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Proton Spin Puzzle:
an Infroduction



Proton Spin

Our understanding of nucleon spin structure has evolved:

* Inthe 1980’s the proton spin was thought of as a sum of constituent
quark spins (left panel)

« Currently we believe that the proton spin is a sum of the spins of valence
and sea quarks and of gluons, along with the orbital angular momenta
of quarks and gluons (right panel)



Helicity Distributions

» To quantify the contributions of quarks and gluons to the proton spin
on defines helicity distribution functions: number of quarks/gluons with
spin parallel to the proton momentum minus the number of
quarks/gluons with the spin opposite to the proton momentum:

* The helicity parton distributions are
Af(z,Q%) = [ (2, Q%) — f~(2,Q%)

with the flavor-singlet quark helicity distribution

AY = Au+ Au + Ad + Ad + As + A3

and AG(x, Q?) the gluon helicity distribution.



Proton Helicity Sum Rule

» Helicity sum rule (Jaffe&Manohar, 1989; cf. Ji, 1997):
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* L, and Ly are the quark and gluon orbital angular momenta (OAM)



Proton Spin Puzzle

» The spin puzzle began when the EMC collaboration
measured the proton g, structure function ca 1988.
Their data resulted in

S, ~ 0.03

* It appeared (constituent) quarks do not carry all of the proton spin
(which would have naively corresponded to S, =1/2).

1
* Missing spin can bwﬂisg + Ly
« Carried by gluons
* In the orbital angular momenta of quarks and gluons
« Afsmall x:
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Current Knowledge of Proton Spin

» The proton spin carried by the quarks is
estimated to be (for 0.001 <z < 1)

S,(Q* =10 GeV?) € [0.15,0.2]

» The proton spin carried by the gluons is (for
0.01 <2 <1  STAR+PHENIX+COMPASS
+HERMES+... , analyzed by DSSV, JAM, NNPDF...)

Sa(Q? =10 GeV?) € [0.13,0.26]

» Negative Sg is also possible (JAM ‘22), but not
likely.

« Unfortunately, the uncertainties are large. Note
also that the x-ranges are limited, with more spin
(positive or negative) possible at small x.



The DGLAP Equation

- The Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equationis
renormalization group equation describing variation of parton distributions with
Q2. Diagrammatically we can represent it as follows:

« For the helicity-dependent case the equations read
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(AP; are the spin-dependent splitting functions).



DGLAP Evolution: the Physical Meaning

As we increase the resolution (decrease 1/Q),
we “see” more partons:

An Introduction to
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. . . Michael E. Peskin + Daniel V. Schroeder
Indeed, this RG flow is on the cover of Peskin& Schroeder: AR




How DGLAP works
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distribution here

shorter distances

its value here

One sftill needs to measure the PDFs at the initial
scale Qg2 (at all values of x). Then the DGLAP equation
would predict the PDFs atf higher Q2.

In practice one parametrizes the x-dependence of
PDFs at Qu2 and varies the parameters until they fit
the data at all available Q2.

Problem/feature: DGLAP equation does not quite
predict the x-dependence of PDFs. The x-dependence is
strongly affected by the initial conditions at Q2.

Consequence: DGLAP cannot predict how much spin
there is at small x!



Gluons and Quarks at Small-x

» There is a large number of small-x gluons (and sea quarks) in a proton:

xG HERA

105 Q2 =10 GeV?2

: Can the small-x gluons and
quarks carry a lot of

the proton spin?

X (# gluons or quarks)
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x =fraction of the proton momentum they carry

. G(x, Q? , qgfx, Q?) = gluon and c%uork number densities / parton
distribution tunctions (g=u,d, or S for seq).



How much spin is there at small xe
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* E. Aschenauer et al, 2020 (DGLAP-based helicity PDF extraction from data)

* Uncertainties are very large at small x. Note that this is XAG, the uncertainties for AG are 1/x =
100-10000 times larger! EIC will reduce them, but only where there will be data.
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Small-x Spin Challenge

« Can we constrain theoretically the amount of proton spin and OAM coming from
small xe

» Any existing and future experiment probes the helicity distributions and OAM down
tO some Xmin -

1 1
5/Q7) =5 [ doAZ(@.@?) S,(Q%) = [ drAG(2,Q?)
0 «—— 0 ——
1 1
LQ-H?(QQ) = /deQ-f-q(xv QQ) LG(Q2) = /deG(vaQ)
0 — 0 ——

« At very small x (for the proton), saturation sets in: that region likely carries @
negligible amount of proton spin. But what happens at larger (but still small) xe



Philosophy of small-x approach to spin

DGLAP equation evolves in Q?, it does not evolve in x.

Hence, DGLAP-based analyses (DSSV, NNPDF, standard JAM) cannot predict the
x-dependence of PDFs.

If we want to predict helicity PDFs at small x, we need a different evolution
equation that evolves in x.

Such equations were constructed by D. Pitonyak, M. Sievert, and YK, (KPS, 2015-
2018) along with a recent important correction by F. Cougoulic, YK, A. Tarasov, Y.
Tawabutr (KPS-CTT) in 2022 + another one by J. Borden, YK, M. Li 2024 & G. Chirilli
(2021) (KPS-CTT-BCL); both works use an approach similar to the BK/JIMWLK
evolution.

Other important work on spin at small x: J. Bartels, B. Ermolaeyv, M. Ryskin ‘95-'96; Y.
Hatta et al '16; R. Boussarie, Y. Hatta, F. Yuan ‘19. Significant related works by R.
Kirschner and L. Lipatov ‘83; T. Altinoluk, G. Beuf et al ‘20, ‘21.



The BFKL Equation

Balitsky, Fadin, Kuraev, Lipatov ‘78

;/?

Start with N gluons in the proton’s wave function. As we increase
the energy a new gluon can be emitted by either one of the N
gluons. The number of newly emitted particles is proportional to N.

a new gluon is emitted as energy increases
proton

S = =

N gluons it can be emitted off of any of the N gluons

The BFKL equation for the number of gluons N reads:

o

dln(1/ x) N(x, Q%) = &K ppg, ® N(x,07)




Helicity Evolution at Small x

* To understand how much of the proton’s spin is at small x one can
construct a helicity analogue of the BFKL equation:

| e, = %mmm+i€%mmm

proton ,
polarized polarized

D. Pitonyak, M. Sievert, Y.K. *15-"18 (KPS); 2 quark gluon
F. Cougoulic, YK, A. Tarasov, Y. Tawabutr '22; CA -«
J. Borden, YK, M. Li ‘24; G. Chirilli ‘21. KPS-CTT-BCL

. . . . evolution D
* These new helicity evolution equations are

e

subtle, since they must keep track of both
quark and gluon helicities. (Other small-x polarized
evolution equations, BFKL/BK/JIMWLK, only T T T

have gluons at leading order.) DGLAP

o :




Still, even with the EIC data

ElC & Splﬂ PUZZle we need to exfrapolate quark

and gluon spin down to smaller x.

« Parton helicity distributions are sensitive to low-x physics.

« EIC would have an unprecedented low-x reach for a polarized DIS
experiment, allowing to pinpoint the values of quark and gluon
conftribut n's spin (EIC WP ‘12):

lons to pro?o
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« AG and AX are integrated over x in the 0.001 <x < 1 interval.
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Quark and Gluon Helicity
at Small x

YK, D. Pitonyak, M. Sievert, arXiv:1511.06737 [hep-ph], arXiv:1610.06197 [hep-ph] (KPS);
YK, M. Sievert, arXiv:1505.01176 [hep-ph], arXiv:1808.09010 [hep-ph];

F. Cougoulic, YK, A. Tarasov, and Y. Tawabutr, arXiv:2204.11898 [hep-ph] (KPS-CTT);

J. Borden, YK, M. Li, 2406.11647 [hep-ph]; G. Chirilli, 2101.12744 [hep-ph] (KPS-CTT-BCL).



Dipole picture
of high-energy scattering



Dipole picture of DIS

X x*

W= o [ e (Pl )P N

2
o= a0 _7 0
Large g - large x- separation 1 (261_ 4 L)

. 2 —_— . —_—
iq-x z;’;_:c +1q zT

aka the “shock wave”

22



Dipole picture of DIS

« At small x, the dominant
contribution to DIS structure
functions does not
come from the handbag
diagram.

* Instead, the dominant terms
comes from the dipole
picture of DIS, where the
virtual photon splits into a
quark-antiquark pair, which
then interacts with the
target.

23



Dipole Amplitude

« The total DIS cross section is expressed in terms of the (Im part of the) forward
quark dipole amplitude N:

1
* da;' * = R —
O'zotA:/ = L/z ) U7 799 (% 2)|2 N(2,,b,,Y)
0

b is the Fourier conjugate to g
with t = - g2, making the dipole
amplitude N similar to the GPDs
at zero skewness.

b, Y

Gribov, 1970; Bjorken and Kogut, 1973;
Frankfurt, Strikman 1988; Mueller 1990;
Nikolaev and Zakharov 1991

with rapidity Y=In(1/x)



Dipole Amplitude

The quark dipole amplitude is defined by

Nlayz) = 1= 5 (o [Va) Vi)

Here we use the Wilson lines along the light-cone direction

ig / de” AT(0", 2™, g)]

— 0o

Ve = Pexp

In the classical Glauber-Mueller/McLerran-Venugopalan approach the
dipole amplitude resums multiple rescatterings:

f Ly
3 8 g gt 19 gz,




Small-x Evolution

* Energy dependence comes in through the long-lived s-channel gluon corrections (higher Fock

states): 1
as Ins~agIn—~1

These extra gluons bring in powers of og Ins, such that when ag<<1 and Ins>>1 this
parameter is og In s ~ 1 (leading logarithmic approximation, LLA).



Small-x Evolution: Large N_Limit

How do we resum this cascade of gluons?
The simplification comes from the large-Nc limit, where each gluon becomes a quark-antiquark

pair: 303=108 = N.@N.=1® (N -1)=N; ~1

Gluon cascade becomes a dipole cascade (each color outlines a dipole):

B




Mueller’s Dipole Model

To include the quantum evolution in a dipole amplitude one
Can use the approach developed by A. H. Mueller in '93-'94.
The goal is to resum leading logs of energy, a log s, just like

for the BFKL equation. .
L\_\M B dipole

Emission of a small-x -
gluon taken in the
large-N¢ limit would

split the original color
dipole in two: —

33=198 = N.QN.,=1@®(N*—-1)~NZ?-1

C

]

dipole

=

dipole

dipole

= =gl gaz

dipole
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Notation (Large-N,)

1L~ L
f T \I Real emissions in the

- amplitude squared
L UL
L

L

(dashed line — all
Glauber-Mueller exchanges
at light-cone time =0)

L

+
21
C
- - -
=y
c

plan

Virtual corrections in the amplitude

(wave function)

+
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Nonlinear Evolution

To sum up the gluon cascade at large-N. we write the following equation
for the dipole S-matrix:

@ L. @
1 f 1 @ f dashed line =

all interactions

n

| ' with the target
Y =In l ~lIns L \L
: 1 U

as N. d2 9501

aYSXO,X1 (Y) =

9272 3302 21 [SXO Xz( )sz,x1 (Y) o SXO,X1 (Y)]

Remembering that S=1+iT=1- N where N = Im(T) we can rewrite this equation in terms of
the dipole scattering amplitude N.



Nonlinear evolution at large N

As N=1-S we write

AN L @ L
TTT In

dashed line =
all interactions
with the target

0,X2

Balitsky ‘96, Yu.K. ’99; beyond large N, JIMWLK evolution, 0.1% correction for the dipole amplitude

31



Re-summing gluon cascade

* Atlarge N, the gluon cascade turns into a dipole cascade. We are resumming the dipole cascade,
with each dipole interacting with the target independently:

4 h

¥ >§ ) ©
A ﬁ"'ﬁ o
® ) )) @




JIMWLK: derivation outline

* As a test operator, take a pair of Wilson lines (not a dipole!):

Ve @ VI

O$1J_ax 1L ol

oL

* Construct the evolution of this operator by summing the following familiar
diagrams:

I
8
+
2
w
Q
o
0
=
xzzg mézz

(< P A

real virtual

33



The JIMWLK Equation

In the end one arrive at the JIMWLK evolution equation (Jalilian-Marian—lancu—MclLerran—
Weigert—Leonidov—Kovner, 1997-2002):

Oy Wyla] = as {% / PoL s St szdab(y_, iy e el
B /d%’l 504“(336_,@) vz, Wyle] }
e = g% f—gﬁ Tr [T“UEHU;M}

Here U is the adjoint Wilson line on a light cone,

Uz, = Pexp {ig /dxAjL(ijO’x’fL)}

— 00



The JIMWLK Equation

JIMWLK equation can be used to construct any-N. small-x evolution of any operator made of infinite
light-cone Wilson lines (in any representation), such as color-dipole, color-quadrupole, etc., and
other operators.

Since

JIMWLK evolution can be re-written in terms of the color density p in the kernel.

JIMWLK approach sums up powers of (g Y and Ofg A1/3



Solution of BK equation ... N <1

N(x,,Y) /

I numerical solution
08F asY=0,12,24,3.6J)4.8

by J. Albacete ‘03

0.6 r

a

Energy increases = Qg increases
moving further away from Aq¢p

We conclude that »
04 r

2 (1Y
QSN(5> T

10

1/AQCD

0.00001 0.0001 0.001

X, (GeV)
1/Qs

BK solution preserves the black disk limit, N<1 always 9qA _ 9 2y N Y
(unlike the linear BFKL equation) o - dbN(z1,b1,Y)
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Sub-Eikonal Operators



Dipole picture of DIS

X x*

W= o [ e (Pl )P N

2
o= a0 _7 0
Large g - large x- separation 1 (261_ 4 L)

. 2 —_— . —_—
iq-x z;’;_:c +1q zT

aka the “shock wave”
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Polarized Dipole: non-eikonal small-x physics

« All flavor-singlet small-x helicity observables depend on “polarized dipole

amplitudes’:
T _1-z To )
+
r == - L1 > |
Gio(2) = 2]1\[ Re <<Ttr [VgiozT] + Ttr [VfOlVQq >>(z)

/ I

unpolarized quark polarized quark: eikonal propagation,
non-eikonal spin-dependent interaction

ig / dz= AT(0", 27, )

— 00

« Double brackets denote an object with energy suppression scaled out:

(o)== (0)c) 39

Ve = Pexp




Polarized fundamental “*Wilson line”™

To complete the definition of the polarized dipole amplitude, we need to
construct the definition of the polarized “Wilson line” Vre!, which is the leading
helicity-dependent contribution for the quark scatftering amplitude on a
longitudinally-polarized target proton.

P2tk D2
g

NERENEERE

At the leading order we can either exchange one non-eikonal f-channel gluon
(with quark-gluon vertices denoted by blobs above) to transfer polarization
between the projectile and the target, or two t-channel quarks, as shown above.

We employ a blend of Brodsky & Lepage’s LCPT and background field method-
inspired operator freatment. We refer to the latter as the light-cone operator
treatment (LCOT).




Notation

« Fundamental light-cone Wilson line:
Velb™,a™] Pexp{ig/dx A*(az,x)}
« Adjoint light-cone Wilson line:

Ug[b~,a" ] = Pexp

-
ig/dx_ At (zt = O,x,g)]

* They sum multiple eikonal re-scatterings to all orders.



Eikonality

- One can classify various quantities (e.g., TMDs) by their small-x asymptotics.

1
- Eikonal behavior corresponds to (up to ~as corrections in the power)  f(z, k7) ~ -

Examples: unpolarized TMDs, Sivers function.

0
- Sub-eikonal behavior correspondsto  g(z, k%) ~ <l> — const

Example: helicity TMDs. v

« Sub-sub-eikonal behavior is h(z, k3) ~
Examples: transversity, Boer-Mulder function.

- We've been calling the leading power of x “eikonality”.




Sub-eikonal quark S-matrix in background
gluon and quork fields

TTI9TT T1(TTT

» The full sub-eikonal S-matrix for massless quarks is (Balitsky&Tarasov ‘15; KPS *17; YK,
Sievert, *18; Chirilli '18; Altinoluk et al, '20; YK, Santiago ‘21)

o os2 “helicity “helicity - B=—4.B. = . F2
Vayioro = Ve d (2 —Y) b0 independent” dependent” 7 Wy B, = 1,

0.0}

'p+ 7 .
+ ! / dz=d?*z V, [00, 27] 52@ —2) [—50’0/ B D'+ g0, F12 (27, 2) Vylz™, —o0] 52(y —2)
S z Y Y
i ) (g—g)/dzl/ dzy Vy[00, 25 ]t Ya(zy, )U 2y , 21 ][50,0/7"' — 05070/7"'7 } Bwa(zl , )t Vylzy, —0o0]
—oo - “helicity “helicity

independent” dependent” .



Longitudinal momentum fransfer

In addition to the above, there is x+ dependence in the regular Wilson line, which is usually
neglected in the eikonal approximation. If we expand in x+, we get a sub-eikonal correction
/ det e~ iy —pi) 2™ Vo(at) = / det e~y —pi) 2™ [V£(0+) + 2t oV (0h) + .. ]
= 25— p ) Va(07) —2mi | 2 5(r —pi)| 24/pr b VS

where we have intfroduced another *helicity-independent: sub-eikonal operator
(Alfinoluk et al, '20)

. P—"_ o0
VxG[?’] _ Y9 / dx™ Voo, x| F+_(37_a£) Vylz™, —oo].
L S - -

This operator does not contribute to small-x helicity evolution at the leading order (DLA).



Helicity Distributions and
Observables at Small x



Dipole Gluon Helicity TMD

« We start with the definition of the gluon dipole helicity TMD, corresponding to the

Jaffe-Manohar PDF AG,

xz Pt

k3 = ot [ BT et e (e o [ 0) Ul 0,6 i, 0] 1)

(2m)°

« Here U*l and UM are future and past-pointing
Wilson line staples (hence the name
‘dipole’ TMD, F. Dominguez et al’11 —looks

like a dipole scattering on a proton):

UAL+] j ;

£+=0

proton
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Gluon Helicity

92N, 1 Q2
. A calculation gives ( ) am? 2\ Q2 x

Ne

G dip k2 —
gL (337 T) 04827'('4

QQ
d2$10 6—1E~£10 G2 <gj%07 28 — ?>

« Here we defined a new dipole amplitude G, (cf. Hatta et al, 2016; KPS 2017)

+ - ' g |
/d2 <x1 2 xo) Gio(2s) = (z10)", G1($%Oa2’5) + €7 (210)), G2($%0’z8)

. . . t N
G (25) = - {VT vicr (VJ G[Q]) V} What is this D-D operatorg Turns
10(25) 2N, << oL + ° >> out it is related to the DD operator
0o , from before.
%8 = En dz= V00,27 ] |D'"(27,2)— D (27 ,2)| Va[z~, —o0]
z < z z

—00
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Quark Helicity PDF and TMD

v

* The flavor-singlet quark helicity PDF and TMD are

Az(g;,gf):LfQ@( 10 — ! Q2)

Qg T Q2 x

1

4
4o

o5 (2, 2) = / PargeE0 (a2, Q [a)

« We have defined another operator:

Qualo <<16 N [ar [ ) (3779°) b ol Viloe, s ()
) o0

#im ) (3779°) Vel ol Viloo s 10 e ) ) o)
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g, structure function

« g, structure function is obtained similarly, using DIS in the dipole picture:

- Ty 5 Z1
WS T T s
, T ,
o o 1
)
1

1 min ﬁ’ﬁ
N, 7> dz dx?
- Onegets 9i(@,Q%)=-) 47T3f ~ / n

f A2/s 1

Ty

B

—2 [Q(xy, 28) + 2 G (7, 25)]

+ G, was defined before. This is the gluon admixture to quark helicity distributions.

» The dipole amplitude Q is due to F'2 & axial current.

» The conftribution of G, comes from the DD operator in the quark S-matrix.
« Hence, the DD operator is related to the Jaffe-Manohar distribution.
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Amplitude Q Qa9 = [ & (P55 Quis

« The amplitude Q is defined by

_ pol[1] 1 pol[1]  +
Quolzs) = g3 Re (o v 4 e [Py |
with  ypollll — Gl y7all] , wWhere
. _|__ o0
Vf[” = ng / dx™ Vy[oo, z7] FlQ(x_,g) Velz™, —o0]

qu[l] —

[dar [y viloe,a1 0 valer 2 UL e 7] [0 g dalar )8 Valor, o)

— 00

2s

Ty

« U = adjoint light-cone Wilson line.
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Helicity Evolution



Evolution for Polarized Quark Dipole

One can construct an evolution equation for the polarized dipole:

Spin- dependent (non eikonal) vertex
+ I - 1 + é:!: + ! :
similar to the 0 /
unpolarized = —I— @ —|— ! —I— !
BK evolution ! box =
0 target shock
-+ @ — ! + !/ wave (proton)

polarized
particle
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« At large-N. the equations close (Q =2 G).

« Everything with 2 in the subscript (e.g., G, and I'y) is new
I—O rge N (CTT+K) compored to the KPS (*15-'18) papers.

10,x§1,z s) + 3G(x31,7's)

SN
G(x%()vZS)ZG(O)(%OvZS = /dz /dxm

C321
Szlo
2 / 2 2 /
2/ min [m?o,mglj—;] )
ag N, dz" dx
D(afo, 231, 2's) = GO (ao, 2's) + =5 = / Z / 2> | Do, 235, 2"s) +3 G a5y, "s)
T ) =z J T3
31’%0 Z//S
+2Go(23,,2"s) + 2T (23, T3, z”s)] ,
. min ﬁx%o,ﬁ
0 ag N, dz' dx?
Go(z3y, 28) = Gg )(mfo,zs) + sﬂ < / — / 33221 [G(23,,7's) +2Ga(23,,2's)]
21
AiSQ max[xlo,z/g]
z/% min ,/,1‘31,[\%
0 o N, dz" dx?
To(x3y, 251,7's) = G( )(9510»75 s)+ — / x232 [G(:U?)Q,z"s) + QGQ(@%Q’ZHS)}
32
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Initial Conditions

« The initial conditions are given by the Born-level graphs

Lo

{0040

Crln 29 In(zs z3,)

a?C’
G(O)(x%()a z) = ——Lr [ A2

Ne

F(O) (x%m mgl? Z) = G(O)(CE%W Z)

« Similar Born-level calculation is done for G, and T,.

[j==)

0

00000

Ty

000000

o

o

00000

e

(=)

[ 80000 ) | 80000 )
(0[0/000,0)

54



“Neighbor” dipole

* There is a new object in the evolution equation — the neighbor dipole amplitude.

* This is specific for the DLA evolution. Gluon emission may happen in one dipole,
but, due to lifetime ordering, may ‘know’ about another dipole:

+ ...

2 / 2 /!

« We denote the evolution in the neighbor dipole 02 by FQQ’ 21 (z/)
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Helicity Evolution Ingredients

» Unlike the unpolarized evolution, in one step of helicity evolution
we may emit a soft gluon or a soft quark (all in A-=0 LC gauge of
the projectile):

0—1 0-2
a a
A A
z

AI )\2
00000 I 700000
; \ / b
k k
o o

z

« When emitting gluons, one emission is eikonal, while another one is
soft, but non-eikonal, as is needed to transfer polarization down
the cascade/ladder.
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Helicity Evolution: Ladders

« To get an idea of how the helicity evolution works let us try

iterating the splitting kernels by considering ladder diagrams
(circles denote non-eikonal gluon vertices):

» To get the leading-energy asymptotics we need to order the
longitudinal momentum fractions of the quarks and gluons (just
like in the unpolarized evolutioncase) 1> 21 > 29 > 23> ...

—N—oz n3 s
23 8 S

obtaining a nested integral / dz, / dzs / dz3 1
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Helicity Evolution: Ladders

lifetime =

« However, these are not all the logs of energy one can get here. Transverse
momentum (or distance) integrals have UV and IR divergences, which lead to logs

of energy as well.
o oky  2ky _ 2ky

« If we order gluon/quark lifetimes as (Sudakov-p ordering) 12 > 12 > 12 >
—_ L - - v v 3
then (z =k7/p). ;2 ;2 12 and

22 B SLTTS xS 23> ...
21 Z2 <3
2
. . xn—l,J_Zn—l/Zn 9 .
we would get integrals like / dz? | also generating logs of energy.
2
xn,J_

1/(zn s)
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Helicity Evolution: Ladders

« To summarize, the above ladder diagrams are parametrically
of the order 1

~a21n’s
S

* Note two features:
* 1/s suppression due to non-eikonal exchange
+ two logs of energy per each power of the coupling!
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Resummation Parameter

For helicity evolution the leading resummation parameter is different from BFKL,
BK or JIMWLK, which resum powers of leading logarithms (LLA)

as In(1/x)

Helicity evolution resummation parameter is double-logarithmic (DLA):
o 1
O{S lﬂ -
X

The second logarithm of x arises due to fransverse momentum (or fransverse
coordinate) integration being logarithmic both in the UV and IR.

This was known before: Kirschner and Lipatov '83; Kirschner '84; Bartels,
Ermolaev, Ryskin ‘95, '96; Griffiths and Ross '99; Itakura et al '03; Bartels and
Lublinsky ‘03.



Large-N.&N; Evolution

 Helicity evolution equations also close in the large-N.&N; (Veneziano) limit.
» To derive those, need to add the fransition diagrams (J. Borden, YK, M. Li, ‘24):

i o g
IS | I W I
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2 ~ 00g,
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Large-N.&N;

Large-N.&N; limit is more realistic as
it includes quarks.

Everything with 2 in the subscript
(e.g., G, and I'y) is new (CTT-K)
compared to the KPS (‘15-'18)
papers.

Blue is the conftribution of fransition
operators (BCL).

These equations agree with
polarized DGLAP anomalous
dimensions at small x to all three
known loops.

asNe (% d o g2 ~
Q(:cfo,zs) = Q(O)(zfn,zs) ar ;ﬂ, // / 221 [ G(le 's) + 2T (1'10 1'21:2 's) (76a)
SI

22 [y T3
+ Q(a:m 2's) — T(a%y, 23, 2's) + 2Tz (a3, 73, 2's) + 2 Ga(23,, 2's)]

N. dz' min{zi,z/2', 1/A® }d
a Sate / s / ' 121 [Q(qu 2's) + 2(‘7(:::?_1 z s)]
’\2/9 1

T(22), 22, 2's) = QO (22,,2's) + [2 (':(xgz,z"s) (76b)

Qs-Nc /Z, dz" mm{xw 121 ! 2" )dl'zz
2m llszn

" 2
o 2 J1g2ma T32

O (zm 1‘12 2"s) +Q(.’L‘-12,Z s) T (.’l‘m .ru,z ’s) + 2T (.rm,xgz 2"s) +2G'2(:1:32 z s)]

dz” min{z3, 2’ /2" 1/A%} dxg
/ 2 [Q(zgz, 2"s) + 2 Ga(z2,, z”s)] .
A2js % 1/ L3p

~ N d 10 g2 == =
G(z%), 28) = C(O)(:rm, z8) + —— e / ae L [3 G(z2,,2's) + T'(22,,22,,2's) (76c)
21 Jijea2, 7 Jiss Th

Ny Ny ~
+2(}2(1‘§1,z s) + (2— ZT) 12(5'310 1‘%1 2's) — 4_1(110,151,2 8)— T! Q(z!

i \ dZ min{zf,z/2",1/A%} dz2
(R / / / 21 [Q(:z:21 2's) + 202(9:2l z s)]
A2 /s

N ¥
—
Cd

ax{x?,,1/2"

{2 ety FH0) (2 asN. / dz" m""(‘u) a2l )dm’;z

T(z2y, 23, 7's) = GO (z3,, 2's) + — /1/“2 = //,'l 2 [36‘ ) (76d)
T30 2 2 2 n Ny 2 Ny 2y

+ [(21g, 233, 2"5) + 2G2(235,2"s) + 21\1 Ta(a3g, 232, 2"'s) — AN, T(z3o, 235, 2 5) Q(rw 2"s)

c

2 2 2
&xl\rf /: x3y /T1o dz" mm{z“z /2" 1/A% }d.’l,‘?n . . . Y
=i =7 —5 - |Q(x32,2"s) + 2Ga(23,,2"5)]
8m A% /s 2" max{z3,,1/z"s} $§2 [ 22 32 ]
z min{frrf“‘l/x\z}
aN, dz' dx2. 1~
Ga(a3y, 28) = G (a3, 28) + % / = ITZI [G(z%l,z’s) ar 202(I§1=2'3)] ; (76e)
21
A} max[r?(,,;k]

T
=z ;;‘L min{f,}—,z‘gl.l/;\ )

i
La(elo,h, #9) =GPl 9 + 228 [ 22 f zaz 2 (G(ay, ') + 2Co(ady, #'5)], (760)
2 7 mafdh)
s min{Hala/al)
G2, 28) = G (22, 28) — “;: d;, / f;l' [Q(23,, 2's) +2Ga(z3, 2's)]. (76g)

A2 2 1]
a ""‘X[IJ-V;'..J



Small-x Asymptotics



Solution of the Large-N. Equations

100
In|Gis10, o)

100

1 Q>
= - nwln;—l—lnp
? , i A The large-N. equations for G and G, can be solved
s10 ~ In = numerically (and, possibly, analytically).

A2 64



Small-x Asymptotics

* Fitting the slope of the log plots of G and G, vs e we can read off the small-x
intercept (the power of x):

In|G(0, n)l In|G2(0, n)|

100+ 100}

50’ 50,

~ 10 20 30 40

F. Cougoulic, YK, A. Tarasov, Y. Tawabutr, 2022
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Small-x Asymptotics for Helicity Distributions

« The resulting small-x asymptotics for helicity PDFs and the g; structure function at large
N is
as Ne

1 36655
AS (2, Q%) ~ AG(w, Q) ~ g1 (2, Q2) ~ (—)

X

« This power (aka the intercept) is in complete agreement with the work by J. Bartels, B.
Ermolaev, and M. Ryskin (BER, 1996) using infrared evolution equations (with the
analytic intercept constructed by KPS in 2016):

17+ V97 |as N, s N,
— ~ 3.664
=N TV an 3.0644/ =

« “Peace in the valley.”
« Right?




Analytic Solution of the Large-N. Equations

z T10
. N, de [ da2
G(z3y, 2s) = G (23, 28) + a27r / _Z’ / ;21 [Hﬁmxél’z,s)+3G(m§172/8>
21
« We want to solve
these equations:
9 £ 2Gy(h, 2's) + 2Ta(an s, #5) |,
5 min[az%o,wglj—,l,]
. N, dz" da2
F(ﬁoyl’%p Z's) = G\ (33%0’ 2's) + 0427T zZ// / ;;32 [F(x%mxgm 2"s) + 3G(5C:232> 2"s)
] 1 32
SZ%O Z//S

+2Ga(23,, 2"s) + 2Ta (23, 23, ZNS)] ;

N, [de da?
a /Z—Z; / 21 [G(x%l,z's) +2G2(x§1,z's)] ,
A2

2 _ (0), 2
G (219, 28) = Gy ' (219, 28) + 2
T x5
r max[:rlo 7=
2
’ T /
z % min %azgl,l\%
1 2
2 2 N _ 0 2 as Ne dz dx3, 2 _n 2 n
Lo(27g, 731, 2's) = Gy (w19, 2's) + - i 72 [G(x32,z s) +2Ga(r39, 2 3)}
32
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Analytic Solution of the Large-N. Equations

» The strategy is to use the double Laplace transform, as N,

gj 23 / / wln(zsxlo)—l—fyln< 1 )G
10 211 | 2mi 2

« One gets the expressions for all the other dipole amplitudes this way, for instance

wln(zsziy)+vIn <332—11\2>
G (2o, 25) 10
2mi 277@

(GM ngjv) 9 GM]

2 Ol

« Neighbor amplitudes involve several different double Laplace transforms:

wln(z’'sz3; )+~ 1n xg% 0 wlin(z'sziy)+v1n 2;2 0
Iy 5131075521725 /2#2/272 [ ( roft ) (G2w’y Géw)7> € i ( o >Géw)7



Analytic Solution of the Large-N. Equations

* In the end, all the amplitudes in the double-Laplace space can be expressed in
terms of the initial conditions/inhomogeneous terms, e.g.,

_ ~(0) Qs (0) (0) (0) (0)
Gauwy = Gouy + — (v=15) (v =) [2 (y=45) (Géiw i 2G26iw) —2(00 - %) (Gé;tvi i 2G26$v$>

(A0 _ A0
4847 (Gm _ sz) ]
16 as 1a,
1i\/1 1 w2‘

* More details in J. Borden, YK, 2304.06161 [hep-ph].

with

0 =

w

14+4/1—

N[ &




Small-x Asymptotics for Helicity Distributions

e Let's fake a closer look at the anomalous dimension:

A(;(%Q%:/d_w(l)w <%§)A7GG(W) AGL(A2)

2w, \ x

* In the pure-glue case, Bartels, Ermolaev and Ryskin's (BER) anomalous dimension
can be found analytically. It reads (KPS ‘16)

BER 1 ) ~ 1_3wo_;s _ L as NC
MEE W) = 5 |w—y[w? 168, ——& % T Ton
w2

» Our evolution’s anomalous dimension can be found analytically at large-N.
(J. Borden, YK, 2304.06161 [hep-ph]):

1 4ag
Afyz’fG(w):§ [w\/w216a8 1— a‘

w2



A Tale of Two Anomalous Dimensions

* The two anomalous dimensions look similar enough but are not the same function.
BER 1 9 15 1 4 ag
Avaa ()—5 w—fw” — 16 ag Ay}ﬁg(w)zﬁ w—{jw?—=16as1/1— —
w

-2
» Their expansions in ag start out the same, then differ at four (1) loops (the first 3
terms agree with the existing finite-order calculations, the four-loop result is

unknown):

4a, 8a2 bS6ad 50dal

A BER — S S
a6 W) W + w3 + w? + W’
s 4a, 8a2 b6ad  496al

W w3 wd w’



A Tale of Two Intercepts

AG(:U,QQ):/ dw (l)w (%)A%}G(w) AGL(A?)

2m \ @
1 [ 4o,
Avde(w) = 3 !w — \/w2 —16as1/1 — wO; ‘

* The intercept (largest power Re[w]) is given by the right-most singularity (lbranch
point) of the anomalous dimension.

. _JUTHNOT fauNe o fas N
« For BER this gives  &n = 5 5 3.66 o
4 S NC S Nc
. Forus an = —=1/Re {(—9+z’\/111)1/3} JEe 36614/ 2
31/3 21 21

1 1 — 384s
AVEBER(w) = 5 [w — \/w2 — 166, =

_ Qs
w2




A Tale of Two Intercepts

G)
1 L
The power a,, is known as the intercept.

BER: 17+ 97 [a, N, a. N,
2 27 2T
Ah = 31/3 © ‘ V o2 7 V. 2r

Our numerical solution also gave the intercept of 3.660 or 3.661, but we believed we
had larger error bars.

We (still) disagree with BER. Albeit in the 3@ decimal point...

AX(z, QY|  ~AG(z,Q%)

rK1




Phenomenology

D. Adamiak, N. Baldonado, YK, W. Melnitchouk, D. Pitonyak,
N. Safo, M. Sievert, A. Tarasov, Y. Tawabutr, = JAMsmallx,
2308.07461 [hep-ph], 2503.21006 [hep-ph]



Polarized DIS and SIDIS data

We can use the large-N.&N; version of the
evolution to fit all the existing world
polarized DIS and SIDIS data.

Why not large-N.2 Have to distinguish a

true quark dipole from the subset of the

gluon one. Need to extract all helicity PDFs for
light quark flavors, in addition to the gluon
helicity PDF.

Hence, the quark amplitudes Q, come with
the flavor index q.

Drawback: many dipole amplitudes,
hard to constrain all.

LO intercept is large: had to include running
coupling (not shown) into the evolution.

. - ‘,Nf : dy [hoda? [~ , = -
Qe 28) = QO (aly, 28) + 22 = / T2 [2G(ek,, 2's) + 2T (2,231, #) (76a)
1/.

o,
1/s22, % 2's T21

+Q(z2] 2's) — T(23y, 23, 2's) + 2T2(a3y, 23, 2's) + 2 G2(23,, 2's)]
in{zfoz/2',1/A% )d
ale [ © / = [Q( #s) +2Ga(eh, 7s)]
azs 2 Jy

__ N. [¥  dz" M- Y da2, .~
(22,22, 7's) = QO (22, /'s) + —/ de %52 [9G(22,, 2"s) (76b)
s 2 21 Jyjsaz, 2" Jijans 5 [ =

+28(a}o, 255, 2") + Q(23, 2"s) — T(ahy, a3y, 2's) + 2T (ad, 232, 2"'s) +2(}’2(1§2,z"s)]

a.N. [= dz" in{zd,2'/2",1/A%} g2
+ T /2 7 . '2[Q11229)+2('(z‘ zs)]
A 1
N. dz’ [To do2 1 ~ -
G(a2,, 28) = GO (a2, z8) + ‘1,7/ —,—/ S8 [3G(a,, #s) + Tk, 781, #9) (76c)
2m 1/s22, 2 Ji/2's T21
v Ny Al Ny O
+2Ga(23,2's) + 2—2\ T'a (a0, 231, ZG)‘WI(IWIN-ZS)*_Q(-I 31,2's)
_asN /A% g2
l/\/ 2 / ax{x?),1/2's} 121 Qe5,2'8) +2Galag, #9)]»
z
N [# do [rinteleshiz/="} go2
B(22,, 22,, 7's) = GO (22, 2's s / L/ 1‘32[3(} 2 76d
(210, 221,2'8) (230, 2's) + 2 frfest, 2 Jiyana 2, (232, 2"s) (76d)
NeNp.(2 .2 Ny Ny
+I(Im 235, 2"8) + 2Ga(x3,, 2"s) + T 9N, La(afp, ¢35, 2"'s) — an, T(230, 2%, 2 s)*z\ Q(l "s)

a.N 223, /27, dz" min{z3,2"/2" 1/A%} 2
— = / e —2 [Q(23,,2"5) + 2Ga(a3y, 2"5)]
A2 2"s T3z

8w 2
2 ©0)/.2 a,N, [d 23 (A2 2
Ga(z7p, 28) = G5 (279, 28) + = | 7 T [G(Izl» z's) +2Gy(z3, 2 3)] s (76e)
z 21
at max(z3o, 7]
2
=g {Zr22,,1/A%}
; oV i dr2, r~
T (30, T, 2'5) = G (23, 2's) + T / = / S22 [G(a, ") +2Galedy, 's)], (766)
w 2 Z32
L

=/ 2 = 2 Oy \ o dl‘f; N 2 ' ~ 2 RN |
Q(z3y, 25) = QU (23, 25) — / — / Tl [Q(23,,2's) + 2 Ga(23,, 2's)]. (76g)
. 21



Polarized SIDIS at small x

Consider (anti-)quark production in the current
fragmentation region in the polarized e+p
scattering at small x.

The process is similar fo the g, structure
function calculation.

A straightforward calculation yields the SIDIS
structure function (D, = fragmentation function)

1
g1 (2,2,Q°) = 5 D er Aq(z,Q*) Dy/*(2, Q?)
2.9
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JAMsmallx: Adamiak, Baldonado, YK, Melnitchouk, Pitonyak, Sato, Sievert, Tarasov, Tawabutr,

2N, = 1.03 The analysis | . cev - 0 < 10.4 GoV?

. . 1
Initial conditions: Q® (22, zs) ~ G (2%, 28) ~ a In 2= + b In ——— + ¢
A EPILY

0.20
o015 COMPASS 015 COMPASS 0.20{COMPASS  } COMPASS EMC 0.2/SMC 0.2 ISMC HERMES | ot HERMES HERMES
.15 2 2
0.10 0.10 p—sh* p—sh- 02F ,posmt psm 0.2F p—sh*
0.10 olo 0.10 % At} LA } A Al Al
P P P P 0.0 0.05
oosp Alf Ay ALl 000 000 Ay o } 01 F ’
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’ AH 0.05 AII A” 0.10 A 0.03 A” | 0.05
SLAC(E155) SMC | )15 1SMC 0.05 COMPASS HERMES 0.05 02 0.10
0.20 0.20 015 : 0.05 o SMC } SMC 005 HERMES .05 [HERMES HERMES
0.10 ! d—sht d—)h [ pd—mt Y| qd—ne d—sh*
AP Lﬂ M AP| 005 AP Ad H Al A A 0.05 Ay
010 7 0.00 1 1| 000 0.00p 2l 00 00 0.00
5 0.00
_|[HERMES 003 [SLAC(E143) .10 |SLAC(E143) SLAC(E 55} SLAC(E155) . H s
005 : 0.05 } 0.20 0.050 HERMES 2 [HERMES HERMES ’[HERMES 0.05 [COMPASS
0.00 0.00 . Adah’ Ad‘)K' 0.0 AdﬂK’ 0.10 A"—’K ‘‘‘‘‘ Ad‘*ﬂ*
0.00 A\cli | Aﬁ l Aii\ | 000 Aﬁ 0.00 Aﬁ hT’ i 01 ! !
0:20 . 0.10 . . 001 005 0.000 —0.1 0.05 0.00
SMC SMC | o010 SLAC(E154) 0025 |SLAC(E154) - ) 0
- ‘ 2
000 rrm 0.05 [COMPASS COMPASS I 005rcomPASS !fconmpass l COMPASS
0.000
0.00 —0.015 a3 : d—m— 0.05F 4d—sh* d—h~
He He A A A _t“
o Af} Af A —oosp Ay ) 1 1 { o o :
YT 200 0.01 200 0.01 2005 0.01 200 0.00 000 0.00 } Axlt—»K"' Axlt—»K*
' = = -0.2 -
0.00 'THERMES 005 HERMES 0.01 0.05 0.01 0.05 0.01 0.05
SHe—h't - SHe—h z x x
\l/ﬂ J— Tﬂ g Al 0.00 A
—0.05
o o - J1
1 ~ T 0.01 0.05 0.01 0.05

A . .
= ol 5 ot Fy

Ay A D= kinematic factor (known)
|~ D Ay Running-coupling large-N_.&N; evolution, 226 polarized

Double-spin asymmetries for p, d, and 3He  DIS and SIDIS data points.
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Proton g, stfructure function

JAM-smallx
100 T T T T T T T —T T TTTT 800 T T T
- Q2 = 10 GeV? i ool Q? = 10GeV?2 |
50 | . 400 F -
& 25p ] ~ 20F ]
0: 0 C e T
8 & b . =
N QT.: -
Qb"-‘ —25 & > 200} > _
_50F = JAMsmallx i " /,:f//"// JAMsmallz
/ asymptotically Positive gf A +EIC high g,
bl s 1 , : P —600 ,/’/ +EIC mid g1
00 7 , I asy mptotlcalll}, Negative g; i LEIC low g,
B (O 10~ 103 =2 (=1 ~8005 = = T T
T T
g,P extracted from the existing data EIC impact

+ JAM s based on a Bayesian Monte-Carlo: it uses replicas.
* Due to the lack of constraints, the spread is large.
« On the right, extraction using EIC pseudo-data (3 thin bands = 3 possible EIC data sets).
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Helicity PDFs:

JAM-smallx

Uncertainties at small x seem to be driven

Aq+ = Aq+ Ag Ag~ = Aq— Ag by ogrinobili’ry to coqs’rroin The dipole
amplitude G, and Gfilde using the current data.
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JAMsmallx: Adamiak, Baldonado, YK, Melnitchouk, Pitonyak, Sato, Sievert, Tarasov, Tawabutr 2023

How much spin is there at small xe

Q%) = 7dm (%AEH—AG) (,0),

Zmin

(%A2+AG)

Q? = 10 GeV?

[Zmin]

gmm@%;/mmwwwwﬂﬁmym

ZTmin

-0.2

as[l‘min](Q2) = / dz [Au+(xv Qz) + Ad+(:l,‘7 QZ) - 2A5+(:Ca Qz)]

Zmin

AY + AG)[,m.x]
|

G

2\ e 1 2
@)= /dx <§AE+AG) (2,02,
10-5

Tmax

Ao (@) = / dr [Aut (2, Q%) — Ad*(x, Q%))
10-5

s (@) = / dr [Aut (2, Q%) + Ad* (1, Q%) — 2 A5 (2, Q?)]

10-5

(a5 80)

[Zmax

0.1 Negative
1 .
/ dz ( ZAS + AG ) (z) = —0.64+0.60| Nl spinal
2 small x!
10-5

Potentially a lot of spin at small x. However, the
uncertaintfies are large. Need a way to
constrain the initial conditions. Stay tuned for

107° 1071 10°* 1072 107! 10-° 10°1 10°* 1072 107! 80

- Tuin inclusion of polarized p+p data from RHIC.




Parficle production
INn polarized p+p collisions

YK, M. Li, 2403.06959 [hep-ph]



Gluon production at mid-rc:pidi’ry

= (kre? /2, kre Y /2, kr)

 We want to calculate gluon production glifiﬁ

Cross section in polarized p+p collisions
at mid-rapidity, where the gluon is
small-x in both proton’s wave functions.

7 A

proton, pf proton, po 82



Gluon production in polarized p+p collisions

Working in the shock wave picture, we first
need to sum up the following diagrams
(emission inside shock wave is suppressed
by alog):

The result is shown below, and is cross-checked
against the existing lowest-order calculations.

L —N=CN, | PedPyd?he ity § = = .
Chrdy  1ls / rayane

1 adj — adi _ adi _
-3 (Gﬁ(% pY) + Gyl 2k p) ) — 2G P (2K pf))
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Including small-x evolution

« We need to include small-x evolution on the projectile and target sides.
 This is simple on the target side, less so on the projectile side:

J‘»
OJoJeTeLeeJoJON

« We symmetrize the above expression with respect to target—projectile
interchange, after which we can include the evolution on the projectile side as
well.

[ & g1

@g%%
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Gluon production in polarized p+p
collisions at mid-rapidity: the final result

* In the end we get the following expression for the cross section (at large N.),

where the dipole amplitudes Q and G, evolve via the above evolution equations
(YK, M. Li, 2024):

do Cr 1 2 ik
_ A2z ek
Pkrdy  asmt sk / ve

4 2G 2 oo kre Y %gj_-ﬁl <V_J_2+<V_J_-§J‘ 4Qr 2 V20t kre
X ( @p 2P) (0, V2py kre™) ﬁi_l_(v_ v, 0 2 Glor (1, V2py kre’);
L

« Equivalently, in momentum space we obtain the following factorized expression in
terms of TMDs (AHj3; is a twist-3 helicity-flip TMD):

do __327T4a5 1 / d?q
krdy N. skZ ) (2m)?

. . k (k—q) ¢k 3L kr
< (amier i) (i i) ( ) ( (-0 )
2 .

B
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Polarized p+p collisions: small-x phenomenology

- The above result can be applied STARJTE: ) b <po0s |y sTAR v
to RHIC data M STAR Data 1o }
(D. Adamiak, N. Baldonado, et al, St ] | ii} : I
2503.21006 [hep-ph]): oont | N |

 Note that the calculation was for oy STAR 2015 vl a,0s) | T sTAR 0 e o0 ]
gluons only, quarks need to be ol }:
included (in progress). Hence, T B | gl |
comparison with the data is o 1 R
a proof-of-concept at this point. et

« Only large-N. evolution (+external quarks) is employed.
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Longitudinal Spin: Small-x Evolution

Small-x evolution can predict
helicity distributions at small x.

But: hard to fix initial conditions

given the existing data (note: not
all polarized p+p data has been

analyzed yet).

End result: also a spread of
predictions for EIC.

EIC will provide constraints:

Plots are from JAMsmallx,
D. Adamiak, N. Baldonado,
et al, 2503.21006 [hep-ph]

g{’(a:, QZ)

Q? =10GeV?

B=== median + 68% CI

z g7 (x, Q%)

asymptotically g} > 0

asymptotically g7 < 0 |

L
10-% 1072
T

Q? = 10GeV?

JAMsmallx

BN | EIC positive g; |

BN +EIC all gy

H |+ EIC negative g; |

L
10-4 10-% 102
T

0.05

0.03 -

0.02

0.01

0.00

Il DIS-+SIDIS large-N &Ny Q% =10GeV?
DIS+SIDIS large-N;*'q
B DIS+SIDIS+pp large-N 9

.......
1 et A
L
0
>y
.

] AMsmallx + EIC
= JAM-DGLAP + EIC




. . 02 68;% CL | | Q% = 10l GeV?
New constfraints coming S
from polarized p+p data: = \
DY) e e
Féc\l
* Including more data constrains the initial 2L 1
X H H — DIS+SIDIS large-N+4¢
condifions for the dipole amplifudes o] DIS 1 SIDIS s e N |
involved, resulting in more precise EIC e A
predictions for the profon g, structure oL da Ag(z, Q2)
function and estimates of spin at low x:
:v:::yes% cL ' Q2'=10GeV"I’ g “E es%CL
g 0.04 é Q2210G0V2
. é 0.02F 2’
D. Adamiak, N. Baldonado, 4 | U | +
et al, 2503.21006 [hep-ph] 5 o 1
;éimu} BN JAMsmallx 'g
" ool mem +JAM-DGLAP g, | == JAM-DGLAP
matching | c‘,?‘ 04 -I .]Al\/[?rna]lxI I
0.6 0.4 l‘l()()l_(;dw Agl&;’ Q2) 0.2 0.4 X .05 .13.005 dw(r%AE J_'_ A[;)y (w’ 8;) 0.35 0.40
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Quark and Gluon OAM
at Small x and Large N,

YK, B. Manley, 2310.18404 [hep-ph]; B. Manley, 2401.05508 [hep-ph];
YK, B. Manley, 2410.21260 [hep-ph].



OAM Distributions

« We begin by writing the (Jaffe-Manohar) quark and gluon OAM in terms of the
Wigner distribution as
/ d?b, db~ d*k | dk™
L =
(2m)3

(b x k). W(k,b)

« After much algebra, we arrive at the quark and gluon OAM distributions at small x :

AZ(CB,QQ) Nf Q (-’510 = 1 s = Q—2> ,

a37r2

2
AG(J;,QQ) — G2 <$10 = %, = %) .
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OAM Distributions and Moment Amplitudes

2Ny ~ 1 Q2
LQ+¢7<£7Q2):_ J;I(.’L’%O:@,S:—) )

QT T

2N 1 Q2

« We now have the impact parameter moments of dipole amplitudes/operators:

LG(x7Q2) =
~ ~ T -~ T 1 -z o
/d2x1 1 Quo(s) = =iy I(z1g, 5) + €™ aly J (210, 5) | +

/ 2127 Q1o(s) = a5 I3(230, 8) + €™ 2] J3(23, 5),

/d%l a7 Gio(s) = €™ atoLu(zly, s) + €™ afxl o Is 21y, 8) + 82t Ju(23y, 8) + 2oz I5 (23, 8).



Evolution for Moment Dipole Amplitudes

Evolution equations for
the moment amplitudes
in DLA and at large N,
are derived in

YK, B. Manley,
2310.18404 [hep-ph].

They can be solved
numerically (same ref)

and analytically (B. Manley,

2401.05508 [hep-ph])

(

(0) z2
I3 13 Z ;R0 o 203 —4Ty + 215 — 219
<IN, d d
14) (x%o,zs) = Iio) (JJ%O,ZS) + a / 72, / 55221 0 (a:%o,xgl,z’s)
1

4 L21
I 19 oL ’
10
; min[ % 23, 2] ) 4 —4 2 —4 —6 Z
Ne [ de d
+ 0‘4 i, / 1;21 0 4 2 -2 -3 I5 | (23;,%'s)
T J z i 4 Tor \ 2 2 -1 4 7 G
i G
Iy 1"
Ly | (239, 23,,2's) = Iio) (0, 2'5)
T I
2 ominlelosd ) sop 4 49T, —aT,
pote [T 0 (072, "5
4 " 2 7 7
T J z / L32 0
22,
s
z 22, min[Z; x§1 ﬁ} 4 4 2 4 6 I
N L d - -4 - 4
+ a47r ZZu / ;232 0 4 2 =2 3| || (x32"s)
/ ‘ ) 32 2 2 -1 4 7 G
A max[z7,, 7]



Small-x asymptotics of OAM distributions

« Solving the above evolution equations numerically, we arrive at

| 3.664/ 25c
Lq+q($,Q2> ~ LG($7Q2> ~ (_)

Consistent with Boussarie,
Hatfta, Yuan, 2019 (based on
BER IREE from 1996) within
the numerical precision

X

In|Lyiq(Y, Q% = 10 GeV?)| In|Lg(Y,Q* = 10 GeV?)|
. 70¢
60; 603
50% 505
40; 405
30, 30
20, 200
10} o
: : Y

| ‘10‘ - ‘20‘ - ‘30‘ - ‘40‘ - ‘50‘ -
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Two intercepts, again

The evolution equations for moment dipole amplitudes have been solved
analyfically by B. Manley in 2401.056508 [hep-ph]. The solution was constructed
using the double Laplace transform, similar to the solution for the impact-
parameter integrated amplitudes.

The resulting small-x OAM asymptotics at large N. is the same as for helicity PDFs,
1\ ™"
Lgyq(z,Q%) ~ Lg(z,Q%) ~ (—)

x
with the m’rercep’r

an = 31/3 Re |(~9+ i VIT1)!/3 \/O‘S ~ 3.661 O‘S

This slightly disagrees with the work of Boussarie, Hatta, and Yuan (2019), which

resulted in the same intercept as BER /17 + F oo as




OAM Distribution to hPDF Ratios

» Following Boussarie et al (2019), we consider the ratios of OAM distributions to
helicity PDFs at small x.

» For these ratios, Boussarie et al, predict, inspired by the Wandzura-Wilczek
approximation:

Lovq@, @) _ Lo(2,@) _
AY(z, Q?) AG(z, Q%)
23| ~86w@)|  ~ (1) Lewa@QY) ~ Le(@.Q) ~ (3)
r1 r1 T x
» Pure WW approximation predicts:
LQ-H?(:E?QZ) 1 LG(x7Q2) 2

AY(z,Q?) 1+ AG(z,Q?) 1+ ap



OAM Distribution to hPDF Ratios

t
1 2 3 4 5
~02
Analyftic solution from B. Manley, oal
2401.05508 [hep-ph], gives T e T e e R R 23(1()“)
-0-6? """"""""""""""""""""""""""""""""""" RYY (1) + R(t)
as N, Q2 -08
t — lIl :
27 A2 “10
as = 0.25 A =1 GeV T T BT
-0.5+
Compares well with Boussarie etal: o
SR S A S #10)
Lq+(i(x7Q2) ~ 1 Lg(z,@Q?) ~ 9 3 — Z}V‘:’(tHRg(w
AX(z,Q?) AG(z, Q%) -1.5 | |
-2.0




Elastic dijet production in e+p collisions

K. o
The process is similar to the one above, i I
. . , O )
except now the proton remains intact. > H H——
One considers two observables, double spin q; A

P2,02

«<

asymmetry (DSA) and single spin asymmetry (SSA):

1
JoDSA — 7 Z 0. Spdo(oe, St), \

Ue;SL
1 P, Sy P Sy
dO‘SSA = Z Z St dO‘(O‘e,SL)

O'e,SL

Hafta et al, 2016; S. Bhattacharya,

R. Boussarie and Y. Hatta, 2022 & 2024;

S. Bhattacharya, D. Zheng and J. Zhou, 2023;
YK, B. Manley, 2410.21260 [hep-ph]



Measuring OAM distributions
In elastic e+p collisions

* In the small-t limit (oT, Q >> Agep > A
with t = —A%) the elastic dijet DSA
measures moments of dipole
amplitudes I, I, and |5, thus allowing
(in principle) to measure OAM
distributions!

- Cf. Hatta et al, 2016; S. Bhattacharya,
R. Boussarie and Y. Hatta, 2022 & 2024;
S. Bhattacharya, D. Zheng and J. Zhou,
2023.

« Feasibility study in progress
(G.Z. Becker, J. Borden, B. Manley, YK).

do Paar’

1 symm. AA 2 —i -
1-2) 5 Y SpA5> =- d*z1p d’zyiy e~ @2—212) N(zd,,, s 107:
Al =4) 25 ,\11SL d2pd2Adz (2m)52(1 —z)s/ ARG TS N (@i 8) (107a)
Ly

X { [ (1 -2 +iA 21 (P +(1-2)%) - %A “Zyy (1= 22)2> Q(aty, 8) — il - 215 I3(21s, 8)
. 1
— A X 13 J3(32, S)] (b'[r’]r(‘1121 Ty, 2)

+ [i(1—22) (Ajfjizfzf‘l(x%zy 8) + A X T15 T1oI5(2ls, 5) + A’ 23 Ja(zls, 5) + A - 212 230 T5 (21, S))

- [1+ia-22)4 (2 - B2)| (*ohrGa(a, 9) + 20aGi (o, s))]

2 (ai - ipi) q’[rzlr@u: Zyrgr, 3)} +0(A%),

¥ p—qqp’

1 . do X 2iv/2 .
1-2) = Sy |eir¢ —Symm e | =——— [ Pz dPayy e B E2"22) (107
My [ Pp@ad: T | T a1 - 7s ) C T2 aom)

X N (23,5, 5){ [ <l —22+iA -z, (22 +(1- 2)2) — %é “Zyg (1= 22)2) Q(22,,8) —iA -z, (225, 8)
—_iA Ja(z2,. s ’A“‘Elz ol _ ’;‘21'2' o
1A X T15 J3(275, 5) L (Z12: Ty, 2) L@y T2, 2)
T12 Ty
+ |:1,(1 —22) (Ajeji 22, Iy(22,,8) + A x 21, 78, I5(22,, 8) + At 22, Jy(225,8) + A - 24, 78, J5 (2, .s))

- [1 +i(1-22)A- (212 - %)] (eikz'szg(zfz,s) + z%,G1 (2, s))]

i i E X I ié X Zyro
x (0} - ") [ﬁ@ﬂ(zlz,gl,z,, )+ R @ 2, z)} } +0(A2),

YK, B. Manley, 2410.21260 [hep-ph] 98




OAM measurement with elastic dijets:
feasiblility study (very preliminary!)

Vertical axis — COSs ¢a,r

harmonic in elastic dijets A;.

pT = jets b2b momentum

A = momentum transfer
assumed int. luminosity = 100 flo-!

0.006

0.004

0.002

0.000

—0.002

—0.004

—0.006

—0.008

d?{cos ga,)/dp.dt
T T T T
L DIS+SIDIS+pp -
DIS+SIDIS+pp (constrained OAM)
L T  Absolute error .
_—i-a:—-:E—E--}-E--I—-I-{——}—I-{[——}-{--}—{--{.-}-}-- —
Integrated luminosity: 100 fb™ !
T V/s=95GeV ]
t =0.04 GeV?
Q? € [16,100] GeV?
~ y € [0.05,0.95] 7
2 € [0.2,0.5]
| | | | |
2 4 6 8 10

p1 [GeV]

JAMsmallx (Brandon Manley) — preliminary!



Conclusions

We have constructed new evolution equations in x for the quark and gluon helicity distributions. We can now predict
the x-dependence of helicity PDFs at small x.

These equations have now been solved at large-N.. yielding the small-x asymptotics of AZ(x, Q%) and AG(x, Q2). The
solution of the large-N.&N; equations will soon be on the arXiv as well.

First successful fit (JAMsmallx) of polarized world DIS+ SIDIS data for x<0.1 done using solely the small-x helicity evolution
(KPS-CTT version of evolution). There is a clear possibility of a significant amount of proton spin to be found at small x.
Some of the polarized p+p collisions data has recently been included in the fit as well.

Similar analysis has been carried out for the orbital angular momentum (OAM) distributions: small-x evolution equatons
have been derived, small-x asymptotics for Ly (x, Q?) and Lg(x, Q?) have been obtained, and phenomenology (elastic
dijets at EIC) is under way — one may be able to measure OAM at EIC!

This project is well on its way to resolve the (small-x part of the) proton spin puzzle, with the help of the EIC data.
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Resummation parameter

* BK equation resums powers of

as N. Y
* The Glauber-Mueller/McLerran-Venugopalan initial conditions resum powers of

a§ Al/3

* Beyond the large-N. limit: use the JIMWLK functional evolution equation (lancu,
Jalilian-Marian, Kovner, Leonidov, McLerran and Weigert, 1997-2002)



JIMWLK: derivation outline

A.H. Mueller, 2001

Start by introducing a weight functional, W,[a]. Here a=A* is the gluon field of the target proton or
nucleus.  o(z7,%) = AT (z" =0,27,7)

The functional is used to generate expectation values of gluon-field dependent operators in the target
state:

(Ou)y = / Da O, Wy o]

Imagine that we know small-x evolution for some operator O:

~

By (Ou)y = (K ® On)y = /Da Ko @ 0] Wrlal

On the other hand, we can differentiate the first equation above,

ay <Oa>y = /’DO& Oa 8y Wy[a]

Comparing the last two equations and integrating by parts in the second to last equation, we will arrive
at and equation for the weight functional W,[a/].



Quark Helicity Distribution at Small x

« One can show that the quark helicity PDF (AX) at small-x can be
expressed in terms of the polarized dipole amplitude:

AE(QE, Q2) ~ G(T%m 6)

B = longitudinal momentum fraction (aka z);
o = (transverse) dipole size (aka x;g)

AY = Au+ At + Ad + Ad + As + As
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Evolution for Polarized Quark Dipole

0
1 poll1] { 1 pol[1] T 6 T m ™ i
IN. <<tr [VOV } + c.c. >>(zs) N, <<tr [V Vi } + C.C.>>O(zs) 1 0] 0] [
o N, [de [, 1 @y @y 1 pol[1]} % ) TR %’ @
t52 — /d xg{ [3531 ~ 3, w,| N2 <<tr [t Vot® Vl} (U2 ) +c.c.>>(z s) +1 B -+ - —+ .
A2
€ g € (xd,+ad)  2myy xz '} b 1 a2\
412 21 20 21)  4&go X Tyy (T3  Tyo tr [thot VT} (U ) (+'s)
T3 230 751 230 751 ¥3 T3 N2 << B >>
N [de [ | 1 b ol 1] 77ba €la) 1 b e G b Equation does not close!
Qo [ [ {NQ (o v v v o 22 L v v ] o
ﬁ
as N, [ de 2 %o 1 by, gay polll]t Cr pol[1] /
5o [T [ en g (e (e[ er e ot -5 (o [y ] et
A2
C.C : 105



