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Anatomy of critical fluctuations in hadronic matter
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Pressure in the HRG model Taylor expansion of LQCD EoS
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Kurtosis: χB
4 /χB

2 ∼ B2



Parity Doubling in Lattice QCD Aarts et al, 2017, 2019

•  nucleon stays nearly unchanged  

•  chiral partner drops mass towards  

• Chiral partners  degenerate at  

• Chiral partners stay massive 

• Seen for octet and decouplet of baryons
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Imprint of chiral symmetry restoration in the baryonic sector

LQCD results still obtained with heavy  far from continuum limit  mπ 03/14



m0

chiral symmetry restoration

N(939)

N⋆(1535)

M
as

s

0

Parity Doublet Model a’la DeTar, Kunihiro 1989

ℒmass ∼ m0 (ψ̄1γ5ψ2 + ψ̄2γ5ψ1) ⟹ M± =
1
2 ( 4m2

0+a2σ2∓bσ) σ→0 m0
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• SU(2) chiral transformation of 2 nucleons → how to assign 2 independent rotation to them?
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p I (JP ) = 1
2 (

1
2
+) Status: ∗∗∗∗

p MASS (atomic mass units u)p MASS (atomic mass units u)p MASS (atomic mass units u)p MASS (atomic mass units u)

The mass is known more precisely in u (atomic mass units) than in MeV.
See the next data block.

VALUE (u) DOCUMENT ID TECN COMMENT

1.007276466621±0.000000000053 OUR EVALUATION1.007276466621±0.000000000053 OUR EVALUATION1.007276466621±0.000000000053 OUR EVALUATION1.007276466621±0.000000000053 OUR EVALUATION 2018 CODATA

1.007276466574±0.000000000010 1 FINK 21 SPEC Penning trap
1.007276466621±0.000000000053 2 TIESINGA 21 RVUE 2018 CODATA value

• • • We do not use the following data for averages, fits, limits, etc. • • •

1.007276466598±0.000000000033 3 HEISSE 19 SPEC Penning Trap
1.007276466583±0.000000000032 4 HEISSE 17 SPEC See HEISSE 19
1.007276466879±0.000000000091 MOHR 16 RVUE 2014 CODATA value
1.007276466812±0.000000000090 MOHR 12 RVUE 2010 CODATA value
1.00727646677 ±0.00000000010 MOHR 08 RVUE 2006 CODATA value
1.00727646688 ±0.00000000013 MOHR 05 RVUE 2002 CODATA value
1.00727646688 ±0.00000000013 MOHR 99 RVUE 1998 CODATA value
1.007276470 ±0.000000012 COHEN 87 RVUE 1986 CODATA value

1 FINK 21 simultaneously measure the cyclotron frequencies of an H+
2 ion and a deuteron

in a coupled magnetron orbit. The proton mass is extracted using the precise deuteron
mass value.

2The 2018 CODATA combination in TIESINGA 21 includes data from HEISSE 17, but
does not include updates in HEISSE 19, which superseded HEISSE 17. Consequently, we
do not average HEISSE 19 and TIESINGA 21. Updating the 2018 CODATA combination
to use HEISSE 19 would shift the central value for the proton mass upwards by less than
half a standard deviation. Therefore, we take the 2018 CODATA result in TIESINGA 21
as the recommended value for the proton mass.

3The value is an update of HEISSE 17; the result is shifted by 1.5×10−11 u, corresponding
to 0.45 σ due to the corrected motional temperatures of the particles. The statistical
and total systematic uncertainties are given as 16 and 29 in the last two digits.

4The statistical and systematic errors are 15 and 29 in the last two places of the value.
Superseded by HEISSE 19.

p MASS (MeV)p MASS (MeV)p MASS (MeV)p MASS (MeV)

The mass is known more precisely in u (atomic mass units) than in MeV.

The conversion is: 1 u = 931.494 102 42(28) MeV/c2 (2018 CODATA
value, TIESINGA 21).

VALUE (MeV) DOCUMENT ID TECN COMMENT

938.27208816±0.00000029 OUR EVALUATION938.27208816±0.00000029 OUR EVALUATION938.27208816±0.00000029 OUR EVALUATION938.27208816±0.00000029 OUR EVALUATION 2018 CODATA

938.27208812±0.00000029 1 FINK 21 SPEC Penning trap
938.27208816±0.00000029 TIESINGA 21 RVUE 2018 CODATA value

• • • We do not use the following data for averages, fits, limits, etc. • • •

938.2720813 ±0.0000058 MOHR 16 RVUE 2014 CODATA value
938.272046 ±0.000021 MOHR 12 RVUE 2010 CODATA value
938.272013 ±0.000023 MOHR 08 RVUE 2006 CODATA value
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N(1535) 1/2− I (JP ) = 1
2 (

1
2
−) Status: ∗∗∗∗

Older and obsolete values are listed and referenced in the 2014 edi-
tion, Chinese Physics C38C38C38C38 070001 (2014).

N(1535) POLE POSITIONN(1535) POLE POSITIONN(1535) POLE POSITIONN(1535) POLE POSITION

REAL PARTREAL PARTREAL PARTREAL PART
VALUE (MeV) DOCUMENT ID TECN COMMENT

1500 to 1520 (≈ 1510) OUR ESTIMATE1500 to 1520 (≈ 1510) OUR ESTIMATE1500 to 1520 (≈ 1510) OUR ESTIMATE1500 to 1520 (≈ 1510) OUR ESTIMATE

1504± 0 ROENCHEN 22 DPWA Multichannel
1496± 4 AFZAL 20 DPWA Multichannel
1500± 4 SOKHOYAN 15A DPWA Multichannel
1509± 4±2 1 SVARC 14 L+P πN → πN
1510±50 CUTKOSKY 80 IPWA πN → πN

• • • We do not use the following data for averages, fits, limits, etc. • • •

1496 HUNT 19 DPWA Multichannel
1499 ROENCHEN 15A DPWA Multichannel
1490 SHKLYAR 13 DPWA Multichannel
1501± 4 ANISOVICH 12A DPWA Multichannel
1521±14 BATINIC 10 DPWA πN → N π, N η
1502 ARNDT 06 DPWA πN → πN, ηN
1525 VRANA 00 DPWA Multichannel
1487 HOEHLER 93 SPED πN → πN

1 Fit to the amplitudes of HOEHLER 79.

−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART
VALUE (MeV) DOCUMENT ID TECN COMMENT

80 to 130 (≈ 110) OUR ESTIMATE80 to 130 (≈ 110) OUR ESTIMATE80 to 130 (≈ 110) OUR ESTIMATE80 to 130 (≈ 110) OUR ESTIMATE

74± 1 ROENCHEN 22 DPWA Multichannel
125± 6 AFZAL 20 DPWA Multichannel
128± 9 SOKHOYAN 15A DPWA Multichannel
118± 9±2 2 SVARC 14 L+P πN → πN
260±80 CUTKOSKY 80 IPWA πN → πN

• • • We do not use the following data for averages, fits, limits, etc. • • •

119 HUNT 19 DPWA Multichannel
104 ROENCHEN 15A DPWA Multichannel
100 SHKLYAR 13 DPWA Multichannel
134±11 ANISOVICH 12A DPWA Multichannel
190±28 BATINIC 10 DPWA πN → N π, N η
95 ARNDT 06 DPWA πN → πN, ηN

102 VRANA 00 DPWA Multichannel

2 Fit to the amplitudes of HOEHLER 79.
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⟨δNBδNB⟩ = ⟨(δN+)2⟩+⟨(δN−)2⟩ + 2⟨δN+δN−⟩

For multiplicity NB = N++N−

χαβ
2 =

d2P/T4

d(μα/T)d(μβ /T)⟨δNαδNβ⟩ = VT3χαβ
2

χB
2 = χ++

2 +χ−−
2 + 2χ+−

2

•What are the individual contributions of  parity partners  and ? 

•What is the strength and sign of the correlation ? 

•Is net-proton a good proxy for net-baryon fluctuations?

N+ N−

χ+−
2

Second-order fluctuations of the net-baryon number:

Net-baryon number: ⟨NB⟩ = ⟨N+⟩+⟨N−⟩

χB
2 = χ++

2 +χ−−
2 + 2χ+−

2
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χB
2 = χ++

2 +χ−−
2 + 2χ+−

2

Fluctuations at liquid-gas and chiral transitions

Liquid-Gas Chiral
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•Liquid-Gas dominated by  
•Chiral dominated by  and  
•Peaks diminished by negative 

χ++
2

χ++
2 χ−−

2
χ+−

2

weak signal in χB
2



Idealized behavior of the correlator  no repulsive forcesχ+−
2 ⟶

m0

chiral symmetry restoration

N(939)

N⋆(1535)

M
as

s

χ+−
2 ∼

∂m+

∂σ
∂m−

∂σ

TC

χ+−
2 > 0

χ+−
2 < 0

μC

Min of M+
but also repulsion

N+

N−

Change of the sign of χ+−
2  interesting quantity to calculate in LQCD 
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chiral phase boundary
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Higher-Order Fluctuations of Parity Partners
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The net-proton fluctuations do not necessarily reflect 
the net-baryon fluctuations at the chiral phase boundary
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T = 30 MeV
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Isospin Correlations Near the Liquid-Gas Transition

χB
2 = χ++

2 + … ≃ χp
2 + χn

2 + χpn
2 ≠ 2χp

2
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Differences clearly visible for higher-order fluctuations
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Rα
n,k =

̂χα
n

̂χα
k



Isospin Correlations: Factorial Cumulants

Ĉα
2 = ̂χα

2 − ̂χα
1

Ĉα
1 = ̂χα

1
Kitazawa, Asakawa (2012)

Ĉpn
2 ≡ ĈB
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2 =
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“Factorial Correlations”
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baryons vs protons: 
  ĈB
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n

Same Sign?
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In general  scaling broken by non-trivial correlations near LG transitionĈB
n ∼ 2nĈp

n
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Fα
n,k =

Ĉα
n

Ĉα
k



Summary

Thank You

Non-trivial correlations between baryonic chiral partners

 may not reflect  at the chiral or LG phase boundaryχproton
2 χB

2

Interesting to calculate   in other non-perturbative approachesχ+−
2
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T = 30 MeV
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Cumulants vs Susceptibilities

Cn ≡ VT3 dnP/T4

d (μB/T)n

T

Cn = VT3χB
n

Mean: M  

Variance:  

Skewness:  

Kurtosis: 
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Imprint of chiral symmetry restoration in the baryonic sector 
Aarts et al, 2019
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Clear evidence for partial restoration of chiral symmetry in the strange baryon sector 
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