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RG IMPROVEMENT



RENORMALIZATION: THE BASIC IDEA
RENORMALIZING THE CHARGE IN φ4 THEORY

LI = − g
24φ

4; φφ→ φφ ELASTIC SCATTERING OF MASSIVE SCALAR FIELDS

dσ
d cos θ
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1
s
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dσ
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128π
1
s
F (s, t): DIVERGES!;

t = (p1 − p3)2, u = (p1 − p4)2

F (s, t) = lim
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1 +
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32π

(
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RENORMALIZATION: EXPRESS A PHYSICAL OBSERVABLE IN TERMS OF
OTHER PHYSICAL OBSERVABLES:

WHAT IS THE CHARGE g? DEFINE gphys FROM dσ
d cos θ

∣∣∣
s=t=u=µ2
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1
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dσ
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F (s, t); F (s, t) = 1 +

gphys

32π

(∫ 1

0

ln
M2(s)

µ2
r

+ s→ t+ s→ u

)
; µ

2
r = M

2
(µ

2
0)

UV SINGULARITY IS UNIVERSAL ⇒ REABSORBED IN DEF. OF THE COUPLING
COUPLING DEPENDS ON THE RENORMALIZATION SCALE µr



RENORMALIZATION GROUP INVARIANCE
PHYSICAL OBSERVABLES

PHYSICAL RESULTS CANNOT DEPEND ON RENORMALIZATION SCALE µr!
THE R RATIO
R = e+e−→hadrons

e+e−→µ+µ−

• DIMENSIONAL ANALYSIS: DIMENSIONLESS R = R
(
s
µ2
r
, αs(µr)

)
• RG INVARIANCE: µr d

dµr
R = 0

• SCALE DEPENDENCE OF αs PERTURBATIVELY COMPUTABLE
µ2
r
d
dµ2
r
αs(µr) = β(αs(µr)) = −β0α2

2 +O(α3)

• SOLUTION: CHOOSE µ2
r = s ⇒ R = R (1, αs(s))

• RUNNING COUPLING αs(s) =
αs(µ2)

1+β0αs(µ2) ln s
µ2

(1 +O (αs))



RENORMALIZATION GROUP INVARIANCE
THE PARTONIC CROSS-SECTION

σ̂ = σ0C

(
M2

µ2
F

, N, αs(µ2
r),

µ2
r

µ2
F

)
; C = 1 +O(αs) DIMENSIONLESS COEFFICIENT FUNCTION

• TOTAL XSECT ⇒ PHYSICAL (HARD) SCALE M2, FACTORIZATION SCALE µF & DIMENSIONLESS
RATIO τ ⇔ MELLIN N+ COUPLING αs AND ITS SCALE µ2

r

• DEPENDENCE OF µF PERTURBATIVELY COMPUTABLE: ANOMALOUS DIMENSION
γqq(N,αs(µ2

F )) (Callan-Symanzik equation)

µ2
F

∂
∂µ2
F

C

(
M2

µ2
F

, N, αs(µ2
r),

µ2
r

µ2
F

)
= −γqq(N,αs(µ2

F ))C

(
M2

µ2
F

, N, αs(µ2
r),

µ2
r

µ2
F

)
• TWO-STEP SOLUTION:

◦ ∂/∂ lnµ2
f → ∂/∂ lnM2: M2 ∂

∂M2C

(
M2

µ2
F

, N, αs(µ2
r),

µ2
r

µ2
F

)
=

= γqq(N,αs(µ2
F )) [αs(µr)]C

(
M2

µ2
F

, N, αs(µ2
r),

µ2
r

µ2
F

)
◦ µ2

r = M2; M2 ∂
∂M2C

(
M2

µ2
F

, N, αs(M2)

)
= γqq(N,αs(M2))C

(
M2

µ2
F

, N, αs(M2)

)

C

(
M2

µ2
F

, N, αs(M
2
)

)
= C

(
1, N, αs(M

2
)
)

exp

∫ M2

µ2
F

dµ2

µ2
γqq(N,αs(µ

2
F ))



RENORMALIZATION GROUP INVARIANCE
THE PARTONIC CROSS-SECTION

(Callan-Symanzik equation)

µ2
F

d
dµ2
F

C

(
M2

µ2
F

, N, αs(µ2
r),

µ2
r

µ2
F

)
= γqq(N,αs(µ2

F ))C

(
M2

µ2
F

, N, αs(µ2
r),

µ2
r

µ2
F

)
EQUIVALENT FORMS

• THE EQUATION µ2
r = µ2

f = µ2; µ2 d
dµ2 lnC

(
M2

µ2 , N, αs(µ
2)
)

= γqq(N,αs(µ2))

• THE SOLUTION

lnC

(
M2

µ2
, N, αs(M

2)

)
= lnC

(
1, N, αs(M

2)
)

+

∫ αs(M2)

αs(µ2)

dαs

β(αs)
γqq(N,αs)

RESUMMATION

PERTURBATIVE EXPANSIONS β(αs) = −β0α2
s +O(α3); γqq(N,αs) = γ

(0)
N αs +O(α2);

exp−
∫ αs(Q2)

αs(µ2)

dα

α

γ
(0)
N

β0
=

(
αs(Q2)

αs(µ2)

)− γ(0)
N
β0

=
(

1 + β0αs(µ2) ln Q2

µ2

) γ(0)
N
β0 +O

[
α2(µ2) ln Q2

µ2

]
LEADING LOG

= 1 + αs(µ2)γ
(0)
N ln Q2

µ2 +O(α2(µ2)) LEADING ORDER



THE SOFT LIMIT
SOFT LOGS

• AT EACH PERTURBATIVE ORDER, αs ln
(kmax
t )2

µ2 Pqq ⇒ TWO SOFT LOGS:
INFRARED

∫ 1
τ
dy 1

1−y+
∼ ln(1− τ) &

COLLINEAR
∫ (s−M2)2/s

µ2
f

dk2
t

k2
t
∼ ln

[
M2

µ2
f

(1−τ)2

τ

]
∼ ln(1− τ)2

• MS FACTORIZATION ⇒ ONLY ln M2

µ2
f

SUBTRACTED FROM PARTONIC CROSS-SECTION

• MS PARTONIC XSECT CONTAINS TWO EXTRA SOFT LOGS AT EACH EXTRA PERTURBATIVE
ORDER

x SPACE VS. N SPACE∫ 1

0
dxxN−1 lnp(1− x)

(1− x)+
=

1

p+ 1
lnp+1 1

N
+O(lnp

1

N
)

• MELLIN KERNEL xN−1 ⇒ x→ 1⇔ N →∞
• lnN ↔ ln(1− x)

• MELLIN OF δ(1− x) ⇒ CONSTANT

• MELLIN OF xk ⇒ 1
N+k

• SOFT LIMIT: Csoft(N,αs) = limN→∞ C(N,αs)

RESUMMATION
• HIGHEST POWER OF LOG INCREASES WITH PERTURBATIVE ORDER

• THE GOAL: INCLUDE LOG TERMS TO ALL ORDER IN α

• LOG ACCURACY: HOW MANY POWERS OF OF LOG BELOW THE HIGHEST INCLUDED



RESUMMATION FROM RG INVARIANCE
(colorless production: Higgs, Drell Yan)

IS EXTERNAL RADIATION ALL THERE IS?

REAL-VIRTUAL FACTORIZATION

; q2 = M2; τ = M2

s
; k2 ≤ (s2−M2)2

s

• YES!: RADIATION FROM INTERNAL LINES POWER-SUPPRESSED IN SOFT LIMIT

• LOOPS: = H(M2)

H “HARD” FUNCTION
(LOOP CORRECTIONS TO LEADING-ORDER σ0)
DIMENSIONLESS, BORN KINEMATICS
⇒ DEPENDS ONLY ON M2

• REAL: = J(M2, τ)
J “JET” FUNCTION(S):

DIMENSIONLESS, NONTRIVIAL KINEMATICS
⇒ CONTAINS τ DEPENDENCE

• ln σ̂(M2, τ) = lnH(M2) + ln J(M2, τ)

◦ PARTONIC XSEC FACTORIZES

◦ IR SINGS CANCEL BETWEEN H & J



RESUMMATION FROM RG INVARIANCE
THE TWO INGREDIENTS:

• KINEMATICS ⇒ SCALE DEPENDENCE

• RG INVARIANCE ⇒ ALL-ORDER RESUMMATION

THE SOFT SCALE

• SOFT LIMIT ⇒
◦ CONSTANTS (IN H(M2)): DEP. ON M2 (THROUGH M2

µ2 & αs)

◦ LOGS (IN J(M2, τ)): DEP. ON τ THROUGH ARGUMENT OF LOG → (kmax
t )2[M2, τ ]

• J(M2, τ) DEPENDS ON FIXED COMBINATION OF M2, τ

determination of kmax
t

p1 + p2 = k′ + q; q2 = M2; s = (p1 + p2)2 = (q0 + k′0)2 =

(√
M2 + q2

t + q2
z +

√
k′2 + q2

t + q2
z

)2

qt maximized for fixed s when k′2 = q2
z = 0 ⇒ s =

(√
M2 + q2

t +
√
q2
t

)2

solve for qt ⇒ (qmax
t )2 = M2 (1−τ)2

4τ

• J(M2, τ) DEPENDS ONLY ON THE DIMENSIONFUL VARIABLE M2(1− τ)2

• MELLIN SPACE: ln[M2(1− τ)2] ⇒ ln M2

N2

• J(M2, N) DEPENDS ONLY ON THE DIMENSIONFUL VARIABLE M2

N2



RG INVARIANCE

THE RG EQUATION...
OBSERVABLE (FINITE) ⇔ RG INVARIANT

• MELLIN-SPACE BARE PARTONIC CROSS-SECTION: (DIVERGENT, REGULARIZED: µ REGULATOR)

ln σ̂(0)
(
M2, µ2, N, α(µ2)

)
= lnH(0)

(
M2

µ2 , α(µ2)
)

+ ln J(0)

(
M2/N2

µ2 , α(µ2)

)
• PHYSICAL ANOMALOUS DIMENSION (FINITE) γphys = M2 d

dM2

(
lnH(0) + ln J(0)

)
= γc + γl

γc = M2 d
dM2 lnH(0)

(
M2

µ2 , α(µ2)
)

; γl = M2 d
dM2 ln J(0)

(
M2/N2

µ2 , α(µ2)

)
γc, γl NOT SEPARATELY FINITE! ⇒ COLLINEAR FINITE BUT IR DIVERGENT!

• DIFFERENTIATE AGAIN W.R. TO SCALE! ⇒ RG INVARIANCE CONDITION

µ2 d
dµ2 γ

l
(
M2/N2

µ2 , α(µ2)
)

+ µ2 d
dµ2 γ

c
(
M2

µ2 , α(µ2)
)

= 0

• DERIVATIVE MUST MATCH ⇒ CANNOT DEPEND ON M2

N2 & M2!:

µ2 d
dµ2 γ

l
(
M2/N2

µ2 , α(µ2)
)

= −µ2 d
dµ2 γ

c
(
M2

µ2 , α(µ2)
)

= −g(α(µ2))

g(α(µ2)) = g1αs(µ2) + g2α2
s(µ

2)g1 + . . . ⇒ PERTURBATIVE

• LOOKS LIKE A RG EQUATION!



RG INVARIANCE
... AND ITS SOLUTION

µ2 d

dµ2
γl

(
M2/N2

µ2
, α(µ2)

)
= −µ2 d

dµ2
γc

(
M2

µ2
, α(µ2)

)
= −g(α(µ2))

• γc & γl ⇒ MATCHED SOLUTIONS
◦

γ
c

(
M2

µ2
, α(µ

2
)

)
= g

c
0

(
α(M

2
)
)
−
∫ M2

µ2

dλ2

λ2
g
[
α(λ

2
)
]

◦

γ
l

(
M2/N2

µ2
, α(µ

2
)

)
= g

l
0

(
α(M

2
/N

2
)
)

+

∫ M2/N2

µ2

dλ2

λ2
g
[
α(λ

2
)
]

• COMBINATION ⇒ FINITE ⇒ MANIFESTLY RG INVARIANT

γ
phys

(
N,

M2

µ2
, αs(µ

2
)

)
= g

c
0(αs(M

2
)) + g

l
0

(
α(M

2
/N

2
)
)

+

∫ M2/N2

M2

dλ2

λ2
g(αs(λ

2
))

= g
c
0(αs(M

2
)) + g

l
0

(
α(M

2
)
)

+

∫ M2/N2

M2

dλ2

λ2

[
g(αs(λ

2
)) + β(αs(λ

2
))
dgl0
dαs

(αs(λ
2
))

]
• THE SOLUTION:

γphys

(
N,

M2

µ2
, αs(µ

2)

)
= ḡ0(αs(M

2)) +

∫ M2/N2

M2

dλ2

λ2
ḡ(αs(λ

2))



THE RESUMMED CROSS SECTION
• ALL-ORDER LOGS OF N ⇔ RUNNING OF αs FROM SCALE M2 (HARD) TO SCALE Q2

N2 (SOFT)

• γphys ⇒ RESUMMED COEFFICIENT FUNCTION ⇒ RESUMMED FINITE JET FUNCTION

◦ PHYSICAL ANOMALOUS DIMENSION:
M2 d

dM2 ln J
(
M2/N

µ2 , αs(µ2)
)

= +
∫M2/N2

M2
dλ2

λ2 ḡ(αs(λ
2))

◦ SCALE DEPENDENCE

ln J

(
M2/N2

µ2
, αs(µ

2
)

)
− ln J

(
M2

0 /N
2

µ2
, αs(µ

2
)

)
=

∫ N2

1

dn

n

∫ M2

M2
0

dk2

k2
ḡ
(
αs(k

2
/n)
)

INCLUDES ALL LOG-ENHANCED TERMS

THE DOUBLE LOGS

• WHICH LOGS ARE COLLINEAR?
lnC

(
M2

µ2
F

, N, αs(M
2)

)
= lnC

(
1, N, αs(M

2)
)

+
∫M2

µ2
F

dµ2

µ2 γqq(N,αs(µ
2
F ))

• SEPARATE “FIXED-SCALE” ḡ(αs) = −A(αs) +
∂B(αs(k2))

∂ ln k2 :

ln J

(
M2/N2

µ2
, αs(µ

2
)

)
=

∫ N2

1

dn

n

[(
−
∫ M2

µ2

dk2

k2
A(αs(k

2
/n))

)
+ B(αs(M

2
/n))

]

• LO Pqq = αsA1
1

(1−x)+
⇒ γqq = −αsA1 lnN

• ALL-ORDER MS γqq(N,αs(µ
2)) = − lnN

∑
n α

n
s (µ2)A

(n)
k +O

(
N0
)

+O
(

1
N

)
= A(αs(k

2))
(CUSP)



THE RESUMMED CROSS SECTION
MATCHED RESUMMED RESULT

σ̂(N,
M2

µ2
, αs(µ

2
)) = H

(
αs(M

2
)
)

exp

∫ N2

1

dn

n

[(
−
∫ M2/n

µ2

dk2

k2
A(αs(k

2
))

)
+ B(αs(M

2
/n))

]

HARD FACTORIZATION SCALE µ2
f =M2

σ̂(N, 1, αs(M
2
)) = H

(
αs(M

2
)
)

exp

∫ M2/N2

M2

dk2

k2

[
A(αs(k

2
)) ln

M2/N2

k2
+ B(αs(k

2
))

]

• DOUBLE LOGS ⇒ IR-SINGULAR (CUSP) COLLINEAR ANOMALOUS DIMENSION A(αs(k2))

• NON-COLLINEAR-SINGULAR SOFT (NNLO, NLO FOR DIS): B(αs(k2))

• CONSTANTS: H(αs(k2))

• ACCURATE UP TO O
(

1
N

)
• DIAGONAL QUARK & GLUON CHANNEL RESUMMED:
• NOTE FACTOR 2 FROM TWO INCOMING PARTONS, FACTOR 1/2 FROM lnN VS. lnN2



THE RESUMMED CROSS SECTION

σ̂(N, 1, αs(M
2
)) = H

(
αs(M

2
)
)

exp

∫ M2/N2

M2

dk2

k2

[
A(αs(k

2
)) ln

M2/N2

k2
+ B(αs(k

2
))

]

LOG COUNTING

σ̂(N,αs) = g0(αs) exp [lnNg1(αs lnN) + g2(αs lnN) + αsg3(αs lnN) + . . . ];

g0(αs) = 1 + αsg0,1 + α2
sg0,2 +O(α3

s); g1(λ) =
∑∞
k=2 g1,kλ

k, gi(λ) =
∑∞
k=1 gi,kλ

k FOR i ≥ 2

LOG APPROX. XSECT ACCURACY EXP. ACCURACY: αnsL
k g0: αis gj ORDER A: αis B: αis

LL k = 2n k = n+ 1 0 1 1 0

NLL 2n− 2 ≤ k ≤ 2n k = n 1 2 2 1

NNLL 2n− 4 ≤ k ≤ 2n k = n− 1 2 3 3 2



THE RESUMMED CROSS SECTION

MATCHED RESUMMED RESULT

σ̂(N,
M2

µ2
, αs(µ

2
)) = H

(
αs(M

2
)
)

exp

∫ N2

1

dn

n

[(
−
∫ M2/n

µ2

dk2

k2
A(αs(k

2
))

)
+ B(αs(M

2
/n))

]

HARD FACTORIZATION SCALE µ2
f =M2

C(N, 1, αs(M
2
)) = H

(
αs(M

2
)
)

exp

∫ M2/N2

M2

dk2

k2

[
A(αs(k

2
)) ln

M2/N2

k2
+ B(αs(k

2
))

]

EQUIVALENT FORM

• IDENTITY:∫ 1
0 dx

xN−1−1
1−x lnk(1− x) = −

∑∞
k=0

Γ(k)(1)
k!

dk

dLk

∫ 1−1/N
0

dx
1−x lnk(1− x) +O(1/N)

σ̂(N,
M2

µ2
, αs(µ

2
)) = H[αs(M

2
)] exp 2

[∫ 1

0

dx
xN−1 − 1

1− x

(∫ (1−z)2M2

M2

dk2

k2
A(αs(k

2
)

)
+ B̄(αs((1− x)

2
M

2
))

]



TRANSVERSE MOMENTUM RESUMMATION
PHASE-SPACE FACTORIZATION

LONGITUDINAL ↔ MELLIN; TRANSVERSE ↔ FOURIER
dσ̂
dp2
t

(αs, p2
t ) = M2

2π

∫
d2b e−i~pt·

~b Σ(αs, b2) =
∫+∞
0 db b J0(bqT ) Σ(αs, b2)

RESUMMATION
µ2
f = M2

dσ̂ij

dp2
t

(
N, pt, αs

(
M

2
)
,M

2
)

= σ0

∫ ∞
0

db
b

2
J0 (bpt)Hij

(
N,αs

(
M

2
))

S(M,N, b)

• ij PARTONIC SUBCHANNEL

• RESUMMATION ⇒ SUDAKOV EXPONENT

S(M, b) = exp

− ∫ M2

1
b2

dq2

q2

[
A
pt
(
αs
(
q
2
))

ln
M2

q2
+ B

pt
(
αs
(
q
2
)
, N
)]

• LEADING LOG→ LEADING ORDER A; DEFINES A-B SEPARATION

NOTE BEYOND NNLL A DIFFERS FROM CUSP ANOMALOUS DIMENSION

HARD FUNCTION

Hij(αs) = [Ci(N,b)Cj(N,b) +Gi(N,b)Gj(N,b)]

C, G UNIVERSAL (DEP. ON PARTON)



SUMMARY

• COLLINEAR LOG RESUMMATION ⇒ ANOMALOUS DIMENSION+ RUNNING COUPLING

• SOFT-COLLINEAR ⇒ DOUBLE LOG

• REAL+VIRTUAL ⇒ EXTERNAL RADIATION & FACTORIZATION

• SOFT LIMIT ⇒ KINEMATIC DEP. THROUGH SOFT SCALE

• SOFT-COLLINEAR CANCELLATION ⇒ MATCHED RG IMPROVEMENT

• FIXED NkL ORDER ⇒ ALL-ORDER NkLL RESUMMATION


