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Motivation

< QFT techniques for positronium.
QFT corrections (on top of non-rel results) should be small: is it true?

< Can we learn something about the QFT treatment out of the comparison
with the known positronium results?

< Can QFT tells us something on its own interesting about positronium?
Positronium shares some similarities with the pion.

Para-positronium and para-charmonium: similarities in structure,
differences in dynamics — can both be captured in one approach?
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Introduction:positronium

Positronium (Ps): non-relativistic electron-positron bound state

A\

para-positronium (p-Ps) ortho-positronium (o-Ps)

e e et
et

Spin - singlet state Spin - triplet state
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Introduction: para-positronium

PARA-POSITRONIUM (p-Ps)

Mass of positronium

2
2me — (L ;ne)

me— mass of the electron a— fine structure constant

Quantum numbers
Non-relativistic notation relativistic notation
n 2S+1LJ -1 ISO JPC — 0*+
Wave function
— 1 —
V(@) = (ma3)1/72 € /e

a— twice the Bohr radius of atomic hydrogen
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Decays of p — Ps

7
e” T
Ps
et
7

Decays into any even number of photons (2,4, 6, ...) are also possible
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PARA-POSITRONIUM (p-Ps) |

PION (7°)

Ground state for
electron-positron system
(n=1)

Ground state for
quark-antiquark system
(n=1)

Non-relativistic state

Relativistic state

(Goldstone boson)

JPC — O—+

Decays into vy

2

D
y

electrons are going around

JPC =07
Decays into vy~
———
s
SRR

quarks are going around

e~ propagator # quark propagator

Yet, in first approximation quark is taken

as a free propagator
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PARA-POSITRONIUM (p-Ps) ‘ PARA-CHARMONIUM (7.)

Ground state for Ground state for
electron-positron system charm-anticharm system
(n=1) (n=1)
Non-relativistic state Non-relativistic state

(with sizable relativistic corrections)

JP¢ =0"" JP¢ =0""
Decays into vy Decays into vy
——— )
p Ne
) )
electrons are going around quarks are going around

e~ propagator # quark propagator
Yet, in first approximation quark is taken

as a free propagator
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Lowest order decay width

T'(p-Ps — 27) = 2ome
Theory™ Experiment™*
8032.5028(1) ps™! 7990.9(1.7) ps™*

mean lifetime of ~ 0.12 ns

*J.A. Wheeler, Ann. N.Y. Acad. Sci. 48, 219 (1946).
J. Pirenne, Arch. Sci. Phys. Nat. 29, 265 (1947)
** Al-Ramadhan, A. H., and D. Gidley (1994), Phys. Rev. Lett. 72, 1632.
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Corrections to the decay width

< One loop level

F(p—Ps—Wy’y):FO{l—Fj (7;2—5)}

= 7985.249u5 "
1. Harris and L.M. Brown, Phys. Rev. 105, 1656 (1957)
< Two loop level
« ) 2 303

Typps = T {—2a2lna + By, ( .
™

3 3
— anOz—I—C'a—lna—i—D (g) }
s T T
= 7989.6178(2) s !

G. S. Adkins, N. M. McGovern, R. N. Fell and J. Sapirstein, Phys. Rev. A 68 (2003), 032512

A. Czarnecki and S. G. Karshenboim, [arXiv:hep-ph/9911410 [hep-ph]].

Y. Tomozawa, “Radiative Corrections to Parapositronium Decay ,” Annals of Physics 128 (1980),463-490
G. Adkins, “Radiative Corrections to Positronium Decay ,” Annals of Physics 146 (1983), 78-128
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Decay width-general formula

1

I'(Ps = ny) = SN

2 1. + -
[$(O)f° lim [4vo(eTe™ — nv)]
where:

4)(0)|*- a probability that e~ and et meet each other in the positronium
v- electron-positron relative velocity

o- electron-positron annihilation cross-section

J- total spin of the positronium

Still, wave function at the origin only!

A. Sen and Z. K. Silagadze, Can. J. Phys. 97 (2019) no.7, 693-700
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The lowest order

At the lowest order it becomes:

1@ =0)? [ - L
(80— 29) =y L2001 2acam - 2ffsalfs] -
0
4 —= 2 2
e Y@ =0 4 ~
= TWE=OF _ 401y z = o)

9@ = 0) ~ o
(7 = 0)] ~ a*/2
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Scalar model

Acta Physica Polonica B Proceedings Supplement 17, 1-A7 (2024)
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In the framework of a scalar QFT, we evaluate the decay of an initial
massive state into two massless particles through a triangle-shaped diagram
in which virtual fields propagate. Under certain conditions, the decaying
state can be seen as a bound state, thus it is analogous to the neutral pion
(quark-antiquark pair) and to the positronium (electron-positron pair),
which decay into two photons. While the pion is a relativistic composite
object, the positronium is a non-relativistic compound close to the thresh-
old. We examine similarities and differences between these two types of
bound states.

DOL:10.5506/ A PhysPolBSupp.17.1-A7 12/32
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The Lagrangian
TRIANGLE DIAGRAM

THE LAGRANGIAN

Line = gpP (@) (2)iv*(z) — eAu(x)d(x)y"(x)

e P(z) is the pseudoscalar positronium field
e1)(x) is the electron field
® A, (z) is the photon field

EXTERNAL MOM ENTA ec is the electric charge of the proton

e g p is the positronium-constituent coupling constant

4 i = (Mp, D)

< gl = (w,0,0,w) TRIANGLE AMPLITUDE |

a4 pH— —
ky = (w,0,0, —w) =7 dtq F(a,p)
(w = MQP) (2m* (q%7m2+is> (q§7m§+iz> (qgfmg+iz)
INTERNAL MOMENTA Solved by using two independent methods:
<4 = % +4q < WICK ROTATION METHOD
< 4= % —q <« RESIDUE THEOREM

< 43:%+<1—k1
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Wick rotation method

.\ . Replacement: . .
Initial variables: ZO —iw Final variables:
qqu:c7Qy7q,z p2 — q:% +q3 P, W, qz
7= a4 q F(a,p) replacement pdp OO d o F d
=/ (2m)% den f (2m)3 [ de- [ D1D5D3 ¢W»
— 00 — 00
Im(q")
* ¥ *
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Residue theorem

qu4 _ fdgqquo Residue:theorem fd'g,q _ fpdpdqz

TRIANGLE AMPLITUDE I: I = [ (24, [ [ 92 7 |

27)3 27 D1 Do D3
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Triangle amplitude

TRIANGLE AMPLITUDE
4
[:i/ d’q F(q,p)

(271‘)4 D1D2D3

where:
Dia =(p/24q)? —m?+ic= (Mp/2+¢°)" — @ —m? +ie,
Dy = (Mp/2+q" = k)" — (7— k1) —m? +ie
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Analytical formulas

By setting D1,2,3=0 one gets:

Poles of Dy Poles of D2
L Me — PPt @ mEAid | Lo=P — /0 + @2+ m2+id
Ri=-e 4 \/pP v @2+ m2—id | Ro=2 /02 + 2 +m2—id
Poles of D3
—7\/p2+ (g= — k2)>+m2 +1
=P+ k=)? +m2 —id

Resulting decay width into ~~:

1|k M3
- 2 |8medragpl =L
2 &g 2 [Bedmegr Ty

FP—ps—»wv =

with |k | = e
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Composite model

COMPOSITE MODEL
Positronium (Ps) is a bound state.
How to describe it?

WEINBERG COMPOSITENESS CONDITIONS
(The positronium is not an elementary object, just as the deuteron)

PARA-POSITRONIUM

< form factor ~ wave function < Loop diagram

< coupling constant (g) is fixed:
_ 1
9P =\ T7G=0D)
S(s = Mp)- the loop function
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Weinberg compositeness conditions

Evidence That the Deuteron Is Not an Elementary Particle®
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Comparison with quark model
A
fone ~ [ a2
qgt+m
Matching
Fla,p) = F(@*) = A@)(G" +~7)

S. Godfrey and N. Isgur, “Mesons in a Relativized Quark Model with Chromodynamics ,” Phys. Rev. D 32 (1985),189
J. Pestieau, C. Smith and S. Trine, Int. J. Mod. Phys. A 17 (2002), 1355-1398
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Vertex function

<« Vertex function F(q,p) = F(¢°) =

2
. 2 2 MP
with v* =m” — =&
350000
7.x107"
300000
-16
010 250000
%.) 16
2 5x107 & 200000
I )
T 4.x107"® 150000
3.x1071 100000
50000
1.044471.044471.044471.044471.044471.044481.04448 1.044471.044471.044471.044471.044471.044481.04448
s [MeV?] s [MeV?]

*J. Pestieau, C. Smith and S. Trine, “Positronium decay: Gauge invariance and analyticity,” Int. J. Mod. Phys. A
17 (2002), 1355-1398 doi:10.1142/50217751X02009606

21/32



Composite model
000000000 e0000000

Vertex function

< Vertex function F(q,p) = F(§®) = —=

. M2
with v2 = m? — -

RESULTS

PARA-POSITRONIUM

Tpopssyy [157']

Experimental result™ 7990.9(1.7)
pole 1 7968.1
pole 1 + pole 2 7995.1
pole 1 + pole 2 + pole 3 | 7917.9
* Al-Ramadhan, A. H., and D. Gidley (1994), Phys. Rev. Lett. 72, 1632.
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Discussion

< idea of poles
-The contribution to the total decay rate from the first pole is by far the
dominant one.
-The first and second pole contributions to the decay width is positive
-Interestingly, the third pole gives a negative contribution to the decay
width. This contribution goes in good direction but it is even too strong.

< q—corrections-only some are included.
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fp weak decay constant of positronium

Proof of principle
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<« Vertex function F(q,p) = F(§°) = ( 1ﬂ2 )2 (@ +7°)
1+
-
The same as for p-Ps
< m.=1.7 GeV
RESULTS

"e Loy [GeV]

Experimental result* 5.063-107°

pole 1 9.976 - 10~°

pole 1 + pole 2 1.553-107°

pole 1 + pole 2 + pole 3 | 3.139-107°
fne 0.465

* P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2020, 083C01 (2020)
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5)(1076’ i
— 4x1078¢ |
S
[0
9}
= 3x107°; ]

2x1078¢ -

1.6 1.7 1.8 1.9 2.0
m [GeV]
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< we changed A(Q)

—g?
A((j’) = e2A2
< m. = 1.5 GeV

RESULTS
Ne Lyeyy [GeV]
Experimental result* 5.063-107°
pole 1 8.83-107°
pole 1 + pole 2 1.13-107°

pole 1 + pole 2 + pole 3 | 4.76-107°
Foe 0.427

* P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2020, 083C01 (2020)
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1.6 1.7 1.8 1.9 2.0
m [GeV]
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< Vertex function F(q,p) = F(§®) = % (@ +7)
(%)
The same as for p-Ps
< m. =0.25 GeV
RESULTS
7T0 Fwoﬁ,w [GeV]
Experimental result | 7.80-107°
Our model 8.1-107°
fr exp. 0.130
f= our model 0.122
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Summary

|

QFT composite model for the positronium studied

A

The same framework was extended to 7). state

Weak and exotic decay channels (e.g. to Z° or X(17)) can be explored
within the same formalism.

A

< Future applications to excited states (n = 2,...p — Ps)
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Question: is it covariant?
o —(pg)?+p°¢
q - p2

Fp.a) = # (PP e

Answer: Yes, it can be seen as covariant.

M. Soltysiak and F. Giacosa, “A covariant nonlocal Lagrangian for the description of the scalar kaonic sector,” Acta
Phys. Polon. Supp. 9 (2016), 467-472
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