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Small 
x-physics

Bjorken  x = momentum of 
parton/momentum of hadron

Linear growth

Parton splitting to gluons

0911.0884



Color Glass Condensate (CGC)

• Color: gluons are colored

• Glass: “frozen” random color source, evolve 
slowly compared to scale time of hadron

• Condensate: dense

New form of matter



How does CGC happen in theory?

Apparent  size ~ 1/Q2

Gluon density is condition for 
dense rather than the number 
of gluon!

Control by BK equation

HEIKKI MÄNTYSAARI’s 
thesis 



Gluon saturation

Unitarity of the dipole amplitude

Gluon recombination process:

Study transition region: 
Q <~ QS



Gluon saturation

Require high 
energy experiment

Heavy nuclei collision will 
be easy to find saturation 
more than proton collision



BK equation at LO
Non-linear term: 
Recombination

Wilson line, all dynamic of 
multiple scattering

Linear term: 
Splitting

CGC



Improved BK equation

Kinematic constraint 

Running coupling

Balitsky scheme

1507.03651, 1912.09196



CGC characteristic

• At small x (x < 0.01) in saturation regime

• Coherent multiple scatterings instead of a single scattering

• Governed by BK/JIMWLK equation

• Universal property



Why fitting ?

• Show the correctness of CGC and the universal property
• From the result explain other observables in experiment.



Current Goal

DIS Negatively charged hadron in pp collision 

1309.6963, 1001.1378

Javier L. Albacete, Cyrille Marquet, 2010T. Lappi, H. Mäntysaari, 2013

https://arxiv.org/search/hep-ph?searchtype=author&query=Albacete,+J+L
https://arxiv.org/search/hep-ph?searchtype=author&query=Marquet,+C
https://arxiv.org/search/hep-ph?searchtype=author&query=Lappi,+T
https://arxiv.org/search/hep-ph?searchtype=author&query=M%C3%A4ntysaari,+H


Deep Inelastic Scattering

Dipole Amplitude: 
QCD dynamics

σ0/2

bT

Photon wave 
function QED: 
γ* -> qq̅ 



Single Inclusive Hadron Production

PDF Fragmentation function

Fourier transform of dipole amplitude 
in position space: FFTW3 library

LHAPDF library



Dipole Amplitude

Initial BK 
equation

BK evolution

DIS: x0 = 0.01
RHIC: x0 = 0.015

N(rT, x)

2 parameters: QS,0, γ
1 parameter: C

2 observables 2 parameter: σ0,mf in DIS 



Technique
1. Fitting: Levenberg-Marquardt (LevMar) algorithm

Minimize 

Data experiment

Theory prediction 
of cross-section

Residual r

2.   BK evolution: Automatic Differentiation algorithm  

3.   Theory Uncertainty: Hessian Method & Monte Carlo Method

Allow to compute “analytic” derivative of cross-section respect to parameters

Done by Prof. Piotr Korcyl



Preliminary results
(Balitsky scheme + Kinematic constraint)



Preliminary results
(Balitsky scheme + Kinematic constraint)



Preliminary results



Preliminary 
results

Uncertainty of theory: Hessian method



Preliminary results
Monte Carlo method



Preliminary results
Monte Carlo method



Planned goal

1

Produce the fit for other 
initial BK and BK

2

Add other observables at 
LHC

3

Incopporate theory 
uncertainty into results



Thank you!



Small 
x-physics

Bjorken  x = momentum of 
parton/momentum of hadron



Technique
1. Fitting: Levenberg-Marquardt (LevMar) algorithm

Minimize 

Data experiment

Theory prediction 
of cross-section

Update parameters

Residual r

Require 1st derivative



Technique
2.   BK evolution: Automatic Differentiation 

• Faster convergence of the fit

• Provide Hessian matrix for 
estimation of uncertainties

• Test the sensitive of the 
parameters to the data

Benefits



Technique
3.   Theory Uncertainty: Hessian Method
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