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Introduction

Canonical energy-momentum tensor

The canonical tensors follow from the Noether theorem.
The energy-momentum tensor

nv OL .
T = 50,97 ¢ )

The angular momentum current

oL
NOud”)
where J, K are generalized indices depending on type of the field ¢, Mag are

appropriate infinitesimal generators of Lorentz transformations, and 5§,z is the
canonical spin tensor.

Jﬂa@ = Xq T“B—XB T o+ (MQB)JKQﬁK = Xa TMB—XB T”a+5”aﬁ (2)

NI =0 = S =TH — T (3)
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Pseudo-gauge

The currents T** and J*V are still conserved and the total charges are the
same after a pseudo-gauge transformation (PGT)

T — T L %(% GV = TH 4 %aA(cb*“” + OV L oM (4)
S/X,u,u _ S)\;l,l/ _ ¢>\,u,u + 8pzuuz\p (5)
defined by any differentiable tensors
MY = —d #  (this implies G = —G*), (6)
FHVAP _ _ gvHAp . FurpA (7)
For example, we can construct a symmetric T#” with the choice

q))\,uu _ S)\,u,u’ Z,uu)\p _ 07 (8)

This is the Belinfante pseudo-gauge.
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General Relativity

The EM tensor must be symmetric in GR because the left-hand side of
Einstein's equations is symmetric.

1% v 8 G 1%
G* + Ng" = %T“ (9)

The Belinfante-Rosenfeld EM tensor coincides with the Hilbert EM tensor
1 § [d*xC
L= J &L (10)
\/—det(grv) g

If we try to construct a different symmetric EM tensor,

Ty

T/ = TH £ VG, (11)

VT =V, VG = —V,\V, G = 1[V,, V]G
=R TPH 4+ R 3 GV + RY s\ GMP = RV, \ GMP

(12)

So, in GR, outside of special cases, there is no pseudo-gauge invariance, and
the Belinfante EM tensor appears to be the physical one.
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Einstein-Cartan gravity

In Einstein-Cartan theory, spacetime has both curvature and torsion
QALUJ - r)\,uu - r)\uu’ (13)
and, in general, Rj,,) # 0. The field equations become

1 87 G

Ruv — Eg;wR = 7T#V (14)
. - 8rG
Q/\;LV"_(S;\Q vo _53Q po — 75)\;1,1/ (15)

Here, it is the canonical energy-momentum tensor that is the “correct” one.
The spin tensor is defined by the variation of the action with respect to torsion.
[short review: [1] Andrzej Trautman, Einstein-Cartan Theory,
arXiv:gr-qc/0606062]

This theory is equal to GR in vacuum. So far, there have been no
measurements precise enough to decide which of them describes reality better.
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Examples from QTF: choices where the spin part of the angular momentum for
non-interacting particles is conserved

o GLW (de Groot-van Leeuwen-van Weert) pseudo-gauge. For a Dirac field:
i - = =
G DT = Ty, (16)
ZM =, (17)

&‘)A,;Lu —

with o = [y*,4"].
e HW (Hilgevoord-Wouthuysen) pseudo-gauge

v — pplwrIx g)‘[“I\Aﬂ V]P’ (18)
e — fsimd_;(a‘“' g U/\pa‘“')w, (19)

where
A’}I/\p,u = Lm'l/_ ;uz 1/ (20)
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In relativistic (spin) hydrodynamics, without considering gravity, do all
pseudo-gauge choices lead to the same physics?

For example, [2] suggests that EM tensors connected by PGTs have the same
physics content, but the entropy current has to be redefined, [3] says that there
are many equivalent spin hydrodynamics descriptions connected by PGTs, [4]
says that local thermodynamic relations are changed by PGTs. In [5], we
describe improved thermodynamic relations, although without discussing PGTs.

[2] Fukushima, K., Pu, S. (2021). Spin hydrodynamics and symmetric
energy-momentum tensors—A current induced by the spin vorticity— Physics
Letters B, 817, 136346.

[3] Li, S., Stephanov, M. A., Yee, H. U. (2021). Nondissipative second-order
transport, spin, and pseudogauge transformations in hydrodynamics. Physical
Review Letters, 127(8), 082302.

[4] Becattini, F., Daher, A., Sheng, X. L. (2024). Entropy current and entropy
production in relativistic spin hydrodynamics. Physics Letters B, 850, 138533.
[5] ZD, Florkowski, W., Hontarenko, M. (2024). Hybrid approach to perfect
and dissipative spin hydrodynamics. Physical Review D, 110(9), 096018.
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We decomposed the EM tensor into components either parallel or orthogonal
to the flow vector u”,

T = Eutu” — PAM +2QY 0 + T + 21 u + 7, (21)
where the first four parts are symmetric, and the last two antisymmetric.

In [6], we started from the most general PGT and decomposed it in an
analogous way,

DMV = ASHY 4 (uP AN — uP AN

(22)
(G = at IS+ I — I + e (23)
where
AM =g — UMY, AZ; = %(A”DCAVB + A“BA”a — %A””Aa[g),
A(“ﬂ) = Ail,(; Aaﬁ’ H05<W>5-~ = A’YpHoéﬁP‘Sm’ (24)

S = ug @ = Lpe =y o,

[6] ZD, Florkowski, W., Hontarenko, M., Ryblewski, R. (2025). Dynamical
constraints on pseudo-gauge transformations. Physics Letters B, 861, 139244,
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The energy-momentum tensor transforms in a complicated way.

& :5+/9—9F—9W+/(<§5>aaﬁ — 18 Qg (25)

1 e [ @
P! = P2 (2004301 + F-at 0o — 157 00p + 103700 + 0207 ) () (26)
QM = QM+ % [—/a* + DF* + F* — 2Dgut — VI + (F - a) u*]

oy 1 (aB) a8 1 (W) | uA
+u, DI — Su (/(s) Gap — I} Qaﬁ) 505 (/(S) +/(a)) (27)

_1 (000D WO by, + Lo
2

> apy (WU —u*0P W),

(pv) (nv) g () v)
o Tl 01y Vau

+ 20l N ay 4 15V A0 4 PN WG ugos i) + 030 )

T = TH o 4 Flra¥) 4 D
(28)

with
Oy =uD+Vy,, D=ud’, V,=ALd", 0=V.-u,
V-F=0F OuH" =h", Du”=a", FF0,=Dr, H0\=Djj, (29)
Oy =u-h= e*“’aﬂWMu,,VO‘uB7 0ap = Oy, Sap = 0(ala))-
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Simplifying assumptions

The simplifying requirement that symmetric EM tensors transform into
symmetric ones (Symmetric-To-Symmetric condition) leads to

M =0, (30)
which can be rewritten as
NN = OSH  DH™ + 2 [F[“a"] + ot DF 4 a9+ 1o ]
+ RN Loy (100 1) = wron (157 + 1) (1)
() A v (Av) v wo_
+ (107 + 1) onu” = (197 + 1) o = 0.

Now, if we assume that the PGT is built out of hydrodynamic variables T, u,
and u*, we are left with the form

M = (W AM — u" AN, (32)
Then, the Symmetric-To-Symmetric (STS) condition gives
O = (u” " — u"d¥) + 1(8"u” — 8" u") =0, (33)

which is a system of six equations with only one unknown scalar function /.
In general, there are no solutions, unless there are additional symmetries.
@ We could consider additional variables, for example, the fields of spin
hydrodynamics
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Additional symmetries: the boost-invariant expansion

For the one-dimensional Bjorken expansion, the equations have a solution and
we are left with residual pseudo-gauge transformations

E=&+10, P =P-DI- %/9, Q=9  TH =TH — oM.
(34)

We consider the case where baryon potential 1+ = 0 and interpret the change of

energy density £ — £’ as a change of the effective temperature, T — T’

5601(7-/) = geq(T) + I(T)@, (35)

where the function E.q(T) is externally given and defines the equation of state.
I and the expansion scalar # = V - u should be treated as functions of T (or
the proper time 7, with 0 = 1/7).
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Similarly, the pressure change

Peo(T') + (') = Pug(T) +N(T) = DI — %/9, (36)

where M(T) and M'(T’) define the bulk pressure.
So, the PGT changes the EM tensor from

T = E(T)uu” = (Pea(T) + N(T)) A + T, (37)
to
T/p,l/ — g(T/)u,uuu _ (Peq(T/) + I—II(T/)) A,u.u +7~/[LU. (38)

We express the bulk pressure and the shear tensor in terms of the bulk and
shear viscosity coefficients.

n(T)=-¢(T)e, N (T")=-¢(T"9, (39)
T = n(T)o™, T = 20 (T)o", (40)
with oap = 0o Ug).

The primed functions ¢’, i’ are different from unprimed = dependence of
the transport coefficients on PGT.
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In our setup, the hydrodynamic equations are reduced to
DE=—(E+P+M0O+ 05T, (41)

which before the PGT has the form

d€eq(T) | Eea(T) + Pea(T) |4
dr + T B {5

n(T) + <(T)] F=0 (42

and after the PGT has the form

dﬁeggT/) L Eea(T') t Pea(T') [gn'(r/) + C’(T’)] 0>=0.  (43)

We rewrite the second equation renaming T’ to T and obtain

4

M -] M (M) =0 (44)
Now, from Eq. (34),
o () =n(r) - "0, (45)

so the PGT corresponds to a change of the kinetic coefficients.
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In the non-conformal case, it is possible to construct and solve numerically a
differential equation for /(7),

Lot o+ Al T) = Aca(T) = 5 [o(T') = ()] + 2 [(T') ~ <(T)] , (46)

where Acq(T) describes the trace anomaly, Aeq(T) = Peq(T) — (1/3)Eeq(T).
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Figure: The function /(7) for various initial conditions.
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Summary and outlook

@ The are various pseudo-gauges used in theoretical physics, and this is a
hot and contentious topic in relativistic (spin) hydrodynamics.

@ In the simple case we considered, possible PGTs are very restricted, and
they correspond to redefinition of kinetic coefficients, keeping their certain

combination constant. We can show that entropy production is unchanged
too.

@ In the future, we can consider a more general pseudogauge, built with
additional fields.

@ Check whether entropy production is the same with suitable redefinition of
temperature and entropy (maybe are least for a subset of pseudogauges).

@ Revisit Zubarev's approach.
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