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FACTORIZATION



COLLINEAR EMISSION
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WEIZSACKER-WILLIAMS
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UNIVERSALITY

FORM OF LO (%) NOT USED IN THE ARGUMENT
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GENERAL COLLINEAR FACTORIZATION
e QUARK CAN RADIATE GLUON, GLUON CAN RADIATE QUARK, GLUON:

e 0; =0 (z) + s e Pis (2 2)o (V) (zp)

95“.-1/.,».\2] foy | /‘L IQ/ %T:If—r/ 0y [Ké:' ]

e ALSO HOLDS FOR MASSIVE FERMIONS



SOFT EMISSION

2pt — A (p — m) B j
2k u(p) [1+ O(k)] = U(p)gsn
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SOFT GLUON EMISSION = UNIVERSAL EIKONAL FACTOR

e EMISSION IS ALSO COLLINEAR

e COLLINEAR EMISSION MAY BE NON-SOFT

e COLLINEAR EMISSION => UNIVERSAL PARTON-DEPENDENT ALTARELLI-PARISI FACTOR;

e SOFT GLUON EMISSION = UNIVERSAL EIKONAL FACTOR



SINGULARITIES AND LOGS
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INTEGRATE OVER EMITTED GLUON MOMENTA

SUDAKOV PARAMETRIZATION AGAIN: k = (1 — z)21EP2 4 yM + k7;
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THE SUDAKOV DOUBLE LOG
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MASS SINGULARITIES & FACTORIZATION

MASS LOGS
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FACTORIZATION:
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HE
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IR SINGULARITIES

max 2
® REAL EMISSION PARTONIC CROSS-SECTION: 6 = §(1 —y) + as Py, (y) In (ke )
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KLN CANCELLATION
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e DIVERGENCE CANCELLED BY VIRTUAL CORRECTIONS:
REAL+VIRTUAL Py, (y) = CF (1 y) + 25(1—vy)
max 2 (1-y)” ?J)Q
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MULTIPLE EMISSIONS

TRANSVERSE: ki — k} +k? — ...kl + - + kI
LONGITUDINAL: p1 — 21p1 — 2122P1 —~> ... 21 ...2nP1

ORDERED REGIONS k} < k2 < -+ < kP, (1 —21) < (1 —22) <--- < (1 — 2z,) = MULTIPLE
LOGS

PHASE SPACE FACTORIZATION
TRANSVERSE

TOTAL CROSS SECTION: INDEPENDENT dk; INTEGRATION = ORDERED REGION
TRANVERSE MOMENTUM DISTRIBUTION

do‘ — _,\n — —»n R — —»n
0, :/dﬁtdk,}...dkt §(ky + -+ k —pr)o(ky, ..., k")
t
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ANGULAR INTEGRAL: —25 e t = = Jo(bpt)eP?



MULTIPLE EMISSIONS
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LONGITUDINAL: p1 — 21p1 — 2122P1 — ... 21 ...2nP1

ORDERED REGION k; < kZ < --- < kP!

PHASE SPACE FACTORIZATION
LONGITUDINAL

CONVOLUTION SINGLE EMISSION: [ dz16(21 — 7)Pyq(21) = Pyq(7);
DOUBLE EMISSION [ dz1dz20(2221 — T)Pgq(21)Pgq(22) =

1d 1d _
Jo Zi;dzlé (Zl - %) Pqq(21)Paq(22) = [, %qu (%) Pyq(z2) = Pyq @ Pyq [7]
_ 1 _N— .1 _N—
Yeq(IN) = fo N 1qu($)’ fo N 1qu ® Pyq [T] = Yqq(IN)vgq(N)
TURNS CONVOLUTION INTO ORDINARY PRODUCT
§(N) = [ TN =15(r) = n-EMISSION

5 () = (200 (V) 1n 27 4 PE(N) ) 0D (N); PN) = f3 TN oPE(N) (7).
Ky

ALL-ORDER DOUBLE LOGS!



SUMMARY

ALL COLLINEAR RADIATION = FACTORIZES AT THE CROSS-SECTION LEVEL WITH
UNIVERSAL PARTON-DEPENDENT SPLITTING FUNCTION

SOFT RADIATION OF GLUONS = FACTORIZES AT THE AMPLITUDE LEVEL WITH
UNIVERSAL EIKONAL FACTOR

INTEGRATION OVER RADIATED TRANSVERSE MOMENTUM = COLLINEAR LOG
SINGULARITY

INTEGRATION OVER RADIATED ENERGY = SOFT LOG SINGULARITY

SINGULARITY CUT OFF BY INTERACTION, INTO INITIAL
CONDITION

— LEFTOVER BETWEEN FACTORIZATION & PHYSICAL (HARD) SCALE

SOFT SINGULARITY CANCELLED BY VIRTUAL CORRECTIONS
= LEFTOVER SOFT LOG BETWEEN SOFT SCALE & PHYSICAL (HARD) SCALE

= — MULTIPLE LOGS

PHASE SPACE FACTORIZATION IN CONJUGATE SPACE



RG IMPROVEMENT



RENORMALIZATION: THE BASIC IDEA

RENORMALIZING THE CHARGE IN ¢4 THEORY

Lr=—2¢* ¢¢p — ¢p¢ ELASTIC SCATTERING OF MASSIVE SCALAR FIELDS
f. e,
do g° 1 _ 2
dcos 0 1287 s’ 8_(p1+p2)
P4 Ps
P Ps
d 1 : :
t2mew  _do — 9 1P(s ¢): DIVERGES;
p t = (p1 —p3)® u=(p1 — pa)?
4
Pe
9 ! MQ(S) 2 2
F(S’t):Ah—)mool—l_SQ—ﬂ' 3—|—/O dx In Az +s—>t+s—>ul; M (s)=m" —x(l —x)s

RENORMALIZATION: EXPRESS A PHYSICAL OBSERVABLE IN TERMS OF
OTHER PHYSICAL OBSERVABLES:

WHAT IS THE CHARGE ¢g? DEFINE Jphys FROM dggs 5

2
- gphys 1.
T 1287 s °

S:t:u:,ug

dcos@® 1287 s 327 2

2 2
d Jphys 1 s ([T M
T = TP D p(s,t); F(s,t) =14 BN (/ In (S)—I—s—>t—|—s—>u); e = M (115)
0 M

UV SINGULARITY IS UNIVERSAL = REABSORBED IN DEF. OF THE COUPLING
COUPLING DEPENDS ON THE RENORMALIZATION SCALE [



RENORMALIZATION GROUP INVARIANCE
PHYSICAL OBSERVABLES
PHYSICAL RESULTS CANNOT DEPEND ON RENORMALIZATION SCALE pt!

THE R RATIO

_ e+e —>hadrons

Mr + O (i)

DIMENSIONAL ANALYSIS: DIMENSIONLESS R = R 5, as (pr)
i’

RG INVARIANCE: ,uf,aﬁR =0
™
SCALE DEPENDENCE OF as PERTURBATIVELY COMPUTABLE 112 ﬁas (ur) = B(as(pr))
‘A

SOLUTION: CHOOSE p2 = s = R = R(1,as(s))

RUNNING COUPLING s ()



RENORMALIZATION GROUP INVARIANCE

THE PARTONIC CROSS-SECTION
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& 2= PR
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F F

e TOTAL XSECT => PHYSICAL (HARD) SCALE M 2, FACTORIZATION SCALE i & DIMENSIONLESS
RATIO T << MELLIN N+ COUPLING «s AND ITS SCALE ,LL%

e DEPENDENCE OF up PERTURBATIVELY COMPUTABLE: ANOMALOUS DIMENSION
Yaq (N, as (,u%)) (Callan—Symanzik equation)
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e TWO-STEP SOLUTION:
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F
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