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Gravitational lensing



Lensing of gravitational waves
Ø Same principle as for light: waves deflected by massive object on their path

LENS

Different lens properties 
→ Different effect on the gravitational waves
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Lensing of gravitational waves
Ø Same principle as for light: waves deflected by massive object on their path

Low mass lens

Seo et al., arXiv:2110.03308 

Microlensing

Medium mass lens

Weak lensing

High mass lens

Strong lensing

Pang et al., MNRAS (2020) Wierda et al., ApJ (2021)



Strong lensing
Ø For strong lensing:                         , hence geometric optics approximation valid                                     

The frequency evolution is unchanged
Ø Several images having taken different paths

h ⇠ 10
�25

✓
10 kpc

r

◆ ✓
mR2

1038 kgm2

◆ ✓
f

1 kHz

◆2 ⇣ ✏

10�6

⌘

@rhTT
ij = @rh

TT
ij =

@

@r
hTT
ij =

1

r

@

@r
fij

⇣
t�

r

c

⌘
+O

✓
1

r2

◆
' �

1

c

1

r

@

@t
fij

⇣
t�

r

c

⌘
= �

1

c

@

@t
hTT
ij

@rhTT
ij = �@0h

TT
ij @rhTT

ij = @0hTT
ij

�GW ⌧ Rlens

hk(✓; t) = F (k)
+ (↵, �, )h+(t+�tk) + F (k)

⇥ (↵, �, )h⇥(t+�tk) �tk(↵, �)

✓ = (m1,m2,S1,S2,↵, �, , ◆, r, tc,�c, ~E)

g =

0

BBB@

1 0 0

0 1 0

0 0 1

1

CCCA

1

h ⇠ 10
�25

✓
10 kpc

r

◆ ✓
mR2

1038 kgm2

◆ ✓
f

1 kHz

◆2 ⇣ ✏

10�6

⌘

@rhTT
ij = @rh

TT
ij =

@

@r
hTT
ij =

1

r

@

@r
fij

⇣
t�

r

c

⌘
+O

✓
1

r2

◆
' �

1

c

1

r

@

@t
fij

⇣
t�

r

c

⌘
= �

1

c

@

@t
hTT
ij

@rhTT
ij = �@0h

TT
ij @rhTT

ij = @0hTT
ij

�' = ⇡n �t

hk(✓; t) = F (k)
+ (↵, �, )h+(t+�tk) + F (k)

⇥ (↵, �, )h⇥(t+�tk) �tk(↵, �)

✓ = (m1,m2,S1,S2,↵, �, , ◆, r, tc,�c, ~E)

g =

0

BBB@

1 0 0

0 1 0

0 0 1

1

CCCA

1

h ⇠ 10
�25

✓
10 kpc

r

◆ ✓
mR2

1038 kgm2

◆ ✓
f

1 kHz

◆2 ⇣ ✏

10�6

⌘

@rhTT
ij = @rh

TT
ij =

@

@r
hTT
ij =

1

r

@

@r
fij

⇣
t�

r

c

⌘
+O

✓
1

r2

◆
' �

1

c

1

r

@

@t
fij

⇣
t�

r

c

⌘
= �

1

c

@

@t
hTT
ij

@rhTT
ij = �@0h

TT
ij @rhTT

ij = @0hTT
ij

�' = ⇡n �t

hk(✓; t) = F (k)
+ (↵, �, )h+(t+�tk) + F (k)

⇥ (↵, �, )h⇥(t+�tk) �tk(↵, �)

✓ = (m1,m2,S1,S2,↵, �, , ◆, r, tc,�c, ~E)

g =

0

BBB@

1 0 0

0 1 0

0 0 1

1

CCCA

1

§ Relative magnification        :
Different images undergo 
different (de)magnification

§ Time delay      :
Different images take
different paths
o Delays of minutes to months
o Example: Milky Way as lens   

Schwarzschild time ~65 days

§ Morse phase                  :
Each image undergoes a 
global phase shift, with
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Strong lensing: rates and searches
Ø Possibly ~1/year for Advanced LIGO, Virgo, KAGRA at design sensitivity

Ø How to search for strongly lensed events?
§ Frequency evolution determined by binary black hole masses and spins

o Images have same frequency evolution: 
Posterior probability densities for e.g. masses should be consistent

§ Sky positions should be consistent

4

Observed rates L L/H L/H/V/K L/H/V/K (A+) L/H/V/K (Voyager)

Lensed events: total 0.21+0.10
�0.07 yr�1 0.65+0.32

�0.22 yr�1 1.3+0.6
�0.4 yr�1 3.3+1.7

�1.1 yr�1 16.8+8.4
�5.6 yr�1

double 0.17+0.08
�0.06 yr�1 0.50+0.25

�0.17 yr�1 0.92+0.46
�0.31 yr�1 2.5+1.2

�0.8 yr�1 13.1+6.5
�4.4 yr�1

triple 0.032+0.016
�0.011 yr�1 0.11+0.06

�0.04 yr�1 0.23+0.12
�0.08 yr�1 0.55+0.28

�0.19 yr�1 2.0+1.0
�0.7 yr�1

quadruple 0.011+0.005
�0.004 yr�1 0.038+0.019

�0.013 yr�1 0.12+0.06
�0.04 yr�1 0.30+0.15

�0.10 yr�1 1.6+0.8
�0.6 yr�1

Unlensed events 370 yr�1 1.1⇥ 103 yr�1 1.9⇥ 103 yr�1 5.8⇥ 103 yr�1 31⇥ 103 yr�1

Relative occurrence 1 : 1760 1 : 1650 1 : 1500 1 : 1740 1 : 1830

Table 1. The observed lensed event rates for different detector networks and detector sensitivities (LIGO Livingston [L] and Hanford [H] at
their design, A+, and Voyager sensitivities; Virgo [V] and KAGRA [K] are always at their design sensitivities), categorised according to the
observed number of super-threshold images. All uncertainties are at the 90 % confidence level and are a direct consequence of the uncertainty
in the local merger-rate density. Unless otherwise specified, design sensitivity is assumed. The rates can be subject to some uncertainties
introduced by different merger-rate density models, the choice of the detection threshold, and detector down-time. However, we also report the
relative rate of occurrences, which we expect to be subject to less uncertainty.

Observed rates L L/H L/H/V/K L/H/V/K (A+) L/H/V/K (Voyager)

Lensed events: total 0.30+0.15
�0.10 yr�1 0.90+0.45

�0.30 yr�1 1.7+0.9
�0.6 yr�1 4.3+2.1

�1.5 yr�1 19.9+9.9
�6.7 yr�1

double 0.23+0.12
�0.08 yr�1 0.67+0.33

�0.22 yr�1 1.2+0.6
�0.4 yr�1 3.2+1.6

�1.1 yr�1 15.6+7.8
�5.2 yr�1

triple 0.054+0.027
�0.018 yr�1 0.17+0.08

�0.06 yr�1 0.32+0.16
�0.11 yr�1 0.71+0.35

�0.24 yr�1 2.3+1.1
�0.8 yr�1

quadruple 0.015+0.008
�0.005 yr�1 0.061+0.031

�0.021 yr�1 0.18+0.09
�0.06 yr�1 0.43+0.21

�0.14 yr�1 2.0+1.0
�0.7 yr�1

Relative occurrence 1 : 1210 1 : 1180 1 : 1100 1 : 1350 1 : 1540

Overall increase 45 % 39 % 36 % 29 % 19%

Table 2. The observed lensed event rates for different detector networks and detector sensitivities (LIGO Livingston [L] and Hanford [H] at
their design, A+, and Voyager sensitivities; Virgo [V] and KAGRA [K] are always at their design sensitivities), including events with an SNR
> 7. Note that here we presume that SNR > 7 is an indicative proxy for a detection using sub-threshold searches (Li et al. 2019a; McIsaac
et al. 2020; Abbott et al. 2021b), but a more comprehensive study inspecting selection and estimates based on the false alarm probability will
be required to quantify the precise improvement. Unless otherwise specified, design sensitivity is assumed.

uncover so-called sub-threshold triggers below the usual
noise threshold by reducing the background noise and glitch
contribution (Li et al. 2019a; McIsaac et al. 2020). We
classify a sub-threshold event as an event trigger observed
below a network SNR of 8, but above a network SNR of ⇢th,
when at least one counter image with SNR > 8 is present.
Since ⇢ / d

�1
L , Li et al. (2019a) provides an indicative in-

crease in the effective distance of ⇠ 15% corresponding to
⇢th = 7. The expected event rates for variable numbers of
detected images and detector sensitivities are given in Ta-
ble 2. We find that the total number of observed quadruply
lensed events, increases from 0.12+0.06

�0.04 yr�1 to 0.18+0.09
�0.06

yr�1, an increase of 51%, when considering sub-threshold
triggers. Furthermore, the total number of observed triply
lensed events increases with 40% from 0.23+0.12

�0.08 yr�1 to
0.32+0.16

�0.11 yr�1 and for doubly lensed events there is an in-
crease of 33% from 0.92+0.46

�0.31 yr�1 to 1.2+0.6
�0.4 yr�1. The

“double”, “triple” and “quadruple” nomenclatures refer to
the number of detected images, and not the number of im-

ages produced by the lens. The increase in detectable images
further motivates follow-up sub-threshold searches (Li et al.
2019a; McIsaac et al. 2020).

However, because the sub-threshold searches vary in their
sensitivity and further improvements may still be possible,
the SNR threshold choice may vary. Thus, a threshold of
SNR > 7 is not a flawless proxy for detection. For this
reason, we also show the detectable rates for variable SNR
thresholds (Fig. 1).

We note that the rate estimates are subject to further uncer-
tainties due to a largely (observationally) unconstrained high-
redshift merger-rate density. The merger-rate density can be
modeled, for example, by presuming that the observed binary
black hole population originates from Population-I/II stars,
as we have done here. Still, there are variations to the specific
predictions in the different models and population-synthesis
simulations (e.g., Eldridge et al. 2019; Neijssel et al. 2019;
Boco et al. 2019; Santoliquido et al. 2021; Abbott et al.
2021b; Mukherjee et al. 2021a). Here we postpone the in-

Wierda et al., ApJ (2021)

Sky locationMasses

Haris et al., arXiv:1807.07062 



A needle in a haystack
Ø To find a strongly lensed event, need to compare all pairs of detections

§ If N detections, false alarm probability grows as N2

§ Models predict distributions for time delays        and relative magnifications
o Folding these in makes the false alarm probability grow as N
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So far nothing found…
Ø A first search for strongly lensed events in LIGO-Virgo data:

Abbott et al., ApJ (2021)

Consistency with time delay distribution
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What about microlensing?
Ø Frequency-dependent magnification:

Ø Bayesian evidences:

unlensed wave magnification 
factor

§ Mz
L = lens mass                                         

(point mass for simplicity)
§ y =  dimensionless impact parameter  

Seo et al., arXiv:2110.03308 

Abbott et al., arXiv:2304.08393



Why are (strongly) lensed gravitational waves interesting?
Ø Seeing 2 images with 3 detectors = seeing 1 signal with 6 virtual detectors

t1

t2

t2t1

3 detectors 3 detectors 6 detectors 



Ø Lensing allows for improved sky localization
Ø With four images:

Janquart et al., MNRAS (2021)
Hannuksela et al., MNRAS (2020)

Why are (strongly) lensed gravitational waves interesting?



Ø Lensing allows for improved sky localization
Ø Sky error box must contain host galaxy, which will also be lensed

§ Electromagnetic telescopes 
+ requiring consistency of lensed galaxy with lensed gravitational wave 

Identification of the host galaxy
A way to find the host galaxy of a binary black hole merger
§ Lens modeling: pin down location inside the galaxy with sub-arcsec precision 
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Why are (strongly) lensed gravitational waves interesting?



Pinning down the sky location of the source
Ø Sky location of the images and the source:

§ displacement of the source from line of sight
§ positions of the images in the lens plane
§ and                  

where       ,        ,           are angular diameter distances

Ø Fermat potential:
where deflection potential

with          normalized surface mass density of the lens

Ø Image locations are extrema of the Fermat potential:

Ø Image time delays and magnifications: 
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Pinning down the sky location of the source

Ø Image locations are extrema of the Fermat potential:

Ø Image time delays and magnifications: 

Ø From  gravitational wave observations:
§ differences in image arrival times (highly accurate) 
§ relative magnifications (less accurate)

Ø In the case of four images: ,     ,                       together 10 unknowns
§ ,                  : 2 observables that only depend on     ,
§ Lens equation: 4x2 = 8 constraints 
§ Assume lens sufficiently well modeled, i.e. function           is known

Solve for     ,
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“lens equation”
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Two ways of measuring the Hubble constant

Ø Once      ,      are known, calculate magnifications:

§ In the image amplitudes:                                    luminosity distance to the source
§ Redshift of the host galaxy known from EM measurements    
§ Fix cosmological parameters except for         

Measurement of

Ø Differences in arrival time: 

§ ,       known from electromagnetic measurements
Measurement of 
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Two ways of measuring the Hubble constant

Hannuksela et al., MNRAS (2020)



Science with lensed gravitational waves

Ø Localization of binary black hole events
o Link between black hole binaries                                                                                  

and their host galaxies

Ø High-redshift Hubble constant measurements

Ø Fundamental physics: How many polarizations?

Goyal et al., PRD (2021)



Science with lensed gravitational waves

Ø Localization of binary black hole events
o Link between black hole binaries                                                                                 

and their host galaxies

Ø High-redshift Hubble constant measurements

Ø Fundamental physics: How many polarizations?

Ø Probing higher-order modes in gravitational wave signals
o Better constraints on higher-order mode 

content means better localization
o Better understanding of the binary:

Enhanced tests of the dynamics of GR 

Janquart et al., ApJ Lett (2021)



Science with lensed gravitational waves

Ø Localization of binary black hole events
o Link between black hole binaries                                                                                  

and their host galaxies

Ø High-redshift Hubble constant measurements

Ø Fundamental physics: How many polarizations?

Ø Probing higher-order modes in gravitational wave signals
o Better constraints on higher-order mode 

content means better localization
o Better understanding of the binary:

Enhanced tests of the dynamics of GR

Ø Alternative theories of gravity:
o Large extra dimensions
o Theories with friction
o Variable Planck mass
Compare luminosity distance measured 
from GW versus EM

Narola et al., PRD (2024)Finke et al., PRD (2021)
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