equivalence, the classical spin normalization s would have to
depend on the expansion order,

1
S = 5(2n+1)i. (17)

o If s = \/3/a, then the classical and quantum pictures exactly agree only at the
lowest nontrivial order and exponentially diverge from each other at higher orders.
The 2n-th order contribution to the generating function is then

2n n
(i) _ 3 (18)
S 2n+1

times larger classically. However, the structure of the terms is the same.
ZD, Phys.Lett.B 873 (2026) 140205
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Numerical results

@ The perfect-fluid expressions have been worked out quite comprehensively.

@ To perform numerical simulations of perfect spin hydrodynamics, we write down
the conservation equations in a selected geometry — eleven first-order differential
equations for eleven unknowns in general.

o In geometries with additional symmetries, the equations often disentangle.

@ We may solve the equations from 9, N# = 0 and 9, T*” = 0 without spin first,
and then evolve spin on this background, as an approximation; or we may include
spin feedback and solve all the equations at once.

o Boost-invariant, transversely homogeneous
ZD, W. Florkowski, N. tygan, R. Ryblewski, Phys.Rev.C 111 (2025) 2, 024909
ZD, N. tygan, 2604.17392 [hep-ph]
ZD, N. Lygan, [in preparation]

o Boost-invariant, cylindrically symmetric
ZD, W. Florkowski, J. Witkowski arXiv:2605.01857 [hep-ph]

@ This showed the feasibility of the approach, although the geometries are too
simple for comparison with experiment yet.

@ Simulations in more general geometries and with dissipation (see the later part of
the talk) come next!
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Close-to-equilibrium dynamics

o General expansion to the second order in w and to the first order in gradients:

NH = auh + bH,
THY = cutu? + dPu¥ + dYut 4 diu” — dY Ut + el 4 el (19)
Shv — A [(FFu” — fFYuk) + e#PPupws] + MY — AV R Jrj)‘*“’7

where

©

= AT, €, k2, w?), bH = AVHE 4 npth,
c=&(T, &, k%, w?), dP = —r(DuF — BVHT) + Pret,
d = 2,87 HBDUH + BEVHT — 2kH), e = P — O — (1/3)P, (K + w?),
V) Zona Yy (KR 4 wSBuhy e — gl e T, ke, (20)
M AP T s — xpu, WY xguuAL“VMu”" 4 gt’\",

X A
Y = XEGA ) ) T AN AN Ryl = A (T €)W
2

2
with D = ukd,,, 0 = p,ut, o** = p{hu¥) | 1, ¢ — shear and bulk viscosity, A =
the diffusion coefficient, k — thermal conductivity, A,y — coefficients introduced

in Hattori 2019, x1, X2, X3, X4 — coefficients from Biswas 2023.
K. Hattori et al., Phys.Lett.B 795 (2019) 100-106.

R. Biswas, A. Daher, A. Das, W. Florkowski, R. Ryblewski, Phys.Rev.D 108, 014024 (2023).
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o Let us focus on one dissipative term now:

NH = Aut + net*,
THY = Fubu” + PAMY + dFu” — dY ut
+ P (KHKY + whw”) + Pe(thu” + t7ul),

(21)
S = P [A(KFU” — K ut) + At
+ g (t)\y.ul/ _ t)\uu/,L + A)\,u,kll _ A)\Vk,u,> ,
where
dt = X, (BDuM + BPVHT — 2kH) (22)

with D = ut0, Aa — coefficient from Hattori 2019.
K. Hattori et al., Phys.Lett.B 795 (2019) 100-106.
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@ Preliminary: results with dissipation M —r-tom B
== T=40fm N !
in the boost-invariant cylindrically — t=70Mm a

s T=100fm /

symmetric gemetry.

@ ZD, W. Florkowski, J. Witkowski
arXiv:2605.01857 [hep-ph]
+ dissipation

o Initial temperature: 0.3 GeV
(Woods—Saxon profile in r), particle
mass: 1 GeV

o Nonzero dissipative A\, coefficient.

@ Decomposition of wy,,:
Wap = kau5 — kgua + taps,
K = G R + Cp®F + Cp 2"
wh = CurR* + Cp®* + Cuz Z¢
@ The system reaches global
equilibrium in which the spin

polarization tensor is given by
thermal vorticity, w;, = 5[115,;]-

o The difference from thermal vorticity

is proportional to the quantity in the
last panel and decreases quickly.
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The equations of spin hydrodynamics have been worked out quite
comprehensively; now it is time for numerical simulations.

Classical and quantum spin approaches to spin hydrodynamics agree at the
second order in spin polarization, and higher-order corrections differ by
multiplicative numerical factors.

We have preliminary results showing dissipation and the spin—orbit interaction,
and they look promising.

Simulations in more general geometries and with a greater variety of dissipative
terms come next.
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Thank you for your attention!

This work was supported in part by the National Science Centre (NCN), Poland, Grant
No. 2022/47/B/ST2/01372.
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Quantum spin description

o Start from the Wigner function

WG )= 5 [4P8D () (pmXE (pm),

@ Use the new equilibrium spin density
Xsi (Xv P) = exp [:tg(x) - 5H(X)pu + 75#] .

@ The conserved currents and tensors are

2

Vi) =30 [ap e [ ) = 1y (xop)]
r=1
2

) =3 [ aPete” [ (xup) 1 ()]
r=1

vyl s v e
S0 =5 32 [P () (xp) + o (0)E (x0)

where
o3 (p) = 1/(2m) B:(p)o” ur(p) and ™ (p) = 1/(2m) 7 (p)o’™ vs(p)

S. Bhadury, ZD, W. Florkowski, S.K. Kar, V. Mykhaylova, arXiv:2505.02657 [hep—ph].
S.K. Kar, V. Mykhaylova, arXiv:2511.09580 [quant-ph].

(23)

(24)

(25)

(26)

(27)
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