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Canonical energy-momentum tensor

The canonical tensors follow from the Noether theorem.
The energy-momentum tensor

Tµν =
∂L

∂(∂µϕ)
∂νϕ− gµνL (1)

The angular momentum current

Jµ
αβ = xαT

µ
β−xβTµ

α+
∂L

∂(∂µϕJ)
(M̃αβ)JKϕ

K ≡ xαT
µ
β−xβTµ

α+Sµ
αβ (2)

where J, K are generalized indices depending on type of the field ϕ, M̃αβ are
appropriate infinitesimal generators of Lorentz transformations, and Sµ

αβ is the
canonical spin tensor.

∂λJ
λ
µν = 0 =⇒ ∂λS

λµν = Tµν − T νµ (3)
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Pseudo-gauge

The currents Tµν and Jλµν are still conserved and the total charges are the
same after a pseudo-gauge transformation (PGT)

T ′µν = Tµν +
1

2
∂λG

λµν = Tµν +
1

2
∂λ(Φ

λµν +Φνµλ +Φµνλ), (4)

S ′λµν = Sλµν − Φλµν + ∂ρZ
µνλρ, (5)

defined by any differentiable tensors

Φλµν = −Φλνµ, (this implies Gλµν = −Gµλν), (6)

Zµνλρ = −Zνµλρ = −Zµνρλ. (7)

For example, we can construct a symmetric Tµν with the choice

Φλµν = Sλµν , Zµνλρ = 0, (8)

This is the Belinfante pseudo-gauge.
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General Relativity

The EM tensor must be symmetric in GR because the left-hand side of
Einstein’s equations is symmetric.

Gµν + Λgµν =
8πG

c4
Tµν (9)

The Belinfante-Rosenfeld EM tensor coincides with the Hilbert EM tensor

Tµν =
1√

−det(gµν)

δ
∫
d4xL

δgµν
, (10)

If we try to construct a different symmetric EM tensor,

T ′µν = Tµν +∇λG
λµν , (11)

∇µT
′µν = ∇µ∇λG

λµν = −∇λ∇µG
λµν = 1

2
[∇µ,∇λ]G

λµν

= Rλ
ρµλT

ρµν + Rλ
ρλµG

λρν + Rν
ρµλG

λµρ = Rν
ρµλG

λµρ
(12)

So, in GR, outside of special cases, there is no pseudo-gauge invariance, and
the Belinfante EM tensor appears to be the physical one.
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Einstein-Cartan gravity

In Einstein-Cartan theory, spacetime has both curvature and torsion

Qλ
µν = Γλ

µν − Γλ
νµ, (13)

and, in general, R[µν] ̸= 0. The field equations become

Rµν −
1

2
gµνR =

8πG

c4
Tµν (14)

Qλ
µν + δλµQ

σ
νσ − δλνQσ

µσ =
8πG

c4
Sλ

µν (15)

Here, it is the canonical energy-momentum tensor that is the “correct” one.
The spin tensor is defined by the variation of the action with respect to torsion.
[short review: [1] Andrzej Trautman, Einstein-Cartan Theory,
arXiv:gr-qc/0606062]
This theory is equal to GR in vacuum. So far, there have been no
measurements precise enough to decide which of them describes reality better.
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Examples from QTF: choices where the spin part of the angular momentum for
non-interacting particles is conserved

GLW (de Groot-van Leeuwen-van Weert) pseudo-gauge. For a Dirac field:

Φ̂λ,µν =
i

4m
ψ̄(σλµ←→∂ ν − σλν←→∂ µ)ψ, (16)

Ẑµνλρ = 0, (17)

with σµν = i
2
[γµ, γν ].

HW (Hilgevoord-Wouthuysen) pseudo-gauge

Φ̂λ,µν = M̂ [µν]λ − gλ[µM̂ ν]ρ
ρ , (18)

Ẑµνλρ = − 1

8m
ψ̄(σµνσλρ + σλρσµν)ψ, (19)

where

M̂λµν ≡ i

4m
ψ̄σµν←→∂ λψ. (20)
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In relativistic (spin) hydrodynamics, without considering gravity, do all
pseudo-gauge choices lead to the same physics?

For example, [2] suggests that EM tensors connected by PGTs have the same
physics content, but the entropy current has to be redefined, [3] says that there
are many equivalent spin hydrodynamics descriptions connected by PGTs, [4]
says that local thermodynamic relations are changed by PGTs. In [5], we
describe improved thermodynamic relations, although without discussing PGTs.

[2] Fukushima, K., Pu, S. (2021). Spin hydrodynamics and symmetric
energy-momentum tensors–A current induced by the spin vorticity–. Physics
Letters B, 817, 136346.
[3] Li, S., Stephanov, M. A., Yee, H. U. (2021). Nondissipative second-order
transport, spin, and pseudogauge transformations in hydrodynamics. Physical
Review Letters, 127(8), 082302.
[4] Becattini, F., Daher, A., Sheng, X. L. (2024). Entropy current and entropy
production in relativistic spin hydrodynamics. Physics Letters B, 850, 138533.
[5] ZD, Florkowski, W., Hontarenko, M. (2024). Hybrid approach to perfect
and dissipative spin hydrodynamics. Physical Review D, 110(9), 096018.
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We decomposed the EM tensor into components either parallel or orthogonal
to the flow vector uµ,

Tµν = Euµuν − P∆µν + 2Q(µuν) + T µν + 2H[µuν] + Fµν , (21)

where the first four parts are symmetric, and the last two antisymmetric.
In [6], we started from the most general PGT and decomposed it in an
analogous way,

Φλµν = uλSµν + (uν∆λµ − uµ∆λν)I (22)

+ (uν I
⟨λµ⟩
(s)

− uµI
⟨λν⟩
(s)

) + (uν Iλµ
(a)

− uµIλν(a) ) + Φ⟨λ⟩⟨µ⟩⟨ν⟩, (23)

where

∆µν ≡ gµν − uµuν , ∆µν
αβ ≡

1

2
(∆µ

α∆
ν
β +∆µ

β∆
ν
α −

2

3
∆µν∆αβ),

A⟨αβ⟩ ≡ ∆µν
αβ Aαβ , Hαβ⟨γ⟩δ... ≡ ∆γ

ρH
αβρδ...,

Sµν = uαΦ
αµν , I =

1

3
Iµµ, Iλν = −uρΦ⟨λ⟩ρν .

(24)

[6] ZD, Florkowski, W., Hontarenko, M., Ryblewski, R. (2025). Dynamical
constraints on pseudo-gauge transformations. Physics Letters B, 861, 139244.
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The energy-momentum tensor transforms in a complicated way.

E ′ = E + Iθ − θF − θw + I
⟨αβ⟩
(s)

σαβ − Iαβ
(a)

Ωαβ , (25)

P ′ = P−
1

3

(
2Iθ + 3DI + F · a+ θw − I

⟨αβ⟩
(s)

σαβ + Iαβ
(a)

Ωαβ + ∂αΦ
⟨β⟩ ⟨α⟩

⟨β⟩

)
, (26)

Q′µ = Qµ +
1

2
[−Iaµ + DFµ + θFµ − 2DFu

µ −∇µI + (F · a) uµ]

+ uνDI
⟨µν⟩
(s)

−
1

2
uµ

(
I
⟨αβ⟩
(s)

σαβ − Iαβ
(a)

Ωαβ

)
−

1

2
∂λ

(
I
⟨µλ⟩
(s)

+ Iµλ
(a)

)
−

1

2

(
Φ⟨µ⟩⟨ν⟩⟨λ⟩ +Φ⟨ν⟩⟨µ⟩⟨λ⟩

)
∂λuν +

1

2
ϵ
⟨µ⟩

αβγ
(Wα∂βuγ − uα∂βW γ) ,

(27)

T
′µν = T µν − Iσµν + F ⟨µaν⟩ + DI

⟨µν⟩
(s)

+ I
⟨µν⟩
(s)

θ − I
⟨⟨µλ⟩
(s)

∇λu
ν⟩

+ 2u(µI
⟨ν)λ⟩
(s)

aλ + I
λ⟨µ
(a)

∇λu
ν⟩ + ϵαβλ⟨µWαuβ∂λu

ν⟩ + ∂λΦ
⟨µν⟩⟨λ⟩ ,

(28)

with

∂µ = uµD +∇µ, D ≡ uν∂
ν , ∇µ ≡ ∆µν∂

ν , θ = ∇ · u,

∇ · F = θF , ∂µH
µν = hν , Duν = aν , Fµ∂µ = DF , Hλν∂λ = Dν

H ,

θw = u · h = ϵµναβWµuν∇αuβ , σαβ = ∂⟨αuβ⟩, Ωαβ ≡ ∂⟨[αuβ]⟩.

(29)
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Simplifying assumptions

The simplifying requirement that symmetric EM tensors transform into
symmetric ones (Symmetric-To-Symmetric condition) leads to

∂λΦ
λµν = 0, (30)

which can be rewritten as

∂λΦ
λµν = θSµν + DHµν + 2

[
F [µaν] + u[νDFµ] + u[ν∂µ]I + I∂[µuν]

]
+ ∂λΦ

⟨λ⟩⟨µ⟩⟨ν⟩ + uν∂λ
(
I
⟨λµ⟩
(s) + Iλµ(a)

)
− uµ∂λ

(
I
⟨λν⟩
(s) + Iλν(a)

)
+

(
I
⟨λµ⟩
(s) + Iλµ(a)

)
∂λu

ν −
(
I
⟨λν⟩
(s) + Iλν(a)

)
∂λu

µ = 0.

(31)

Now, if we assume that the PGT is built out of hydrodynamic variables T , µ,
and uµ, we are left with the form

Φλµν = (uν∆λµ − uµ∆λν)I . (32)

Then, the Symmetric-To-Symmetric (STS) condition gives

∂λΦ
λµν = (uν∂µ − uµ∂ν)I + I (∂µuν − ∂νuµ) = 0, (33)

which is a system of six equations with only one unknown scalar function I .
In general, there are no solutions, unless there are additional symmetries.

We could consider additional variables, for example, the fields of spin
hydrodynamics
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Additional symmetries: the boost-invariant expansion

For the one-dimensional Bjorken expansion, the equations have a solution and
we are left with residual pseudo-gauge transformations

E ′ = E + Iθ, P ′ = P − DI − 2

3
Iθ, Q′µ = Qµ, T ′µν = T µν − Iσµν .

(34)
We consider the case where baryon potential µ = 0 and interpret the change of
energy density E → E ′ as a change of the effective temperature, T → T ′

Eeq(T ′) = Eeq(T ) + I (T )θ, (35)

where the function Eeq(T ) is externally given and defines the equation of state.
I and the expansion scalar θ ≡ ∇ · u should be treated as functions of T (or
the proper time τ , with θ = 1/τ).
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Similarly, the pressure change

Peq(T
′) + Π′(T ′) = Peq(T ) + Π(T )− DI − 2

3
Iθ, (36)

where Π(T ) and Π′(T ′) define the bulk pressure.
So, the PGT changes the EM tensor from

Tµν = E(T )uµuν − (Peq(T ) + Π(T ))∆µν + T µν , (37)

to

T ′µν = E(T ′)uµuν −
(
Peq(T

′) + Π′(T ′)
)
∆µν + T ′µν . (38)

We express the bulk pressure and the shear tensor in terms of the bulk and
shear viscosity coefficients.

Π(T ) = −ζ(T )θ, Π′(T ′) = −ζ′(T ′)θ, (39)

T µν = 2η(T )σµν , T ′µν = 2η′(T ′)σµν , (40)

with σαβ = ∂⟨αuβ⟩.
The primed functions ζ′, η′ are different from unprimed =⇒ dependence of
the transport coefficients on PGT.
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In our setup, the hydrodynamic equations are reduced to

DE = −(E + P +Π)θ + σαβT αβ , (41)

which before the PGT has the form

dEeq(T )

dτ
+
Eeq(T ) + Peq(T )

τ
−

[
4

3
η(T ) + ζ(T )

]
θ2 = 0, (42)

and after the PGT has the form

dEeq(T ′)

dτ
+
Eeq(T ′) + Peq(T

′)

τ
−

[
4

3
η′(T ′) + ζ′(T ′)

]
θ2 = 0. (43)

We rewrite the second equation renaming T ′ to T and obtain

4

3

[
η′(T )− η(T )

]
+ ζ′(T )− ζ(T ) = 0. (44)

Now, from Eq. (34),

η′(T ′) = η(T )− I (T )

2
, (45)

so the PGT corresponds to a change of the kinetic coefficients.
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In the non-conformal case, it is possible to construct and solve numerically a
differential equation for I (τ),

dI

dτ
+

I

3τ
+Aeq(T

′)−Aeq(T ) =
4

3τ

[
η(T ′)− η(T )

]
+

1

τ

[
ζ(T ′)− ζ(T )

]
, (46)

where Aeq(T ) describes the trace anomaly, Aeq(T ) = Peq(T )− (1/3)Eeq(T ).

Figure: The function I (τ) for various initial conditions.
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Summary and outlook

The are various pseudo-gauges used in theoretical physics, and this is a
hot and contentious topic in relativistic (spin) hydrodynamics.

In the simple case we considered, possible PGTs are very restricted, and
they correspond to redefinition of kinetic coefficients, keeping their certain
combination constant. We can show that entropy production is unchanged
too.

In the future, we can consider a more general pseudogauge, built with
additional fields.

Check whether entropy production is the same with suitable redefinition of
temperature and entropy (maybe are least for a subset of pseudogauges).

Revisit Zubarev’s approach.
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