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Outline

• I have two main aims in presenting these  lectures:2
1. To explain some of the theoretical issues in preparing lattice computations of hadronic effects  to provide an 

understanding of which physical quantities can be computed and which cannot (yet?). 
⇒

2. To present some recent physics results, whose calculation requires new ideas, and future prospects for the 
computation of other phenomenologically important quantities.

Lecture  1

1. Introduction to the theoretical elements of lattice flavourdynamics from Euclidean correlation functions
(This will form the core of the first lecture) 

2.  decaysK → ππ

3. The radiative decays P → ℓν̄γ

• Lecture  will be dedicated to the  FCNC decays  and  2 b → s B → Kℓ+ℓ− Bs → γℓ+ℓ−

2

(New theoretical issue is the Minkowski  Euclidean continuation)→



1.  Introduction - Precision Flavour Physics
• Precision Flavour Physics, is a key approach, complementary to the large  searches at the LHC, in exploring the limits 

of the standard model and in searches for New Physics.
ET

• If the LHC experiments discover new elementary particles BSM, then precision flavour physics will 
be necessary to unravel the underlying framework.

• The discovery potential of precision flavour physics would also not be underestimated. (In principle, 
the reach may be about two orders of magnitude deeper than the LHC!)

• Precision Flavour Physics requires control of hadronic effects for which Lattice QCD computations are essential.

K π

π

Heff
s

means

K π

π

Heff
s

• For illustration - a schematic diagram of  decays:K → ππ
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Lattice Flavour Physics

• It is a pleasure to acknowledge the continuing 
collaboration with Guido Martinelli and colleagues in 
Rome123, which started in 1986 and which currently 
counts 88 joint publications.

• It is also a pleasure to acknowledge my continuing 
collaboration with the RBC/UKQCD collaborations on a 
number of the topics discussed in this talk.
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• Two of the most interesting recent tensions between theoretical predictions and experimental results have been in  
and in 

RK(*)

(g − 2)μ .

RH =
∫ dq2 dΓ(B → Hμ+μ−)

dq2

∫ dq2 dΓ(B → He+e−)
dq2

where  and .H = K, K* q2 = (pℓ+ + pℓ−)2

  for                  arXiv:1406.6482RK+ = 0.745+0.090
−0.074 ± 0.036 1 < q2 < 6 GeV 2

• LHCb Results:

        for     arXiv:1705.05802RK*0 = 0.66+0.11
−0.07 ± 0.03 0.045 < q2 < 1.1 GeV 2

        for              arXiv:1705.05802RK*0 = 0.69+0.11
−0.07 ± 0.05 1.1 < q2 < 6 GeV 2

• For  and  hadronic uncertainties play almost no role.RK RK*

• For  and the higher  bin for , the theoretical prediction is  to within or so.RK q2 RK* 1 1 %

• For the lower  bin, ,         M.Bordone, G.Isidori, A.Pattori,  arXiv:1605.07633q2 RK* = 0.906 ± 0.028

• Suggestion of violation of lepton flavour universality  ’s of BSM papers with speculative explanations.  ⇒ 1000
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• Two of the most interesting recent tensions between theoretical predictions and experimental results have been in  
and in 

RK(*)

(g − 2)μ .

RH =
∫ dq2 dΓ(B → Hμ+μ−)

dq2

∫ dq2 dΓ(B → He+e−)
dq2

where  and .H = K, K* q2 = (pℓ+ + pℓ−)2

  for                  arXiv:1406.6482.               for RK+ = 0.745+0.090
−0.074 ± 0.036 1 < q2 < 6 GeV 2 0.949+0.042

−0.041 ± 0.022 1.1 < q2 < 6 GeV 2

• LHCb Old Results:

        for     arXiv:1705.05802.               for RK*0 = 0.66+0.11
−0.07 ± 0.03 0.045 < q2 < 1.1 GeV 2 0.927+0.093

−0.087 +0.036
−0.035 0.1 < q2 < 1.1 GeV 2

        for              arXiv:1705.05802               for RK*0 = 0.69+0.11
−0.07 ± 0.05 1.1 < q2 < 6 GeV 2 1.027+0.072

−0.068
+0.027
−0.026 1.1 < q2 < 6 GeV 2

• For  and  hadronic uncertainties play no role.RK RK*

• For  and the higher  bin for , the theoretical prediction is  to within or so.RK q2 RK* 1 1 %

• For the lower  bin, ,         M.Bordone, G.Isidori, A.Pattori,  arXiv:1605.07633q2 RK* = 0.906 ± 0.028

• Suggestion of lepton flavour violation  ’s of BSM papers with speculative explanations.  ⇒ 1000

• LHCb New Results:    arXiv:2212.09153



  and  RK RK*
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• Two of the most interesting recent tensions between theoretical predictions and experimental results have been in  
and in 

RK(*)

(g − 2)μ .

RH =
∫ dq2 dΓ(B → Hμ+μ−)

dq2

∫ dq2 dΓ(B → He+e−)
dq2

where  and .H = K, K* q2 = (pℓ+ + pℓ−)2

  for                  arXiv:1406.6482.               for RK+ = 0.745+0.090
−0.074 ± 0.036 1 < q2 < 6 GeV 2 0.949+0.042

−0.041 ± 0.022 1.1 < q2 < 6 GeV 2

• LHCb Old Results:

        for     arXiv:1705.05802.               for RK*0 = 0.66+0.11
−0.07 ± 0.03 0.045 < q2 < 1.1 GeV 2 0.927+0.093

−0.087 +0.036
−0.035 0.1 < q2 < 1.1 GeV 2

        for              arXiv:1705.05802               for RK*0 = 0.69+0.11
−0.07 ± 0.05 1.1 < q2 < 6 GeV 2 1.027+0.072

−0.068
+0.027
−0.026 1.1 < q2 < 6 GeV 2

• Evidence for the violation of Lepton Flavour Universality has disappeared!

• A number of tensions in individual rates and angular distributions persist which need hadronic input  Lattice 
computations (see later).

⇒

• LHCb New Results:    arXiv:2212.09153

• Tensions also exist in other processes such as .                     Belle II,  arXiv:2311.14647B → Kνν̄



(g − 2)μ

→ 

µ 

µ µ 

 

 
Abstract 

We present the current Standard Model (SM) prediction for the muon anomalous magnetic moment, aµ, updating the 
first White Paper (WP20) [1]. The pure QED and electroweak contributions have been further consolidated, while 
hadronic contributions continue to be responsible for the bulk of the uncertainty of the SM prediction. Significant 
progress has been achieved in the hadronic light-by-light scattering contribution using both the data-driven dispersive 
approach as well as lattice-QCD calculations, leading to a reduction of the uncertainty by almost a factor of two. 
The most important development since WP20 is the change in the estimate of the leading-order hadronic-vacuum- 
polarization (LO HVP) contribution. A new measurement of the e+e−  π+π− cross section by CMD-3 has increased 
the tensions among data-driven dispersive evaluations of the LO HVP contribution to a level that makes it impossible 
to combine the results in a meaningful way. At the same time, the attainable precision of lattice-QCD calculations has 
increased substantially and allows for a consolidated lattice-QCD average of the LO HVP contribution with a precision 
of about 0.9%. Adopting the latter in this update has resulted in a major upward shift of the total SM prediction, which 
now reads aSM = 116 592 033(62) × 10−11 (530 ppb). When compared against the current experimental average based 
on the E821 experiment and runs 1–3 of E989 at Fermilab, one finds aexp − aSM = 26(66) × 10−11, which implies 
that there is no tension between the SM and experiment at the current level of precision. The final precision of E989 
is expected to be around 140 ppb, which is the target of future efforts by the Theory Initiative. The resolution of the 
tensions among data-driven dispersive evaluations of the LO HVP contribution will be a key element in this endeavor. 

• The long standing tension between theory and experiment in  also appears to be disappearing:(g − 2)μ

8

“The anomalous magnetic moment of the muon in the Standard Model: an update”,  white paper, arXiv:2505 .21476



Introduction (Cont.)
a

L.
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• Lattice QCD is a general first-principles technique used to compute non-perturbative 
QCD effects in a huge variety of applications.

• In principle the systematic errors are controllable, and can be progressively reduced. 
i) Continuum extrapolation  . 
ii) Extrapolation to infinite-volume  . 
iii) Minkowski  Euclidean continuation. 

a → 0
L → ∞

→

• For some simple quantities in spectroscopy and flavour physics, the M E continuation 
is not an issue, the discretisation and finite-volume effects are under control and results 
can be obtained with a precision at the sub-percent level.

→

.

W C(µ) × O(µ)
• The lattice spacing  (typically fm) is far too large to allow for 

propagating W,Z - bosons  use the Operator Product Expansion.
a 0.05 − 0.1

⇒

 - perturbative 
Matrix element of  non-perturbative 

C(μ)
O(μ)



Some Recent Results from FLAG
FLAG Review 2024, Y.Aoki et al., arXiv:2411.04268

• Lattice QCD results for some physical 
quantities are now so precise (sub percent) 
that QED corrections need to be included to 
make further progress. 

• A good example is: 
<latexit sha1_base64="q2lPr/bpOw3BMv2DGFeWpwMhZYQ=">AAACA3icbVDJSgNBEO1xjXGLetPLYBAiSJjRxHgRgl4EESKYBZIQejo1SZOehe4aMQwBL/6KFw+KePUnvPk3dpaDJj4oeLxXRVU9JxRcoWV9G3PzC4tLy4mV5Ora+sZmamu7ooJIMiizQASy5lAFgvtQRo4CaqEE6jkCqk7vcuhX70EqHvh32A+h6dGOz13OKGqpldp1W9fndj6fLWRODhtHDYQHlF58A5VBK5W2stYI5iyxJyRNJii1Ul+NdsAiD3xkgipVt60QmzGVyJmAQbIRKQgp69EO1DX1qQeqGY9+GJgHWmmbbiB1+WiO1N8TMfWU6nuO7vQodtW0NxT/8+oRumfNmPthhOCz8SI3EiYG5jAQs80lMBR9TSiTXN9qsi6VlKGOLalDsKdfniWV46x9ms3d5tLFi0kcCbJH9kmG2KRAiuSKlEiZMPJInskreTOejBfj3fgYt84Zk5kd8gfG5w9M0JYR</latexit>

fK = 155.7(3)MeV

K−

s

ū

!−

ν̄!

W

<latexit sha1_base64="hcd7eDyGBIcBy2kOhX/wSnstkiA=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkaJuhKoboZsK9gJNCZPppB06mYSZiVDaPoMbX8WNC0XcunLn2zhNs9DWHwZ+vnMOZ87vRYxKZVnfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGN7N664EISUN+r0YR6Qaoz6lPMVIauWbRYYj3GYHWBF65ThBPaoWo6IgEXvpuDUYz6pRKrpm3ylYiuGzs1ORBqrprfjm9EMcB4QozJGXHtiLVHSOhKGZkmnNiSSKEh6hPOtpyFBDZHScnTeGJJj3oh0I/rmBCf0+MUSDlKPB0Z4DUQC7WZvC/WidW/kV3THkUK8LxfJEfM6hCOMsH9qggWLGRNggLqv8K8QAJhJVOMadDsBdPXjbN07J9Vq7cVfLV6zSOLDgCx6AAbHAOquAW1EEDYPAInsEreDOejBfj3fiYt2aMdOYQ/JHx+QMHz5xy</latexit>

h0|Aµ|K(p)i = fKpµ ,
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Quantity Sec. Nf = 2 + 1 + 1 Refs. Nf = 2 + 1 Refs. Nf = 2 Refs.

mud[MeV] 4.1.1 3.427(51) [7–9] 3.387(39) [10–16]

ms[MeV] 4.1.1 93.46(58) [7–9, 17, 18] 92.4(1.0) [11–15, 19]

ms/mud 4.1.2 27.227(81) [7, 8, 20, 21] 27.42(12) [12–14, 19, 22]

mu[MeV] 4.1.3 2.14(8) [9, 23] 2.27(9) [24]

md[MeV] 4.1.3 4.70(5) [9, 23] 4.67(9) [24]

mu/md 4.1.3 0.465(24) [23, 25] 0.485(19) [24]

mc(3 GeV)[GeV] 4.2.2 0.989(10) [7–9, 18, 26, 27] 0.991(6) [15, 28–32]

mc/ms 4.2.3 11.766(30) [7–9, 18] 11.82(16) [29, 33]

mb(mb)[GeV] 4.3 4.200(14) [9, 34–37] 4.171(20) [15]

f+(0) 5.3 0.9698(17) [38, 39] 0.9677(27) [40, 41]

fK±/fω± 5.3 1.1934(19) [20, 42–45] 1.1917(37) [12, 46–50]

fω± [MeV] 5.6 130.2(8) [12, 46, 47]

fK± [MeV] 5.6 155.7(3) [21, 42, 43] 155.7(7) [12, 46, 47]

Re(A2)[GeV] 6.2 1.50(4)(14)→ 10→8 [51]

Im(A2)[GeV] 6.2 ↑8.34(1.03)→ 10→13 [51]

B̂K 6.3 0.717(18)(16) [52] 0.7533(91) [12, 53–56] 0.727(22)(12) [57]

B2 6.4 0.46(1)(3) [52] 0.488(15) [55, 56, 58] 0.47(2)(1) [57]

B3 6.4 0.79(6) [52] 0.757(27) [55, 56, 58] 0.78(4)(2) [57]

B4 6.4 0.78(2)(4) [52] 0.903(14) [55, 56, 58] 0.76(2)(2) [57]

B5 6.4 0.49(3)(3) [52] 0.691(14) [55, 56, 58] 0.58(2)(2) [57]
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<latexit sha1_base64="ORrS5DYneJ51uJqwpRYlt+YYLco="></latexit>

�(0) =
G2

F |Vus|2f2
K

8⇡
m3

Kr2`
�
1� r2`

�2 <latexit sha1_base64="iG2nSr9uVJUwcW735GkJByiIBmU=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVU2kqBuh6EZwU8E+oA1hMp20Q2eSMDNRSu2nuHGhiFu/xJ1/4zTNQqsHLvdwzr3MnRMknCntOF9WYWl5ZXWtuF7a2Nza3rHLuy0Vp5LQJol5LDsBVpSziDY105x2EkmxCDhtB6Ormd++p1KxOLrT44R6Ag8iFjKCtZF8uyz9HuX8QmTtWPg3vl1xqk4G9Je4OalAjoZvf/b6MUkFjTThWKmu6yTam2CpGeF0WuqliiaYjPCAdg2NsKDKm2SnT9GhUfoojKWpSKNM/bkxwUKpsQjMpMB6qBa9mfif1011eO5NWJSkmkZk/lCYcqRjNMsB9ZmkRPOxIZhIZm5FZIglJtqkVTIhuItf/ktaJ1X3tFq7rVXql3kcRdiHAzgCF86gDtfQgCYQeIAneIFX69F6tt6s9/lowcp39uAXrI9vw5eTsA==</latexit>

r` = m`/mK



Well-studied quantities in lattice kaon physics
Leptonic decay constant 1. fK

<latexit sha1_base64="hcd7eDyGBIcBy2kOhX/wSnstkiA=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkaJuhKoboZsK9gJNCZPppB06mYSZiVDaPoMbX8WNC0XcunLn2zhNs9DWHwZ+vnMOZ87vRYxKZVnfRmZldW19I7uZ29re2d0z9w+aMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGN7N664EISUN+r0YR6Qaoz6lPMVIauWbRYYj3GYHWBF65ThBPaoWo6IgEXvpuDUYz6pRKrpm3ylYiuGzs1ORBqrprfjm9EMcB4QozJGXHtiLVHSOhKGZkmnNiSSKEh6hPOtpyFBDZHScnTeGJJj3oh0I/rmBCf0+MUSDlKPB0Z4DUQC7WZvC/WidW/kV3THkUK8LxfJEfM6hCOMsH9qggWLGRNggLqv8K8QAJhJVOMadDsBdPXjbN07J9Vq7cVfLV6zSOLDgCx6AAbHAOquAW1EEDYPAInsEreDOejBfj3fiYt2aMdOYQ/JHx+QMHz5xy</latexit>

h0|Aµ|K(p)i = fKpµ ,
<latexit sha1_base64="ORrS5DYneJ51uJqwpRYlt+YYLco="></latexit>

�(0) =
G2

F |Vus|2f2
K

8⇡
m3

Kr2`
�
1� r2`

�2

rℓ =
mℓ

mK

fK = 155.7(3) MeV

FLAG Review 2024, Y.Aoki et al., 
arXiv:2411.04268
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 decays2. Kℓ3

K π

leptons

s u

⇒ Vus

⟨π(pπ) | s̄γμu |K(pK)⟩ = f0(q2)
m2

K − m2
π

q2
qμ

+f+(q2)[(pπ + pK)μ −
m2

K − m2
π

q2
qμ]

where q = pK − pπ .

f0(0) = 0.9698(17)
• Shape of form factor also computed.

FLAG Review 2024, Y.Aoki et al., arXiv:2411.04268 
from ETM (arXiv:1602.04113) and  

FNAL/MILC (arXiv:1809.02827) collaborations.

 mixing3. K0-K̄0

s̄ d̄

d s

K0 K̄0

⟨K̄0 | s̄γμ(1 − γ5)d s̄γμ(1 − γ5)d |K0⟩ =
8
3

f 2
Km2

K BK(μ)

B̂K ≡ αs(μ)−γ0/2β0 (1 + O(αs(μ)) BK(μ)

B̂K = 0.717(18)(16)

FLAG Review 2021, Y.Aoki et al.,  
arXiv:2111.09849 from ETM (arXiv:1505.06639) 

collaboration.

K−

s

ū

!−

ν̄ℓ

W
⇒ Vus



Correlation Functions
a

L.

• Lattice phenomenology starts with the evaluation of correlation functions of the 
form: 

 

     where  is a multifocal operator composed of quark and gluon     
     fields and  is the partition function.

< 0 |O(x1, x2, ⋯, xn) |0 > =
1
Z ∫ [dAμ] [dψ] [dψ̄] e−S O(x1, x2, ⋯, xn)

O(x1, x2, ⋯, xn)
Z

• The physics which can be studied depends on the multilocal operator  .O(x1, x2, ⋯, xn)

• The functional integral is performed by discretising Euclidean space-time and 
using Montecarlo integration.
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• For the purposes of these lecture, I assume that a suitable discretisation has been chosen and that the correlation 
functions can be computed.



Correlation functions (cont.)

<latexit sha1_base64="NL1kc4iZN79M/BPskI/Ilh27O1U="></latexit>

C2(t) =

∫
d3x eiωp·ωx →0|ωH(t, εx )ω†

H
(0) |0↑

<latexit sha1_base64="17jqFwD8ARRv0hckR9W5ljayyrk="></latexit>

=
∑

n

∫
d3x eiωp·ωx→0|ωH(t, εx )|n↑ →n|ω†

H
(0)|0↑

<latexit sha1_base64="I43yZE5xw19s3Oo/FhLGDWEOigY=">AAACYXicbVFda9swFJW9bm2ztfW6x76IhUHKumCX0u1lUDYKeWxhaQtRGmT52hGVZSNdlwXX+5F728te9kemOB70YxcEh/PBlY7iUkmLYfjL85+tPX+xvrHZe/lqa3sneL17YYvKCBiLQhXmKuYWlNQwRokKrkoDPI8VXMY3X5f65S0YKwv9DRclTHOeaZlKwdFRs+D7Z5YaLuqoqQ9Pmx9wXX+Qp9gwxXWmgIZ3rJzL2WgQ7t +NBuwWRF027GCfmVbvsYN/zvtqG7pmCc8yMKtw2CXoe8pEUqCdBf1wGLZDn4KoA33Szdks+MmSQlQ5aBSKWzuJwhKnNTcohYKmxyoLJRc3PIOJg5rnYKd121BD3zkmoWlh3NFIW/Z+oua5tYs8ds6c49w+1pbk/7RJhemnaS11WSFosVqUVopiQZd100QaEKgWDnBhpLsrFXPuGkf3KT1XQvT4yU/BxeEwOh4enR/1T750dWyQPfKWDEhEPpITMiJnZEwE+e2teVvetvfH3/QDf3dl9b0u84Y8GH/vL8EitQI=</latexit>

=
1

2E
e
→iEt→0|ωH(0)|H(εp )↑ →H(εp )|ω†

H
(0)|0↑+ · · ·

<latexit sha1_base64="ZO//YHX/iR5XV00HdBPXobw5flU="></latexit>

→ 1

2E
e
→Et↑0|ωH(0)|H(εp )↓ ↑H(εp )|ω†

H
(0)|0↓+ · · · in Euclidean space

( E = m2
H + ⃗p 2 )

H

φ
†
H φH

0 t
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•  is the lightest state which can be created by  and the ellipses represent the contributions from heavier states.H ϕ†
H

• By fitting  as a function of , both  (or  if ) and  can be determined. C2(t) t E mH ⃗p = 0 |< 0 |ϕH(0) |H > |

• For example: if  then  can be evaluated, ϕH = s̄γμγ5u , fK |⟨0 | s̄γμγ5u |K+⟩ | = fK pμ .



Calibration
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•  isosymmetric QCD has four parameters, the three independent quark masses,  and the 
coupling constant g.
Nf = 2 + 1 + 1 mu = md, ms, mc ,

•  predictions therefore have to be sacrificed to determine the “physical” values of these parameters.4

• For the coupling constant we use “dimensional transmutation” to trade  for the lattice spacing .g(a) a

• For example, one might require that  and  take their physical values.mπ0, mK0, mD+ mΩ

• Of course, we only know how well we have done a posteriori.
• We now have considerable experience to be able to tune the parameters with good precision.

• Once these parameters have been tuned, the evaluation of all other quantities constitute “predictions”.

• The quark masses determined in this way, are “bare” masses corresponding to the lattice discretisation being used. They 
need to be renormalised (see below).

• Given the precision we have seen in the FLAG table, the evaluation of isospin-breaking corrections, including 
electromagnetic contributions, is currently an important area of investigation.



Renormalisation
• we rely on the operator product expansion. Schematically:MW ≃ 80 GeV ⇒

Heff = ∑
i

Ci(M2
W /μ2) Oi(μ2/p2)
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•  is the renormalisation scale and  represents various hadronic (non-perturbative) scales.μ p

• The Wilson coefficients are calculated in perturbation theory, generally in the  scheme (or similar), 
based on the dimensional regularisation of the ultra-violet divergences. The matrix elements of the 
operators  should therefore be evaluated in the same scheme.

MS

Oi

• However, the -scheme is only defined in perturbation theory and so the matrix elements of the  are 
not defined non-perturbatively.

MS Oi

• Steps in the procedure:

1) Compute the matrix elements non-perturbatively in the lattice regularisation, .⟨ f |OLat
i (a) | i⟩

2) Non-perturbatively compute the renormalisation constants relating the bare lattice operators with those in  
a scheme which can be defined non-perturbatively, .ONP

i (μ) = ZLat→NP
ij (a2μ2) OLat

j (a)

3) Match  to  using perturbation theory, .        Unavoidable!ONP
i (μ) OMS

i (μ) OMS
i (μ) = ZNP→MS

ij ONP
j (μ)



Renormalisation (cont.) - Non-perturbative renormalisation
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“A general method for the non-perturbative renormalisation of Lattice Operators”
G.Martinelli, C.Pittori, CTS, M.Testa and A.Vladikas,   hep-lat/9411010

• In this paper we demonstrate that non-perturbative renormalisation is possible and defined the NP=RI-
MoM scheme.

• RI stands for “Regularisation Independent” - Tautology

• We impose the condition that the matrix element, between quark states, at  in the 
Landau gauge, takes its tree-level value. This defines .

p2 = μ2

(ūd)RI−MoM(μ) = Z(μ2a2)(ūd)Lat(a)

• In most applications it is more precise to chose different incoming and out going momenta, 
 This defines RI-SMoM. 

Y.Aoki, N.H.Christ, T.Izubuchi, CTS, C.Sturm and  A.Soni , arXiv:0901.2599 
p2

1 = p2
2 = (p1 − p2)2 = μ2 .

p1 p2

ūd

p p

ūd

• (Many technicalities skipped here.)



Renormalisation (cont.) - power divergences

c

b̄ s̄

17

• In non-perturbative renormalisation schemes, in addition to logarithmic ultra-violet divergences, 
power divergences appear.

• In lattice computations the power divergences appear in the form .1/an

• Example: For FCNC  transitions, the following current-current operators contribute: b̄ → s̄

O1 = (b̄i γμ PL cj) (c̄j γμ PL si) O2 = (b̄i γμ PL ci) (c̄j γμ PL sj)

where .PL = (1 − γ5)/2

•  can mix with lower dimensional operators, such as the scalar and pseudoscalar densities, 
 and  respectively, with coefficients which diverge as  (in practice the lattice 

symmetries result in a reduction in the degree of divergence).

O1,2
(b̄ s) (b̄ γ5 s) 1/a3

• The power divergences must be subtracted non-perturbatively and, depending on the process being studied and the 
lattice discretisation being implemented, this requires some significant effort.

L.Maini, G.Martinelli, CTS, Nucl.Phys. B368 (1992) 281   

• There are no power divergences in dimensional regularisation, but the non-perturbative effects show up as 
“renormalons”, i.e. divergent perturbation series which are not Borel summable. G.Martinelli, CTS,  hep-ph/960533   



Finite-Volume Effects - One Dimensional Illustration
• Let  be a smooth function of . For sufficiently large  we havef(p2) p2 L

 
1
L ∑

n

f(p2
n) = ∫

dp
2π

f(p2)

where .pn = n(2π/L)

• In actual lattice computations, the spacings between momenta are  and so the relation does not hold locally. O(100) MeV

• The starting point for studies of finite-volume corrections is the (exact)  Poisson summation formula, 

 
1
L

∞

∑
n=−∞

f(p2
n) = ∫

∞

−∞

dp
2π

f(p2) + ∑
l≠0

∫
∞

−∞

dp
2π

f(p2) ei (lpL) .

• If  is a smooth function then the FV corrections are exponentially small, e.g. . Otherwise, if  has 
singularities then the corrections will be larger, perhaps power-like, , or taking a more complicated form. 

f(p2) ∝ e−mπL f(p2)
1/Ln
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• For many simple applications, e.g. leptonic decay constants, semileptonic form factors, -  mixing, the finite volume 
corrections are exponentially small whereas for many others e.g.  decays, QED effects, they are larger.

P0 P̄0

K → ππ



An Illustrative one-dimensional example
• A one-dimensional example of the key ingredient for the derivation of the Luscher quantisation formula for  states in a 

finite volume is:
ππ

1
L ∑

n

f(p2
n) − f(k2)
k2 − p2

n
= ∫

dp
2π

f(p2) − f(k2)
k2 − p2

,

up to exponentially small FV corrections.

• Rearranging the above equation we can write:
1
L ∑

n

f(p2
n)

k2 − p2
n

= 𝒫∫
dp
(2π

f(p2)
k2 − p2

+
f(k2) cot kL

2

2k
, ( * )

 where  stands for Principle Value.𝒫

• The size of the FV corrections depends on how close  is to one of the allowed momenta k2 pn .
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• One possibility (in principle) is to take the infinite-volume limit keeping  so that the cotangent term vanishes.kl = (2n + 1)π

• Another is to chose volumes such that  for some chosen k → pn0
n0

1
L ∑

n≠n0

f(p2
n)

k2 − p2
n

= 𝒫∫
dp
(2π

f(p2)
k2 − p2

+ 2
f′ (k2)

L
−

f(k2)
2Lk2

⇒ power corrections .

• In practice we use the 3 spatial dimensional generalisation of ( * ) .



Extending the range of Lattice Flavourdynamics 
• In the past, most lattice computations in flavour physics have been of matrix elements of the form

⟨ f | O(0) | i ⟩
where  is a single-hadron state,  is the vacuum or single-hadron state and  is a local composite operator. | i ⟩ | f ⟩ O(0)

• In recent years, together with my collaborators in Rome and in the RBC-UKQCD collaboration, we have been 
working to extend the range of physical processes for which the hadronic effects can be computed, including

∫ d4y ⟨ f |O1(0) O2(y) | i ⟩ .• Matrix elements of bifocal operators:                                                                  For example:

(i)  and long distance contributions to  . Here  are both -quark weak operators.ΔmK ϵK O1 and O2 4
N.H.Christ, T.Izubuchi, CTS, A.Soni and J.Yu , arXiv:1212.5931;   Z.Bai,  N.H.Christ, T.Izubuchi, CTS, A.Soni and J.Yu, arXiv:1406.0916 

Z.Bai, N.H.Christ and CTS, EPJ WebConf. 175 (2018) 13017;   Z.Bai, N.H.Chris, J.Karpie, CTS, A.Soni and B.Wang, arXiv:2309.01193

(ii) The rare kaon decays  and  . Here  can both be weak operators  
or a weak operator and an electromagnetic current .

K → πℓ+ℓ− K → πνν̄ O1 and O2 (K → πνν̄)
(K → πℓ+ℓ−)

N.H.Christ, X.Feng, A.Portelli and CTS, arXiv:1507.03094,  arXiv:1605.04442 + a series of numerical studies
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• For these processes, the theoretical frameworks have been developed, exploratory numerical computations have 
been performed, but computations on the next generation of machines will have to be performed to achieve, 
precise, robust results.



2.   DecaysK → ππ

•   decays are a very important class of processes with a long and noble history.K → ππ
- It is in these decays that both indirect and direct CP-violation was discovered.

• Bose symmetry  the two-pion state has isospin  or ⇒ 0 2 ,

I=2⟨ππ |HW |K0⟩ = A2 eiδ2 , I=0⟨ππ |HW |K0⟩ = A0 eiδ0 .

• Among the very interesting issues are the origin of the   rule  and an understanding of the 
experimental value of , the parameter which was the first experimental evidence for direct CP-violation.

ΔI = 1/2 (ReA0/ReA2 ≃ 22.5)
ϵ′ /ϵ
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• See the following two RBC-UKQCD papers, which however represent the culmination of many years  of preparatory work:

 “  decay amplitude in the continuum limit”   
T.Blum, P.A.Boyle, N.H.Christ, J.Frison, N.Garron, T.Janowski, C.Jung, 
C.Kelly, C.Lehner, A.Lytle, R.D.Mawhinney, CTS., A.Soni, H.Yin, and 
D.Zhang                                                                arXiv:1502.00263

1. K → ππ ΔI = 3/2 ”Direct CP violation and the  rule in  decay in the 
Standard Model” 
R.Abbott, T.Blum, P.A.Boyle, M.Bruno, N.H.Christ, D.Hoying, C.Jung, 
C.Kelly, C.Lehner, R.D.Mawhinney, D.J.Murphy, CTS, A. Soni, M.Tomii 
and T.Wang,                                                                  arXiv:2004.09440

2. ΔI = 1/2 K → ππ

- Detailed references to earlier work can be found in these papers.

(Building on RBC-UKQCD, Z.Bai et al. arXiv:1505.07863)

• For these decays  consists of two hadrons which interact in the finite volume.| f ⟩



Why are the amplitudes difficult to compute?

22

tH

tπ, !pπ = !q

tπ, !pπ = -!q

tK

!pK = 0

!pπ = 0

!pπ = 0

•  correlation function is dominated by the lightest intermediate state.K → ππ
- With periodic boundary conditions this is the  state with both pions at rest for  and the vacuum state for  ππ A2 A0 .
- We have chosen to use anti periodic boundary conditions for the d-quark  for  and G-parity boundary 

conditions for 
A2

A0 .
- Work is in progress to compute the amplitudes with periodic boundary conditions with excited  states.ππ

• Volume must be tuned to ensure  Eππ = mK .
- Moreover, the -wave  and  channels are attractive and repulsive respectively and so the two cases 

must be treated separately.
s I = 0 I = 2

• Finite-volume effects are not exponentially small and must be corrected.

L.Maiani and M.Testa, Phys.Lett. B245 (1990) 585

L.Lellouch and M.Lüscher, hep-lat/00030023, 
C.J.D.Lin, G.Martinelli, CTS and M.Testa, hep-lat/0104006 
 C-h.Kim, CTS and S.Sharpe, hep-lat/0507006

M.Tomii, Lattice 2023



Summary of our Results
• ;Re A0 = 2.99 (0.32) (0.59) × 10−7 GeV (Experiment 3.3201(18) × 10−7 GeV )

Im A0 = − 6.98 (0.62) (1.44) × 10−11 GeV .

• We find  in good agreement with the experimental result of 
Re A0

Re A2
= 19.9 ± 2.3 ± 4.4 22.45(6) .

• Combining the result for  and  and using the experimental results for the real parts we obtainIm A0 Im A2

Re ( ϵ′ 

ϵ ) = 0.00217 (26)stat (62)syst (50)IB .

The result is consistent with the experimental value  of 0.00166 (23) .
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• Re A2 = 1.50(4)stat(14)syst × 10−8 GeV , (Experiment 1.4787(31) × 10−8 GeV) ;

• The RBC/UKQCD Collaboration continues work to reduce the uncertainties. Important priority is to control the IB 
effects.

Im A2 = − 6.99(20)stat(84)syst × 10−13 GeV .



3.   radiative decays - the form factors.  P → ℓνℓγ

• Non-perturbative contribution to  is encoded in:

 

                 

                  

• For decays into a real photon,  and , only the decay constant  and the vector and axial form factors 
    and  are needed to specify the amplitude (  ).

• In phenomenology  are more natural combinations.

P → ℓν̄ℓγ

Hαr
W (k, p) = ϵr

μ(k) Hαμ
W (k, p) = ϵr

μ(k) ∫ d4y eik⋅y T ⟨0 | jα
W(0) jμ

em(y) |P(p) ⟩

= ϵr
μ(k){ H1

mK
[k2gμα − kμkα] +

H2

mK

[(p ⋅ k − k2)kμ − k2(p − k)μ](p − k)α

(p − k)2 − m2
K

−i
FV

mK
εμαγβkγ pβ +

FA

mK
[(p ⋅ k − k2)gμα − (p − k)μkα] + fP [gμα −

(2p − k)μ(p − k)α

(p − k)2 − m2
K ]}

k2 = 0 ε ⋅ k = 0 fP
FV(xγ) FA(xγ) xγ = 2p ⋅ k/m2

P , 0 < xγ < 1 − m2
ℓ /m2

P

F± ≡ FV ± FA 24

P−

!−

ν̄ℓ

γ

P−

!−

ν̄ℓ

γ



Minkowski   Euclidean Continuation →

• We assume that  is the lightest particle with quantum 
numbers .

P
q1q̄2

• The decay , where  also has quantum numbers 
, is therefore not possible.   

P → |n, γ⟩ |n⟩
q1q̄2

• The states propagating between  and   can therefore 
not be on-shell. 

Jem OW

• In this case the photon is real, and so there is also no on-shell state which can propagate between 
 and  where  OW(tW) Jem(tem) tem > tW .

!

ν̄!

γ($k )

P ($0)

OW

q̄2(−$l )

q1($l ) q1($! − $k )

Jem

• As expected, the Minkowski-Euclidean continuation is therefore straightforward. 

• This is not the case in general when the emitted photon is virtual. 
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Computing the Form Factors

Hαr
W (k, p) = ϵr

μ(k) Hαμ
W (k, p) = ϵr

μ(k) ∫ d4y eik⋅y T⟨0 | jα
W(0) jμ

em(y) |P(p)⟩

• Euclidean Correlation Functions:

Cαr
W (t; k, p) = − iϵr

μ(k)∫ d4y∫ d3x etyEγ−ik⋅y eip⋅x T⟨0 | jα
W(t, 0) jμ

em(y) ϕ†
P(0,x) |0⟩

•  can be obtained from the large  limit of the correlation function:Hαr
W (k, p) t

Rαr
W (t; k, p) ≡

2E
e−(E−Eγ)t⟨P(p) |ϕ†

P(0) |0⟩
Cαr

W (t; k, p) + ⋯

where  E = m2
P + p2 .
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Choice of Kinematics 

jem

φ†
P

jW

2π
L θ0

2π
L θt

2π
L θs

• We use twisted boundary conditions to introduce momenta,

p =
2π
L

(θ0 − θs) ; k =
2π
L

(θ0 − θt) ,

with both  and  in the  directionp k z

p = (0, 0, |p | ) ; k = (0, 0, Eγ) .

• For the polarisation vectors we choose, ϵ1
μ = (0, −

1

2
, −

1

2
,0) , ϵ2

μ = (0,
1

2
, −

1

2
,0) , ϵ3

μ = ϵ0
μ = 0 .

• With these choices 

RA(t) ≡
1

2mP ∑
r=1,2

∑
j=1,2

Rjr(t; k, p)
ϵr

j
→ xγ FA(xγ) +

2fP
mP

RV(t) ≡
mP

4 ∑
r=1,2

∑
j=1,2

Rjr
V (t; k, p)

i(Eγ ϵr × p − E ϵr × k)j → FV(xγ) .

• Thus in principle the two form factors,  and  can be determined.FV FA
27

CTS & G.Villadoro, hep-lat/0411033



  radiative decays - the form factorsP → ℓνℓγ

• We have computed  and  for  mesons.                              A.Desiderio et al. arXiv:2006.05358FV(xγ) FA(xγ) π, K, D(s)

•The computations were performed on 11 ETMC  ensembles with 
    0.062 fm < a <0.089 fm and 227 MeV< <441 MeV and a range of volumes. 
• Computations are performed in the electroquenched approximation.

Nf = 2 + 1 + 1
mπ

• Our data is fully consistent with a parametrisation of the form : 
 

• Other parametrisation were also tried and presented. 

• Values of the parameters are presented in the paper.

FP
A,V(xγ) = CP

A,V + DP
A,Vxγ .

28

• Below we compare our results to the experimental data and also to LO ChPT:

FA(xγ) =
8mP

fP
(Lr

9 + Lr
10) ≃

8mP

fP
(0.0017) , FV(xγ) =

mP

4π2fp
.



Non-perturbative subtractions of IR divergent discretisation effects
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mDs ⇠ 2027 MeV, a = 0.0619 fm
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FA(x�) + 2fp/(mDsx�)

0

1
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4

5

6

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

x�

mK ⇠ 530 MeV, a = 0.0619 fm

2fp/(mKx�)

FA(x�) + 2fp/(mKx�)
• The combination  is dominated by , 

particularly at small 
FA(xγ) + 2fp/(mPxγ) 2fp/(mPxγ)

xγ .

• We rewrite the behaviour of the axial estimator to  include 
discretisation effects

RA(t)
xγ

→ [FA(xγ) + a2ΔFA(xγ)] +
2

mPxγ
(fP + a2ΔfP) + ⋯

•  obtained from two-point functions 
incomplete cancelation of the infrared divergent term.
fP ≠ ( fP + a2ΔfP) ⇒

• We introduce the modified estimator

R̄A(t) = e−tEγ

∑r=1,2 ∑j=1,2
Rjr(t; k, p)

ϵr
j

∑r=1,2 ∑j=1,2
Rjr(t; 0,p)

ϵr
j

− 1

2fP
mPxγ

R̄A(t) → FNPsub
A (xγ) = FA(xγ) + O(a2) .
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Non-perturbative subtractions of IR divergent discretisation effects (cont.)

0

0.05

0.1

0.15

0.2

0.25

0.3

0 0.1 0.2 0.3 0.4 0.5

F
A

x�

a = 0.0815fm

F sub
A (x�)

F sub
A (x�)� 2a2�f̃p/(mpx�)

FNPsub
A (x�)

• Blue points -  obtained by performing the 
subtraction using the value of  obtained from two-point 
correlation functions.

FA(xγ)
fP

• Red Points - Discretisation effects in  fitted and subtracted.fP

• Black Points - FNPsub
A (xγ)

• Illustrative example:  for the  meson.FA(xγ) Ds
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Comparison with Experimental Data

•      KLOE, arXiv:0907.3594 
                            J-PARC E36, arXiv:2107.03583 
                             NA62, arXiv:2???.?????  

•      E787@BNL AGS, hep-ex/0003019 
                             ISTRA+ @U-79 Protvino, arXiv:1005.3517  
                             OKA@U-79 Protvino, arXiv:1904.10078 

•        PIBETA@ E1 beam line PSI, arXiv:0804.1815

K → eνeγ

K → μνμγ

π → eνeγ π

• The different experiments  introduce different cuts on  and  , resulting in  
     sensitivities to different form factors.

Eγ , Eℓ cos θℓγ
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R.Frezzotti, M.Garofalo, V.Lubicz, G.Martinelli, CTS, F.Sanfilippo, S.Simula and N.Tantalo, arXiv:2012.02120



Comparison with Experimental Data — Kaon Decays
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• Good Agreement with KLOE 
• Significant tensions with  experiments 
• Unable to find a set of phenomenological form factors 

to account for all the data. 
• NA62 will soon have the most precise results for 

 decay rates. 
• Is it conceivable that we have LFU-violation here?

K → μνμγ

K → eνeγ
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Comparing JPARC and KLOE’s Results 

KLOE 

O 

36 combined 

sed E36 CsI 

E36 G 

Q NL 

V0 +A0 

0.1 0.12 0.13 0.14 0.15 

 
1 1.2 1.4 1.6 1.8 2 2.2 2.4 

Ry x 105 

ChPT O (p4) 

KLOE 

ChPT O (p6) 

NLx QM 
 
Lattice QCD 
 

E36 GSC 

Revised E36 CsI(Tl) 

E 6 combined 

𝐸𝛾 (MeV) 𝑝𝑒 (MeV) KLOE [10] J-PARC E36 [11] lattice [9] ChPT 
10 - 250 > 200 1.483 ± 0.066 ± 0.013 1.85 ± 0.11 ± 0.07 1.743 ± 0.212 1.279 ± 0.324 

 
S.Simula et al., PoS Lattice 2021 (2022) 631

J-PARC E36 Collaboration, A.Kobayashi et al., arXiv:2212.10702

• E36 Result was subsequently updated to 
 (as in the figure above).(1.98 ± 0.11) × 10−5
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Comparing JPARC and KLOE’s Results 
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10 - 250 > 200 1.483 ± 0.066 ± 0.013 1.85 ± 0.11 ± 0.07 1.743 ± 0.212 1.279 ± 0.324 

 
S.Simula et al., PoS Lattice 2021 (2022) 631

J-PARC E36 Collaboration, A.Kobayashi et al., arXiv:2212.10702 • E36 Result was subsequently updated to 
 (as in the figures above).(1.98 ± 0.11) × 10−5
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1 1.2 1.4 1.6 1.8 2 2.2 2.4 

Rγ × 105 

This work 

KLOE 

E36 

ChPT O(p4) 
ETMC ’21 

• Our result has been updated this year to 
 (as in the right-hand 

figure).
(1.84 ± 0.12) × 10−5

R. Di Palma et al., arXiv:2504.08680



 DecaysDs

• In the paper discussed above, we have also computed the form factors for the  meson but only for Ds Eγ < 0.4 GeV .

• In a subsequent paper we have computed them over the full kinematic range.

R.Frezzotti, G.Gagliardi, V.Lubicz,  G.Martinelli, F.Mazzetti, CTS, F.Sanfilippo, S.Simula, and N.Tantalo, arXiv:2306.05904 

• The calculations were performed using four ETMC ensembles with three of 
which have approximately physical pion masses and the coarsest has  

a ∈ [0.058,0.09] fm ,
mπ = 174.5 MeV .

• Sea Quarks - Wilson Clover TM Fermions and maximal twist 
• Valence Quarks - Osterwalder-Seiler Fermions 
• Physical  and .ms mc
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 - Results for the Form FactorsDs → ℓνℓγ
xγ FA ∆FA FV ∆FV 
0.1 0.0813 0.0054 -0.1048 0.0097 
0.2 0.0715 0.0041 -0.0819 0.0028 
0.3 0.0641 0.0033 -0.0643 0.0013 
0.4 0.0582 0.0028 -0.0519 0.0008 
0.5 0.0534 0.0021 -0.0431 0.0008 
0.6 0.0495 0.0024 -0.0363 0.0008 
0.7 0.0463 0.0031 -0.0316 0.0007 
0.8 0.0432 0.0032 -0.0291 0.0010 
0.9 0.0433 0.0083 -0.0297 0.0056 
1.0 0.0489 0.0229 -0.0315 0.0152 

 

<latexit sha1_base64="0o8QdqFt+p0U8Jx7pMyJPZoQijo="></latexit>

FW (x�) =
CWq

R2
W + x2

�/4
⇣q

R2
W + x2

�/4 + x�/2� 1
⌘ +BW

• Our Results for the form factors are well represented by the following 
VMD-inspired ansatz: 

where  and   and  are fit parameters.W = A, V RW, BW CW

• For single pole dominance  and . RW = mres/mDs
BW = 0

• For  we obtain stable results for , and hence deduce the coupling  
 using

FV CV
gD*s Dsγ

CV = −
mD*S fD*S gD*S Dsγ

2mDs

and .fD*s = 268.6(6.6) MeV
ETM Collaboration , V.Lubicz et al., arXiv 1707.04529

• Appendix A for an explanation of why 
the errors grow at large .xγ

• Discussion of method to reduce such 
errors studied in
D.Giusti et al., arXiv:2302.01298, arXiv:2505.11757
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Cancellation in FV = F(c)
V + F(s)

V
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• There is a significant partial cancellation in  between the 
contributions from the emission of the photon from the 
strange and charm quarks.

FV

• This had been observed previously by the HPQCD 
collaboration in their computation of the  decay 
amplitude.

D*s → Dsγ
HPQCD Collaboration , arXiv:1312.5264 

•  in gD*s Dsγ GeV−1

LCSR = B.Pullin and R.Zwicky, arXiv:2106.13617

<latexit sha1_base64="AdMdtN1Qvn3otctGwKF7bmXQ2M0="></latexit>

LCSR HPQCD This work

gD⇤
sDs� 0.60(19) 0.10(2) 0.118(13)

g(s)D⇤
sDs�

1.0 0.50(3) 0.532(15)

g(c)D⇤
sDs�

-0.4 -0.40(2) -0.415(16)

g(s)D⇤
sDs�

/g(c)D⇤
sDs�

-2.5 -1.25(10) -1.282(61)



 — ConclusionsDs → ℓνℓγ

• We find  for  in the rest frame of the  meson. This is consistent with the 
corresponding bound  at 90% confidence level from BESIII (quoted in PDG).

B(Ds → eνeγ) = 4.4(3) × 10−6 Eγ > 10 MeV Ds

B(Ds → eνeγ) < 1.3 × 10−4

• Even for photon energies as low as , we find that the Structure Dependent contribution dominates the branching 
fraction because of the strong helicity suppression of the point-like term by a factor of .

10 MeV
(me/mDs

)2

38

• Such radiative decays therefore provide excellent test of the SM and Beyond.

• We use our results to test the validity and applicability of model dependent calculations.

• LCSR calculations at NLO fail to reproduce our results for the form factors.
B.Pullin and R.Zwicky, arXiv:2106.13617,  J.Lyon and R.Zwicky, arXiv:1210.6546

• Pure VMD parametrisation does not always reproduce the momentum dependence of the form factors.

• There are also quark model predictions for the branching ratio in the range . 10−3 − 10−5


