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THE DRELL – YAN PROCESS AS A PROBE OF THE HADRONS STRUCTURE

Definition 0.1 (The Drell – Yan process)

Hadron + Hadron −→ Electroweak Boson + X −→ Lepton + Antilepton + X

H1(P1) + H2(P2) −→ V∗(q) + X(pX) −→ l(l1) + l̄(l2) + X(pX)
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THE DRELL – YAN PROCESS AS A PROBE OF THE HADRONS STRUCTURE

A
(
H1H2 → l+l−X

)
= u(l1)ieΓ

µ
Vv(l2)DV(q)µν ⟨X|iejνV|H1H2⟩

The differential cross section:
dσ

dM2dΩdYd2qT
=

|A|2

128πS
=
α2

e
8S

∣∣∣DV

(
M2

)∣∣∣2WµνLµν

Lµν - Standard QED calculation
Wµν - Sensitive for an internal hadron structure
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STRUCTURE FUNCTIONS ARE MEASURABLE SOURCE OF INFORMATION

ABOUT HADRONS

The lepton angular decomposition can be written as

dσ
dM2dΩdYd2qT

∝
[(

1 − cos2 ϑ
)

WL +
(

1 + cos2 ϑ
)

WT + sin2 ϑ cos(2ϕ)WTT + sin(2ϑ) cosϕWLT

+ 2 cosϑWP + 2 sinϑ cosϕWA + sin2 ϑ sin (2ϕ)W7 + sin(2ϑ) sinϕW8 + 2 sinϑ sinϕW9

]
.

The lepton angular decomposition can be written as

dσ
dM2dΩdYd2qT

∝
[ parity conserving︷ ︸︸ ︷(

1 − cos2 ϑ
)

WL +
(

1 + cos2 ϑ
)

WT + sin2 ϑ cos(2ϕ)WTT + sin(2ϑ) cosϕWLT

+ 2 cosϑWP + 2 sinϑ cosϕWA + sin2 ϑ sin (2ϕ)W7 + sin(2ϑ) sinϕW8 + 2 sinϑ sinϕW9︸ ︷︷ ︸
parity violating

]
.

ATLAS collaboration used the parametrization:

dσ
dM2dYd2qTdΩ

=
3

16π
dσ

dM2dYd2qT

[
1 + cos2 ϑ+

1
2

A0

(
1 − 3 cos2 ϑ

)
+ A1 sin (2ϑ) cosϕ

+
1
2

A2 sin
2 ϑ cos (2ϕ) + A3 sinϑ cosϕ+ A4 cosϑ

+ A5 sin
2 ϑ sin (2ϕ) + A6 sin (2ϑ) sinϕ+ A7 sinϑ sinϕ

]
,

where A0 =
2WL

WL + 2WT
, A1 =

2WLT

WL + 2WT
, A2 =

4WTT

WL + 2WT
, A3 =

4WA

WL + 2WT
, A4 =

2WP

WL + 2WT
, etc.
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THE STRUCTURE FUNCTIONS CAN BE CALCULATED IN QCD

Theorem 1 (Factorization Theorem)

Hadronic cross section = (Parton Distributions) ⊗ (Partonic cross section within the perturbative QCD)

dσ ∝


L(rr′)

∑
i,j

∫ 1

0
dx1fi

(
x1, µ

2
F

)∫ 1

0
dx2fj

(
x2, µ

2
F

)
dσ̂(rr′)

ij Collinear factorization

L(rr′)

∑
i,j

∫ 1

0

dx1

x1

∫
d2p1T

π
Fi

(
x1,p2

1T, µ
2
F

)∫ 1

0

dx2

x2

∫
d2p2T

π
Fj

(
x2,p2

2T, µ
2
F

)
dσ̂(rr′)

ij kT factorization
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THE LAM – TUNG RELATION BREAKING IS NOT COMPLETELY EXPLAINED

▶ The Lam – Tung relation is of the form:

WL − 2WTT = 0 ⇐⇒ A0 − A2 = 0.

▶ Fulfilled up to the NLO (for V+jet) in collinear perturbative QCD

▶ Breaking of Lam – Tung relation may be traced back to a difference between partonic and
hadronic collision planes −→ sensitivity to partons’ transverse momenta
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TRANSVERSE MOMENTUM FACTORIZATION AS A POSSIBLE SOLUTION

▶ We want to take into account the effects of partons transverse momenta =⇒ kT factorization

▶ The leading contribution comes from the gluons

g∗g∗ −→ qqV∗ qvalg∗ −→ qV∗
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SCATTERING AMPLITUDES FROM THE SPINOR - HELICITY FORMALISM

Example diagram:

From the expression for full diagram

Aab,µ
ij,σ3σ4

= −ig2
(

TaTb
)

ij
Aµ
σ3σ4

,

we can extract the spinorial part

Aµ
σ3σ4

=uσ3(p3)/P1
/v1

v2
1
Γµ

V
/v2

v2
2

/P2vσ4(p4) = ? ,

where
Γµ

V = (v + aγ5)γ
µ,

which can be divided into left and right chiral parts

Aµ
σ3σ4

= (v + a)Rµ
σ3σ4

+ (v − a)Lµ
σ3σ4
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THE SPINOR - HELICITY FORMALISM

We introduce the spinorial notation

pAȦ := pµσ
µ

AȦ
, pȦA := pµσȦA

µ =⇒ /p =

[
0 pAȦ

pȦA 0

]
Dirac bispinors uσ and vσ are defined as

u+(p) = [p| :=
[
λ(p)A 0

]
, u−(p) = ⟨p| :=

[
0 λ(p)Ȧ

]
,

v+(p) = |p] :=
[
λ(p)A

0

]
, v−(p) = |p⟩ :=

[
0

λ(p)
Ȧ

]
.

in order to satisfy the Dirac equation and such that they have specified helicity (chirality)

P+ |p⟩ = |p⟩ , P+|p] = 0, P− |p⟩ = 0, P−|p] = |p], where P± :=
1± γ5

2
. (1)

A lot of products vanish automatically

⟨p1 | γµ1 . . . γµn | p2] = [p1 | γµ1 . . . γµn | p2⟩ = 0 = ⟨p1|γµ1 . . . γµn+1 |p2⟩ = [p1 | γµ1 . . . γµn+1 | p2], (2)

if n is even.
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SCATTERING AMPLITUDES FROM THE SPINOR - HELICITY FORMALISM

Example diagram:

From the above identities

(1) =⇒ Rµ
+− = 0 = Lµ

−+,

(2) =⇒ Rµ
++ = Rµ

−− = 0 = Lµ
++ = Lµ

−−.

=⇒ We are left with two non-vanishing terms:
Rµ
−+ and Lµ

+−.

RȦA
−+ =⟨p3 | /P1

/v1

v2
1

P+γ
ȦA /v2

v2
2

/P2 | p4]

= − 2S

v2
3v2

2

√
p+3 p+4

p0̇0
4 p1̇0

3 vȦ1
3 v0̇A

2
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SYMMETRIES SIMPLIFY CALCULATION

Spinorial products satisfy the following identities

[p1 |Γ± | p2⟩ = ⟨p1 |Γ∓ | p2], [p1 |Γ± | p2] = −⟨p1|Γ∓|p2⟩.

where Γ± – any composition of the gamma matrices and one of the projections P±.

This leads to the relations between left and right chiral amplitudes

Rµ
−+ = Lµ

+−, Lµ
−+ = Rµ

+−, Rµ
−− = −Lµ

++, Lµ
−− = −Rµ

++,

=⇒ 1 independent expression for each diagram
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RESULTS FOR THE LAM – TUNG RELATION

▶ The “Weizsäcker – Williams” model (in analogy with photon flux)

FWW

(
x, k2

T

)
=

N1

k2
0
(1 − x)7x−λb ×


1 k2

T < k2
0(

k2
0

k2
T

)b

k2
T ≥ k2

0

− Wide in kT

▶ The Gaussian model

FG

(
x, k2

T

)
= N2(1 − x)7 exp

[
−
(

x
x0

)λ k2
T

k2
0

]
− Narrow in kT
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RESULTS FOR THE LAM – TUNG RELATION
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RESULTS FOR THE PARITY CONSERVING STRUCTURE FUNCTIONS
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RESULTS FOR THE PARITY VIOLATING STRUCTURE FUNCTIONS
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RESULTS FOR THE PARITY VIOLATING STRUCTURE FUNCTIONS
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SUMMARY

▶ The Drell – Yan process is an excellent probe of internal hadron structure: nine structure
functions, three kinematical variables dependence (qT, Y, M2).

▶ NNLO calculations exist in pQCD that do not fully explain Lam – Tung relation breaking

▶ Lam – Tung relation breaking is sensitive to partons’ kT. The wide in kT Weizsäcker – Williams
TMD model gives reasonable description of the data, and also of the other structure functions.

▶ We continue program of constraining gluon TMD with Drell – Yan observables.
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ADDITIONAL MATERIAL
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THE DRELL – YAN HELICITY STRUCTURE FUNCTIONS

Useful definition of structure functions can be done in terms of coordinate vectors, where we define
(X,Y,Z) such that Z and X are in the hadron scattering plane, Y is perpendicular to this plane and
all the spacelike coordinates are orthogonal to the time direction specified by Tµ = qµ/M

Wµν =g̃µν (WT + WTT)− 2XµXνWTT + ZµZν(WL − WT − WTT)− (XµZν + ZµXν)
√

2WLT

+ iεµνρσXρTσ

√
2

cl
WA + iεµνρσZρTσ

1
2cl

WP + i (ZµXν − XµZν)

√
2

cl
W9

− (XµYν + YµXν)W7 − (ZµYν + YµZν)
√

2W8.

where helicity structure functions are given by helicity amplitudes

Wrr′ = ε(r)µ Wµνε(r
′)

ν ,

as

WL = W00, WT =
1
2
(W++ + W−−) , WLT =

1
4
(W+0 + W0+ − W−0 − W0−) ,

WTT =
1
2
(W+− + W−+) , WA =

cl

4
(W+0 + W0+ + W−0 + W0−) , WP = cl (W++ − W−−) .

In order to define these structure functions uniquely, one has to choose the polarization vectors

εµ(0) = Zµ, εµ(±) = ∓ 1√
2
(Xµ ± iYµ) .
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LEADING DIAGRAMS
LIPATOV EFFECTIVE VERTEX

Γµνρ =
2
S

[(
x1 +

2k2
1T

x2S

)
Pµ

1 +

(
x2 +

2k2
2T

x1S

)
Pµ

2 − (k1T − k2T)
µ

]
Pν

1 Pρ
2 19 / 25



RELATIONS BETWEEN COLLINEAR AND HIGH ENERGY CHANNELS

The qvalg∗ → qV channel

▶ contains g → q LO DGLAP splitting for qvalq → V matrix element and the NLO qg → qV
contribution.

▶ neglects the NLO loop corrections for qq → V.

The g∗g∗ → qqV channel

▶ contains g → qsea, g → q NLO DGLAP splittings for the qseaq → V matrix element

▶ and g → qsea, g → q LO DGLAP splittings for qseag → qV and qg → qV respectively.

▶ contains the leading contribution to the NNLO collinear gg → qqV matrix element.

▶ neglects the loop corrections for qseag → qV, qg → qV and qq → V.
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RELATIONS BETWEEN COLLINEAR AND HIGH ENERGY CHANNELS

(a)

(b)

(c)

(d)
(a) g → qsea splitting
(b) g → q splitting
(c) g → qsea and g → q splittings
(d) g → q splitting
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PROOF OF THE BISPISNOR PRODUCTS IDENTY

The charge conjugation acts in the following way

Cψ = C
[
ηA

χȦ

]
=

[
χA

ηȦ

]
= ψ

T
, satisfies: C2 = 1, CγµC = γµ, Cγ5C = γ5,

and is anti-linear. Now we will define another anti-linear operator

Q := γ5C, which satisfies Q2 = −1, QγµQ−1 = γµ, Qγ5Q−1 = −γ5.

For any two bispinors we have that
Qψ1Qψ2 = ψ1ψ2.

It can be directly shown that Q|p] = |p⟩, Q |p⟩ = −|p], and in consequence

[p3 |Γ | p4⟩ =|p3⟩Γ |p4⟩ = Q|p3]ΓQ|p4] = Q|p3]QΓ|p4] = |p3]Γ|p4] = ⟨p3 |Γ | p4], [p3 |Γ | p4] = −⟨p3|Γ|p4⟩.

Q exchanges the projections QP±Q−1 = P∓, so

[p3 |Γ± | p4⟩ = Q|p3]Γ±Q|p4] = Q|p3]QΓ∓|p4] = ⟨p3 |Γ∓ | p4], [p3 |Γ± | p4] = −⟨p3|Γ∓|p4⟩.
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THE AMPLITUDES SQUARED

Full amplitude Aµ is given by the sum of all diagrams.
▶ For the qvalg∗ → qV∗ there are two diagrams with the same color structure which gives the

amplitude
Aµ = Aµ

1 +Aµ
2 = −igTa

ij
(
Aµ

1 + Aµ
2

)
,

so the amplitude square is

Mµν =
1

N (N2 − 1)

∑
i,j,a

AµAν
=

g2

2N
AµAν

.

▶ For the g∗g∗ → qqV∗ the amplitude can be decomposed into symmetric (S) and antisymmetric
(A) parts in the adjoint color indices

Aµ :=
8∑

n=1

Aµ
n = Aµ

S +Aµ
A, where Aµ

S := −ig2
(

1
N
δabδij + dabcTc

ij

)
Aµ

S , Aµ
A := g2f abcTc

ijA
µ
A.

In the amplitude squared, the symmetric and antisymmetric parts in the adjoint color indices
do not interfere:

Mµν =
1

(N2 − 1)2

∑
i,j,a,b

AµAν
=

g4 (N2 − 2
)

2N (N2 − 1)
Aµ

SAν
S +

g4N
2 (N2 − 1)

Aµ
AAν

A = Mµν
S +Mµν

A .
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THE AMPLITUDES SQUARED
COMPARISON WITH THE TRACE METHOD

The spinorial matrix Aµ
n appearing in the amplitude Aµ

n is defined by:

Aµ
n = uσ3(p3)A

µ
nvσ4(p4).

In an analogous way we define the matrices Aµ
S ,A

µ
A.

The amplitudes squared can be computed as traces

∑
σ3,σ4

Mµν
S =

g4 (N2 − 2
)

2N (N2 − 1)
Tr

[(
/p3 + m3

)
Aµ

S

(
/p4 − m4

)
A†ν

S

]
,

∑
σ3,σ4

Mµν
A =

g4N
2 (N2 − 1)

Tr
[(
/p3 + m3

)
Aµ

A

(
/p4 − m4

)
A†ν

A

]
.

Using the trace formulas one can check numerically the helicity structure functions of the form

Mrr′ = ε(r)µ Mµνε(r
′)

ν ,

where r, r′ ∈ {+,−, 0} are basis polarizations of V∗.
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THE CUTTED CROSS SECTIONS

From the obtained squared amplitudes one can derive the polarized cross sections by integrating
over the phase space with the parton distributions.

▶ qvalg∗ → qV∗

dσ(qvalg∗)
r1r2

dM2dYd2qT
=

∑
f

∫
dxq℘f ,val(xq, µF)

∫
d2kT

πk2
T
F
(

xg, k2
T, µF

) 2
(8π)2xq(1 − xF)S2M

(qvalg∗),f
r1r2 ,

▶ g∗g∗ → qqV∗

dσ(g
∗g∗)

r1r2

dM2dYd2qT
=

∫
dx1

∫
d2k1T

πk2
1T

F
(

x1, k2
1T, µF

)∫
dx2

∫
d2k2T

πk2
2T

F
(

x2, k2
2T, µF

) (2π)4

2S
M(g∗g∗)

r1r2

dzdϕκ
8(2π)9 .
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GLUON TMD MODELS

▶ The Weizsäcker – Williams model

FWW

(
x, k2

T

)
=

N1

k2
0
(1 − x)7x−λb ×


1 k2

T < k2
0(

k2
0

k2
T

)b

k2
T ≥ k2

0

.

▶ Modified Weizsäcker – Williams model (for b = 1)

F ′
WW

(
x, k2

T, µ
2
)
=

xfg
(
x, µ2)

k2
0

[
1 + log

(
µ2

k2
0

)] ×


1 k2

T < k2
0

k2
0

k2
T

k2
T ≥ k2

0
.

▶ The Gaussian model

FG

(
x, k2

T

)
= N2(1 − x)7 exp

[
−
(

x
x0

)λ k2
T

k2
0

]
.

▶ The KMR model
FKMR

(
x, k2

T, µ
2
)
=

∂

∂Q2

[
xfg(x,Q2)Tg(Q, µ)

]
Q2=k2

T

,

where

Tg(Q, µ) = exp

−∫ µ2

Q2

dp2

p2
αs(p2)

2π

∫ µ/(p+µ)

0
dzz

Pgg(z) +
∑

q

Pqg(z)

.
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