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RG IMPROVEMENT



RENORMALIZATION: THE BASIC IDEA

RENORMALIZING THE CHARGE IN ¢4 THEORY

Lr=—2Z¢* ¢p — ¢p¢ ELASTIC SCATTERING OF MASSIVE SCALAR FIELDS
) e,
TeeD 13; 55 s =(p1+p2)?
P4 Ps
P Py

t 2/"1019 do . g2 l . '
Tcosd — 198+ SF(s,t). DIVERGES!:

P t = (p1 —ps)za u = (p1 —p4)2
4

P

1 M?2
F(s,t) = lim 1+ 3% (3 +/O dz In Ags)

T

+s—>t—|—s—>u>; M?(s) =m® —z(1 — z)s

RENORMALIZATION: EXPRESS A PHYSICAL OBSERVABLE IN TERMS OF
OTHER PHYSICAL OBSERVABLES:

2
dU _ g hys 1 .
WHAT IS THE CHARGE ¢? DEFINE gppys FROM 42 P
do Iohys 1 Iphys /1 M?2(s) 2 2, 2
= “F(s,t); F(s,t) =1+ 222 1 ¢ : M
d cos 0 1287 s (87 )a (Sa ) + 3977 0 n /J% +s—=t+s—=>u); Moo (:u’O

UV SINGULARITY IS UNIVERSAL = REABSORBED IN DEF. OF THE COUPLING
COUPLING DEPENDS ON THE RENORMALIZATION SCALE [



RENORMALIZATION GROUP INVARIANCE
PHYSICAL OBSERVABLES
PHYSICAL RESULTS CANNOT DEPEND ON RENORMALIZATION SCALE ,ur!

THE R RATIO

_ e+e —>hadrons

> M Pais M
C-M/' oo

DIMENSIONAL ANALYSIS: DIMENSIONLESS R = R (M%,

™

s (MT))

RG INVARIANCE: ,urﬁR =0

SCALE DEPENDENCE OF o s PERTURBATIVELY COMPUTABLE
e d;ﬂ as(pr) = Blas(ur)) = _BOC“% + O(a?)

SOLUTION: CHOOSE p2 = s = R = R(1,as(s))

2
RUNNING COUPLING as(s) = @s(l) (140 (as))
1+Boas(pn?) In 2



RENORMALIZATION GROUP INVARIANCE

THE PARTONIC CROSS-SECTION

Pa
CPA*P:. =
& 2= PR
= ,_.. qQ s H
— Hq.@ﬂinhl Pa

2 2
o = O'OC (JIY—Q’ N, g (,U;g.), 5—§>, Cc =1 + O(Oés) DIMENSIONLESS COEFFICIENT FUNCTION
F F

e TOTAL XSECT => PHYSICAL (HARD) SCALE M 2, FACTORIZATION SCALE i & DIMENSIONLESS
RATIO T << MELLIN N+ COUPLING «s AND ITS SCALE ,LL%

e DEPENDENCE OF up PERTURBATIVELY COMPUTABLE: ANOMALOUS DIMENSION
Yaq (N, as (,u%)) (Callan—Symanzik equation)

2
3% 7 C N, s (12), 25 ) = —vgq (N, as (u2))C 245 N, s (p2), L5
O F F H

e TWO-STEP SOLUTION:

o 8/81n,uf—>8/81nM2 M23M20<MF N, as(p?), 57“) =

F

= Yqq (N, &s(HF)) [O‘S(“T)]C( i N s (1), MIZ>

2 2
o py = M?; M23M2C M—27N7as(M2) = Yqq(N, as(M?))C M—2
K H

F

N, as<M2>)

2

M2 i M2 g
C(IU,F N as(M )) :C(laN7a8(M) exp/ /LQ ’qu(N aS(:“’F))



RENORMALIZATION GROUP INVARIANCE

THE PARTONIC CROSS-SECTION

(Callan-Symanzik equation)

2 2
gt (4N, 2), 24 ) = (N 0 )C (47, V. ), )

F
EQUIVALENT FORMS
e THE EQUATION p2 = ,u?c = u?;, p?-% InC ( , N, as(p 2)) = Yqq(N, as(u?))

e THE SOLUTION

M2 as(M ) dovs
IHC<—2,N,O£S(M2>> :1n0(17N7a8(M2))+/ PYCICI(N aS)
v as(n2)  Blas)
RESUMMATION
PERTURBATIVE EXPANSIONS B(as) = —Boa? + O(a?); v4q(N, as) = 7( ) s + O(a?);
5%
s (@%) do ¥ (as(gy))—w
exp—/ — = 5
as(p?2) & Bo O‘S(:u)
(0
2 N 2
= (1+ﬂoas( 2)In %) o 40 [oz2(,u2)ln %] LEADING LOG

=1+ as(/ﬂ)fy( ) ln 5 + O(a?(u?)) LEADING ORDER



THE SOFT LIMIT
SOFT LOGS

(max2

AT EACH PERTURBATIVE ORDER, a5 In ~~t 5= Pyq = TWO SOFT LOGS:

INFRARED [} dyﬁJr ~In(l—7) &

252 2 2
COLLINEAR [(™MD/s 2k gy | M2 A=) | (1 — 7)2
o "t wpoo T

- 2
MS FACTORIZATION = ONLY In ]l\f—Q SUBTRACTED FROM PARTONIC CROSS-SECTION
f

MS PARTONIC XSECT CONTAINS TWO EXTRA SOFT LOGS AT EACH EXTRA PERTURBATIVE
ORDER

T SPACE VS. N SPACE
1 InP(1 — 1 1 1
/ dex® = 1) = InP*t! — 4+ O(In? —)
0 (1—x)4+ p+1 N N
MELLIN KERNEL 2V 1 = 2 21 & N —
InN < In(1 — x)

MELLIN OF §(1 — x) = CONSTANT

1

k
MELLIN OF z" = NIk

SOFT LIMIT: C*°™* (N, as) = limn 00 C(N, as)

e HIGHEST POWER OF LOG INCREASES WITH PERTURBATIVE ORDER
e THE GOAL: INCLUDE LOG TERMS TO ALL ORDER IN «

LOG ACCURACY: HOW MANY POWERS OF OF LOG BELOW THE HIGHEST INCLUDED



RESUMMATION FROM RG INVARIANCE
(colorless production: Higgs, Drell Yan)

IS EXTERNAL RADIATION ALL THERE IS?

REAL-VIRTUAL FACTORIZATION
L,

X

- % | -2 2 2_ 2N\2

1 ol S R
Pz, xk 47:7“
Kt

[

e YES!: RADIATION FROM INTERNAL LINES POWER-SUPPRESSED IN SOFT LIMIT

B
—

H “HARD” FUNCTION 0
) . 9 (LOOP CORRECTIONS TO LEADING-ORDER ¢")
* LOOPS: H(M?) DIMENSIONLESS, BORN KINEMATICS

= DEPENDS ONLY ON M2

9 J “JET” FUNCTION(S):
= J(M=,T) DIMENSIONLESS, NONTRIVIAL KINEMATICS
—- CONTAINS 7 DEPENDENCE

o né(M?,7)=InH(M?)+1InJ(M?,7)
o PARTONIC XSEC FACTORIZES
0o BETWEEN H & J



RESUMMATION FROM RG INVARIANCE
THE TWO INGREDIENTS:

o KINEMATICS = SCALE DEPENDENCE
e RG INVARIANCE =- ALL-ORDER
THE SOFT SCALE

SOFT LIMIT =

2
o CONSTANTS (IN H(M?)): DEP. ON M2 (THROUGH % & o)
o LOGS (IN J(M?2,7)): DEP. ON 7 THROUGH ARGUMENT OF LOG — (k®3%)2[M?2 7]
e J(M?,7) DEPENDS ON FIXED COMBINATION OF M?2, T

determination of k;***

2
p1+p2 =k +¢q ¢> =M? s=(p1 +p2)° = (q +kj)* = <\/M2+qf+q§+\/k’2+q$+q§>

2
q+ maximized for fixed s when - qg =0= s = (\/M2 + th + \/qt2>

2
solve for q; = (¢["**)? = MQ%

o J(M?,7) DEPENDS ONLY ON THE DIMENSIONFUL VARIABLE M2 (1 — 7)?2
2
o : In[M?(1 - 7)?] = In %

M2

e J(M?, N) DEPENDS ONLY ON THE DIMENSIONFUL VARIABLE ~NT



RG INVARIANCE
THE RG EQUATION...
(FINITE) < RG

MELLIN-SPACE BARE PARTONIC CROSS-SECTION: (DIVERGENT, REGULARIZED: v REGULATOR)
2 2
& (M2, 42, N, a(p?) = In H® (22 a(p?)) +1n J© (%,am?))

PHYSICAL ANOMALOUS DIMENSION (FINITE) ,yphys = M?—L. (InHO +1nJO) = ¢ 4 4!
¢ = M?—4_1n HO — M?- <o> M2/NZ o2
V¢ =M?—sInH (M a(p” )) = M?—4;1nJ ( s a(u )>

~¢, v' NOT SEPARATELY FINITE! = BUT IR DIVERGENT!

DIFFERENTIATE AGAIN W.R. TO SCALE' = RG INVARIANCE CONDITION

T TR (—Mz/QNQ, (12)) + 2 5y (A7, a(u2)) =0

DERIVATIVE MUST MATCH = CANNOT DEPEND ON 4 = & M?21:
2 2
/N

p2 gyt (M a(u?)) = -2 gy (Xr <2>) —g(a(i?))

gla(p?)) = gras(p?) + g2a?(p?)g1 + ... = PERTURBATIVE

LOOKS LIKE A RG EQUATION!



RG INVARIANCE
... AND ITS SOLUTION

L (L a)) = - (25 a)) = —(au)

1"
dp? T 7
o V¢ &~ =
’ M? M2 g)\2
7 (—2 aof)) = g5 (a(M?)) —/M 59 [a3®)]

, [ M?/N? o M?/N? g)\2

Y ( 3 ,auf)) = g4 (a(M®/N?)) +/M2 ~5 9 [e(X?)]
e COMBINATION = = MANIFESTLY RG INVARIANT

M2/N? g3\?

M2 2 c 2 2 2 2
PR (N,F,asm >) = g0 (™) + g5 (0 /N)) + [ Sa(an(x?)

M2/N2 d\?

= g5as (M?)) + gi (a(M?)) +/ — [g(as<A2>) + Blas(A%)

M2 )\2

st <as</\2>>]

e THE SOLUTION:

. M2 M?/N? d)\2
o (825 0n?) ) = golas 02 + [0 S glan0)



THE RESUMMED CROSS SECTION

e ALL-ORDER LOGS OF N <> RUNNING OF s FROM SCALE M? (HARD) TO SCALE += (SOF’I‘)

° ,.thys = RESUMMED COEFFICIENT FUNCTION = RESUMMED FINITE JET FUNCTION
O PHYSICAL ANOMALOUS DIMENSION'

2
M2 o g (AN o, (1)) = + [0, N 2 g(as (1))

0 SCALE DEPENDENCE

M?/N? 5 MZ2/N? o\ | [NZdn M7 dE?
00 (225 ) s (S ) = [ [

INCLUDES ALL LOG-ENHANCED TERMS

THE DOUBLE LOGS

e WHICH LOGS ARE COLLINEAR?
2 2 2
InC (ﬁ/l—%,N,as(MQ)> =InC (1,N, as(M?)) +IMA% %%}q(N,as(,u%))

2
® SEPARATE “FIXED-SCALE” g(as) = —A(as) + 838(?‘5,2’3 D

M?/N? o\ N dn M2 12 5
InJ (T,as(u )> —/1 — K—/u k—A(as(k /n))) + B(as(M /n))]

n 2

e LO qu = O&sAlm = Yqq = —OéSAl In N

® ALL-ORDER MS 7,4 (N, as(u?) = —In N Y a7 (u?)A™ + 0 (N°) + 0 (&) = A(as(k?))
(CUSP)



THE RESUMMED CROSS SECTION
MATCHED RESUMMED RESULT

5(N, Aj—;,as(ﬁ)) = H (o (M) exp/N2 dn K_ /MMQ/” dk—]fA(ozs(kQ))> + B(ozs(MQ/n))]

1 n 2

HARD FACTORIZATION SCALE p% = M?

M2 /N? g2 M?/N?
&(N,l,oas(M2)) =H (as(M2)) exp /M2 ? [A(as(kQ)) In k/Q +B(as(k2))]
° = [R-SINGULAR (CUSP) COLLINEAR ANOMALOUS DIMENSION A (as(k?))

e NON-COLLINEAR-SINGULAR SOFT (NNLO, NLO FOR DIS): B(as(k?))
® CONSTANTS: H(as(k?))
e ACCURATE UPTO O ()

e DIAGONAL QUARK & GLUON CHANNEL RESUMMED:

® NOTE FACTOR 2 FROM TWO INCOMING PARTONS, FACTOR 1/2 FROM In N vs. In N2



THE RESUMMED CROSS SECTION

M2/N2 dk?

—5— + Blas (k)
M2
LOG COUNTING
6(N,as) = go(as)exp[In Ngi(asIn N) + ga(asIn N) + asgs(asIn N) + ... ];
go(as) =1+ asgo1 +agoa+0(al); g1(A) =372, 91,62 gi(X) = 3002 94,k A" FOR G > 2

LOG APPROX.  XSECT ACCURACY  EXP. ACCURACY: a”L*  go: @’ ¢g; ORDER A: o’ B: o
LL k=2n k=n+1 0 1 1 0
NLL om—2<k<2n k=n 1 2 2 1

NNLL 2n —4 < k < 2n k=n-—1 2 3 3 2



THE RESUMMED CROSS SECTION

MATCHED RESUMMED RESULT

& (N, f‘lf—f,asm?)) = H (0. (M) exp / v dn K— / o dk—’“2A<as<k >>> + B(as<M2/n>>]

n HQ

HARD FACTORIZATION SCALE p% = M?

M2 /N? j1.2

M?/N?
k2

C(N,1,as(M?)) = H (as(Mz)) eXp/

M2 k2

[A(Oés(k ) In + B(as(kz))]

EQUIVALENT FORM

e IDENTITY:

_ (k) k -
fO dr £ — L nk (1—2)=-> 7 OF !(1) d‘ék fol 1/N 1d_ Ink (1—x)+ O(1/N)

2

1 pN-1
5‘(N,M—2,as(,u2)):H[aS(M2)]exp2 [/ dx ! (
L 0

1l —=x

/(1 z)2M2 dk>

M2

k—A(as(k )) + B(as((1 —2)°M?))



TRANSVERSE MOMENTUM RESUMMATION

PHASE-SPACE FACTORIZATION
LONGITUDINAL <+ MELLIN; TRANSVERSE <+ FOURIER

96 (a5, p2) = A [ @2 e~ 1Ptb S0y, b2) = [F°°dbb Jo(bar) (as, b2)

2
P RESUMMATION
pg = M?
4 (v () ) = [ (. () 5000

® ;j PARTONIC SUBCHANNEL
e RESUMMATION = SUDAKOV EXPONENT

M2 do?
S(M,b) = exp [—/ LQ

2

o (65 2 6.0

® LEADING LOG — LEADING ORDER A; DEFINES A-B SEPARATION
NOTE BEYOND NNLL A DIFFERS FROM CUSP ANOMALOUS DIMENSION

1 q
b

HARD FUNCTION

Hj (O‘S) - [C’L(Na b)cj(N7 b) + Gi(Na b)Gj (N7 b)]

C, GG UNIVERSAL (DEP. ON PARTON)



SUMMARY

COLLINEAR LOG RESUMMATION = ANOMALOUS DIMENSION+ RUNNING COUPLING
SOFT-COLLINEAR = DOUBLE LOG
REAL+VIRTUAL = EXTERNAL RADIATION & FACTORIZATION

= KINEMATIC DEP. THROUGH

SOFT-COLLINEAR CANCELLATION = MATCHED RG IMPROVEMENT

FIxED N*L ORDER = ALL-ORDER N*LL RESUMMATION



