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Einstein Classical Gravity  
(i.e. PDEs for metric) 

Lattice: REGGE:  Triangulated (Simplicial) 
Geometry

Classical Fields Theory 
(i.e PDE’s for equation of motion) 

Lattice: FEM: (Finite Element on triangulated 
shapes)

Quantum Field Theory (QFT)   

continuum limit of Simplicial lattice YES

Quantum Gravity (???) 

REGGE:  Dynamical triangulation: 
Maybe?

Classical Gravity  and Fields Exactly the Same Lattice Geometry!

QFE: 
Quantum Geometry

CLASSICAL

QUANTUM



MOTIVATION*  RADIAL QUANTIZATION OF CONFORMAL FIELD THEORY

1 < t < aL =) 1 < ⌧ = log(r) < L

Boundary of 
Global AdS5

On lattice mass scales exponentially 

Isometries  are the 
conformal group  O(5,1)

¯¯

g
g* g

g** Near IR conformal  
BSM gauge theories for Higgs,  
Dark Matter, Cosmology?



Problem 

• Define   LATTICE FIELD THEORIES  on  CURVED MANIFOLDS 
• Is it possible (e.g like Euclidean laGce QCD in flat space). 
• Exact and  Polynomial complexity :   

Sd R⇥ Sd�1 AdSd+1

• Conformal Field Theories are more easily studied on Sphere, Cylinders (Radial 
Quantization) and Hyperbolic Spaces (Gauge/Gravity Duality)
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  FIRST 50 YEARS: WILSON’S LATTICE QCD*

* K.G. Wilson, Phys. Rev. D 10 (1974), 2445.

U⇤µ⌫
(x) = [U(x, x+ µ)U(x+ µ, x+ µ+ ⌫)][U(x, x+ ⌫)U(x+ ⌫, x+ ⌫ + µ)]†

' 1 + a2iFµ⌫ � (a4/2)F 2
µ⌫ + · · ·

Zwilson =

Z

Haar

dU e
6
g2

P
⇤ Tr[U⇤ + U†

⇤]

U ij(x, x+ µ) = eiagA
ij
µ (x)

i, j = 1, 2, 3 SU(3) Gauge Transport on each link. 
Exact per site gauge invariance



 WILSON LATTICE QCD IS EXACT 
& POLYNOMIAL COMPLEX*

• The Euclidean  Wilson Lattice is (believed) on hypercubic lattice to be exact 
solution as UV cut-off  1/a  and Volume (a L^4) / M_proton to infinity.

• Monte Carlo methods are polynomial:  Errors = O(a^n) with n = O(10)

• e.g.  Precision Results  

• g-2 QCD contribution 

• alpha_strong(M_HIGGS), 

• all quark mass > 0; theta angle problem?

* THE QCD ABACUS: A New Formulation for Lattice Gauge Theories 
Maybe the Quantum Link Qubit Hamiltonian is Exact and Polynomial as well? 
R.C.B., S.  Chandrasakeran and U-J Wiese 1997.



Standard Model Contribution:  Calculating the Anomaly
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Well-known

Non-perturbative
(Data-driven & lattice QCD)

aμ = aμ(QED) + aμ(EW ) + aμ(hadronic)

• QED and EW contributions are very well-known with small uncertainties
• Hadronic contribution error dominates the uncertainty budget
• HVP needs to be on the 0.5% precision to keep up with the experiment uncertainties 
• HLBL precision demand is less thank HVP,  only 10% would be good enough
• Refining the SM calculations means refining the HVP calculation
• Muon g-2 Theory Initiative was formed to determine SM value of . Produce a single consensus theoretical value 

which is comparable to the experimental value.
aμ





A new challenge for theory

7

[Mott 08/2023]



Decoupling for    αs

• Decoupling allows to relate  QCD to  QCD 

• Step scaling methods in  QCD allow high-precision results  

• Result dominated by statistical errors

nf = 3 nf = 0

nf = 0

21

[Dalla Brida 22]



THE THEORIST EXPERIMENTAL LAB 



David Hilbert  Mathematician, Physicist, Philosopher       

Author of Geometry and the Imagination

Ok, BE REALISTIC TO GET GOING!

The art of doing mathematics consists 

 finding that special case which contains

 all the germs of generality.



Scalar Phi4/Ising Universality 
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μ0
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X
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X
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PART I : FIRST ATTEMPT



First step: Construct the Classical Simplicial Action

Classical Simplicial Action

Quantum field    gµ⌫(x) �(x)

S =
1

2

Z

M
ddx

p
g(x)

⇥
gµ⌫(x)@µ�(x)@⌫�(x) +m2�2(x) + ��4(x)

⇤

Regge Calc Geometry Finite Element Method 

<latexit sha1_base64="Leqja+tMTdBfp0ZRGKsCiFMwjbU="></latexit>

SFEM =
1

2

⇥ X

y2h x,yi

Kxy(�x � �y)
2 +

p
gx[⇠ Ric �2

x +m2
0�

2
x + �0�

4
t,x]

⇤



REGGE:  Piecewise linear metric FEM:  Piecewise linear fields 

(M, gµ⌫(x)) $ (M�, g� = {lij}) �(x) $ � =
X

i

�iWi(⇠)

Simplicial Complex/Delaunay Dual Complex + 
Regge flat metric on each Simplex 

Actually fancier methods: Discrete Exterior 
Calculus (scalar), Spin connection (Fermion), 

Wilson links (gauge) , etc.

σ0σ0

σ0*σ0*
σ2σ2

σ1∧σ1*σ1∧σ1* σ1*σ1*

σ1σ1

Start with Classical Simplicial Lattice
Gravitation Metric Manifold Classical Fields: PDEs 



The Affine Triangle

~t23 = ~r3 � ~r2

~t31 = ~r1 � ~r3

1
2 

3

AD
012

0
AD

031
AD

023

Singular Curvature at Vertex!

The l’s  fix metric and  the local co-ordinates 
(diffeomorphism) and the angles the intrinsic curvature.



Sgauge =
1

2g2Nc

X

4ijk

Vijk

A2
ijk

Tr[2� U4ijk � U†
4ijk

]

Sscalar =
1

2

X

h i,ji

Vij

l2ij
(�i � �j)

2 ,J = 0

J = 1

J = 1/2 SWilson =
1

2

X

h i,ji

Vij

lij
( ̄iê

j(i)
a �a⌦ij j �  ̄j⌦jiê

i(j)
a �a i)

SUMMARY OF CLASSICAL FEM SIMPLICIAL  LATTICE   FIELDS

l2ij = |�1(ij)|2

✏ijklTr[U40ijU40kl ] ' Vijkl✏
µ⌫⇢�Tr[Fµ⌫(0)F⇢�(0)]FFdual



But Dirac needs Spin Connection (Kahler Dirac doesn’t)

S =
1

2

Z
dDx

p
g ̄[eµ(@µ � i

4
!µ(x)) +m] (x)

!µ(x) ⌘ !ab
µ (x)�ab , �ab = i[�a, �a]/2

eµ(x) ⌘ eµa(x)�
a Verbein & Spin connection* 



 i ! ⇤i ,  ̄j !  ̄j⇤
†
j , e(i)j ! ⇤ie

(i)j⇤†
i , ⌦ij ! ⇤i⌦ij⇤

†
j

Snaive =
1

2

X

hi,ji

Vij

lij
[ ̄i~e

(i)j · ~�⌦ij j �  ̄j⌦ji~e
(i)j · ~� i] +

1

2
mVi ̄i i

Simplicial Tetrad Hypothesis

i  j 

~e (i)j
~e (j)i

e(i)ja �a⌦ij + ⌦ije
(j)i
a �a = 0

Gauge Invariance under Spin(D) transformations

Note generalization to Domain Wall straight forward. Add an extra flat direction. Limit of extra dimension is overlap Fermion.



First Attempt (with good results) on refined octahedron
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L = 8

l = 0 (A),1 (T1) , 2 (H) are  irreducible 120 Icosahedral subgroup of O(3)

<latexit sha1_base64="3EV7mp+/2CigoEQtd11RYV+vLzY="></latexit>

F = N4 = 20L2 and dof: 2N = 4 + 20L2<latexit sha1_base64="F84htEf22u8wVGsWn9sa2K+N4sE=">AAAB+nicbVDLSgNBEJyNrxhfGz16aUwEQQy7OUQvQlAUTxLBPCBZwuxkNhky+2BmVglrPsWLB0W8+iXe/BsnyR40saChqOqmu8uNOJPKsr6NzNLyyupadj23sbm1vWPmdxsyjAWhdRLyULRcLClnAa0rpjhtRYJi3+W06Q4vJ37zgQrJwuBejSLq+LgfMI8RrLTUNfPFWziBaziGKziHchGgaxaskjUFLBI7JQWUotY1vzq9kMQ+DRThWMq2bUXKSbBQjHA6znViSSNMhrhP25oG2KfSSaanj+FQKz3wQqErUDBVf08k2Jdy5Lu608dqIOe9ifif146Vd+YkLIhiRQMyW+TFHFQIkxygxwQlio80wUQwfSuQARaYKJ1WTodgz7+8SBrlkl0pVe7KhepFGkcW7aMDdIRsdIqq6AbVUB0R9Iie0St6M56MF+Pd+Ji1Zox0Zg/9gfH5A3rpkEY=</latexit>

N � F + E = 2



one configuration Average of config.

Now add              term: What happens to FEM?
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Perturbative CT on the Sphere



NUMERICAL TEST against Exact c=1/2 Ising CFT

µ2 s rmin  r  rmax norm �✏ �2
✏ c

1.82241 9 0.25  r  0.75 0.2900 1.075 0.2536 0.4668
1.82241 9 0.30  r  0.70 0.2901 1.075 0.2533 0.4704
1.82241 9 0.35  r  0.65 0.2902 1.077 0.2533 0.4738
1.82241 9 0.40  r  0.60 0.2902 1.016 0.2427 0.4747
1.82241 18 0.25  r  0.75 0.2051 1.068 0.2563 0.4866
1.82241 18 0.30  r  0.70 0.2051 1.056 0.2544 0.4878
1.82241 18 0.35  r  0.65 0.2051 1.050 0.2535 0.4904
1.82241 18 0.40  r  0.60 0.2051 1.046 0.2526 0.4884
1.82241 36 0.25  r  0.75 0.1457 1.031 0.2528 0.4926
1.82241 36 0.30  r  0.70 0.1458 1.026 0.2519 0.4932
1.82241 36 0.35  r  0.65 0.1458 1.018 0.2508 0.4931
1.82241 36 0.40  r  0.60 0.1458 1.007 0.2486 0.4933

Lattice Sizes:  N = 32+ 10 s^2 sites 



Antipodal 4-point function on 
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Numerical results

Simultaneous fits of c0(t) and c2(t) 

using primaries	 	 	        up to n=20 
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PART II 
GEOMETRY: AFFINE &SIMPLITIAL



The Problem of Classic vs Quantum Geometry 

CLASSICAL REGGE GEOMETRY

QUANTUM  FIELD GEOMETRYFEM CLASSICAL GEOMETRY



Classical Field Geometry
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Rµ⌫(x)�
1

2
gµ⌫(x)R(x) = Tµ⌫(x)

Quantum  Field Geometry
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[put in scalar field



TWO BIG QUESTION? 

• REGGE CLASSICAL GR SIMPLICIAL FIXES THE PIECE WISE GEOMETRY:

• BUT HOW DOES IT RECOVER THE DIFFERENTIAL 
MANIFOLD? 

• THE LATTICE QUANTUM FIELD THEORY FIXES  LATTICE ACTION COUPLINGS?

• BUT HOW DOES QUNTUM  MATTER   MATCH GEOMETRY OF THE 
MANIFOLD?

GEOMETRY RECOVERED IN THE CONTINUUM:CLASSICAL GR VS QUANTUM MATTER 
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{G, `ij}

REGGE => DISCRETE  GEOMETRY QUANTUM LATTICE FIELD TH  ==> COUPLINGS

Lattice Field Theory has NO dimensional 
parameter. Just topological topological graph



REGGE: 
“General Relativity without Coordinates”  1960

• The Simplicial Approximation Theory (L.E.J. Brouwer 1927?) 

In mathematics, the simplicial approximation theorem is a foundational result for algebraic topology, 
guaranteeing that continuous mappings can be (by a slight deformation) approximated by ones that are 
piecewise of the simplest kind. It applies to mappings between spaces that are built up from simplices—that 
is, finite simplicial complexes. The general continuous mapping between such spaces can be represented 
approximately by the type of mapping that is (affine-) linear on each simplex into another simplex, at the 
cost (i) of sufficient barycentric subdivision of the simplices of the domain, and (ii) replacement of the actual 
mapping by a homotopic one.

Einstein:                                                                               Regge:         

                                                                  

<latexit sha1_base64="TdqRdBqp8sTUzuNG2pcv7UDQFRI="></latexit>

SEH =

Z
ddx

p
g(x)R(x)
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{M, gµ⌫}
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https://en.wikipedia.org/wiki/Mathematics
https://en.wikipedia.org/wiki/Algebraic_topology
https://en.wikipedia.org/wiki/Continuous_mapping
https://en.wikipedia.org/wiki/Piecewise
https://en.wikipedia.org/wiki/Simplex
https://en.wikipedia.org/wiki/Simplicial_complex
https://en.wikipedia.org/wiki/Barycentric_subdivision
https://en.wikipedia.org/wiki/Homotopic


Schlafli Identity in 2D and 3D 
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Affine => The Metric & the d Simplex

• The affine map is d(d+1)/2 Poincare+ d(d+1)/2 shearing.  
• All simplexes are  affine equivalent.  
• d = 2  -> 3 edges, d = 3 -> 6 edges  d = 4 -> 10 edges 
• The Affine and Conformal Extension of Poincare group share 

scaling operator

38
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PART III
ISING ON SPHERE



Ising Model on the Affine Plane
<latexit sha1_base64="1GMg5Aps+EkWY+6dw3Ww9uiu+W8="></latexit>

R2
EXTENSION OF POINCARE INTRANSFORMATION; 

AFFINE VS CONMFORMAL EXTENSION:



Tangent Plane

Icosahedral Plane

Spherical Surface

<latexit sha1_base64="tn0RTrvlug6bj4Bm6UOMCuvRsuw="></latexit>

~r1
<latexit sha1_base64="fnj3Fupdv1CA+JLuFD2PHDyX81w="></latexit>

~r2

<latexit sha1_base64="8B4NNGnT1RyhxuDTA38HbIN/F1w="></latexit>

~r3

<latexit sha1_base64="W16fTT31o9XKFclWob27WK1JlxA="></latexit>

✓

Spherical Center

Equilateral Triangle  Plane 

Affine Projected Triangle 

To O(a^2) the tangent plane is an Affine lattice on each tangent plane.



EXACT Example of Emergent Geometry
• Free (FEM) scalar CFT.

• Critical Ising at 
<latexit sha1_base64="uiPa32SFECypGO3Y0f4QyYk/tdk="></latexit>

sinh(2K1) = `⇤1/`1 , sinh(2K2) = `⇤2/`2 , sinh(2K3) = `⇤3/`3

<latexit sha1_base64="e/JbtPwjFC3nFGtA8nsKCiSc26w="></latexit>

p1p2 + p2p3 + p3p1 = 1 with pi = exp(�2Ki)

<latexit sha1_base64="a1OIXV0xijl9eD80uEYU6vV5c5Y="></latexit>

2K1 = `⇤1/`1 , 2K2 = `⇤2/`2 , 2K3 = `⇤3/`3 .

<latexit sha1_base64="tShlBSruYKsA6ycwtkeSCHuTjXk="></latexit>

Sfree =
1

2

X

n

[K1(�n � �n+1̂)
2 +K2(�n � �n+2̂)

2 +K3(�n � �n+3̂)
2]



Affine: Square to triangle  Circle to Ellipse



Ising Model on the Affine Plane

<latexit sha1_base64="lhyEHeINfCRcR4SV/tfwk2TqkTg="></latexit>

Z4 =
X

sn=±1

e K1snsn+1̂ +K2snsn+2̂ +K3snsn+3̂ ,



Affine Parameters: 
2d Affine transforma_on  takes circle to ellipse:

• d = 2 Poincare 1 rota_on 2 transla_on  
• New Affine plus 1 major/minor +  1 orienta_on  + 1 scaling  
• General Poincare d(d+1)/2  plus  d(d+1)/2 the number of edge in d-

simplex - local metric 45

<latexit sha1_base64="Q8tMGy7uDLXZDNaZNg19tmlLDnw="></latexit>

h�(x, y)�(0)i = 1

(x2 + y2)��
$ 1

(ax2 + bxy + cy2)��

<latexit sha1_base64="OU/ZqnsMpW8ioPZaEpRmgGhwfBs="></latexit>$



<latexit sha1_base64="cKYzKVB4nEdmrKmN7Ck5DukMSmU=">AAACDXicbVC7SgNBFJ2Nr5j4WLW0GUwEq7CbItoIQRtBiwjmAcmyzE4myZjZ2WVmNhCW/ICNv2KjoIiNhb2dH6K1k2wQTTwwcO4593LnHi9kVCrL+jBSC4tLyyvp1Ux2bX1j09zarskgEphUccAC0fCQJIxyUlVUMdIIBUG+x0jd65+O/fqACEkDfqWGIXF81OW0QzFSWnLNPIQtSXkPFuG5G9Pr0U95kZTH0IaumbMK1gRwnthTkivnPx9eB9mvimu+t9oBjnzCFWZIyqZthcqJkVAUMzLKtCJJQoT7qEuamnLkE+nEk2tGcF8rbdgJhH5cwYn6eyJGvpRD39OdPlI9OeuNxf+8ZqQ6R05MeRgpwnGyqBMxqAI4jga2qSBYsaEmCAuq/wpxDwmElQ4wo0OwZ0+eJ7ViwS4VSpc6jROQIA12wR44ADY4BGVwBiqgCjC4AXfgETwZt8a98Wy8JK0pYzqzA/7AePsGGjOdfA==</latexit>

sinh 2Kij sinh 2Lij = 1

Kramers Wannier  High T/Low T Loop expansion  Wilson-Majorana Lattice Fermions 

<latexit sha1_base64="tCK9YRoo6+dZQd0wMYEtjawSCNA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwY0lEqiBC0Y3gpqJ9QBPCZDppp51MwsxEKKEf48ZfcePCBy7c+C1O0yy09cCFwzn33pl7/JhRqSzryygsLC4trxRXS2vrG5tb5vZOU0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+8Gritx6IkDTi92oUEzdEPU4DipHSkmeewzsvdZSgiPcYGcMLeAQdmYRaZJkE6QA6IndvvJQOxlB6VNfAM8tWxcoA54mdkzLIUffMd6cb4SQkXGGGpOzYVqzcFAlFsV5fchJJYoSHqEc6mnIUEumm2ZFjeKCVLgwioYsrmKm/J1IUSjkKfd0ZItWXs95E/M/rJCo4c1PK40QRjqcPBQmDKoKTxGCXCoIVG2mCsKD6rxD3kUBY6VxLOgR79uR50jyu2NVK9fakXLvM4yiCPbAPDoENTkENXIM6aAAMHsEzeAVvxpPxYnwYn9PWgpHP7II/ML5/AM+YpFU=</latexit>

S4 = �
X

hiji

Kijsisj

<latexit sha1_base64="paHrV6wyVgGh+ZT7wuGDK7DfAQQ="></latexit>

Sdual = �
X

hiji

Lijsisj

<latexit sha1_base64="WtxQ8/S7GHCC+HlQisHIUGMslUs="></latexit>

S =
1

2

X

i

 ̄i i �
X

hiji

ij ̄iPij j ,

<latexit sha1_base64="1wNEXOShwMz9LslpEo7aEb5csLQ="></latexit>

Pij =
1

2
(1 + êij · ~�)

3 Equivalent Loop Expansion for Partition Functions!



Step II: Map Hexagonal Loop Expansion is easy to 
map to free Ising to Free  Wilson-Majorana Fermion*

*Generalizing  very nice paper by Ulli Wolff. 
 Ising model as Wilson-Majorana Fermions. Nucl. Phys. B, 955:115061, 2020.  

<latexit sha1_base64="3zDvdLkwr9IOLNyOvMyZ/rKprgE="></latexit>

Z N =
Y

n

ZZ
d 1

nd 
2
n e�S[ ̄, ] =

Y

n

Z
d2 ne

� 1
2

P
n  ̄n n

Y

n,i

⇥
1 + i ̄nP (êi) n+î

⇤

<latexit sha1_base64="I/ousA8gDZ7JckCI0Xc92FZKBmk="></latexit>

S[ ] =
1

2

X

n

 ̄n n � 1

2

X

n,i

i ̄n(1 + êi · ~�) n+î .

<latexit sha1_base64="LWyoUMUyx5wJunYyPB0SvjzAoP0="></latexit>

tanh(L1) =
1 cos(✓12/2) cos(✓13/2)

cos(✓23/2)



Elliptical Hexagon to a Circular Hexagon

<latexit sha1_base64="MuFRViYFLMffKO6ILEmIhkhKh1A="></latexit>

`1

<latexit sha1_base64="77ntLcQyZ5gwKGd1jShiNXvosCw="></latexit>

`2

<latexit sha1_base64="qfyBvz0VFM9JekGGykBk6A2nODM="></latexit>

`3

<latexit sha1_base64="uz+fAbLju42w+Ce7rpN75Yx7CmM="></latexit>

`⇤1
<latexit sha1_base64="uz+fAbLju42w+Ce7rpN75Yx7CmM="></latexit>

`⇤1

<latexit sha1_base64="llFmUF5GzI0HcCDuUm81UtsfiDg="></latexit>

`⇤2

<latexit sha1_base64="llFmUF5GzI0HcCDuUm81UtsfiDg="></latexit>

`⇤2

<latexit sha1_base64="ZOjakJBO3NhkwGt7fDCDqsm4j7w="></latexit>

`⇤3

<latexit sha1_base64="ZOjakJBO3NhkwGt7fDCDqsm4j7w="></latexit>

`⇤3

<latexit sha1_base64="a/J1Wq2auNx9C/8JGEy3WzWjlRo="></latexit>

~a1

<latexit sha1_base64="uYdQmG6PGnFSCw8nqQK9vJNDsn0="></latexit>

~a2

<latexit sha1_base64="WqfNmMPcs8VCkz7oUjF/XlLVCEQ="></latexit>

~a3

<latexit sha1_base64="a/J1Wq2auNx9C/8JGEy3WzWjlRo="></latexit>

~a1

<latexit sha1_base64="a/J1Wq2auNx9C/8JGEy3WzWjlRo="></latexit>

~a1

<latexit sha1_base64="uYdQmG6PGnFSCw8nqQK9vJNDsn0="></latexit>

~a2

<latexit sha1_base64="uYdQmG6PGnFSCw8nqQK9vJNDsn0="></latexit>

~a2

<latexit sha1_base64="WqfNmMPcs8VCkz7oUjF/XlLVCEQ="></latexit>

~a3

<latexit sha1_base64="WqfNmMPcs8VCkz7oUjF/XlLVCEQ="></latexit>

~a3

<latexit sha1_base64="uYdQmG6PGnFSCw8nqQK9vJNDsn0="></latexit>

~a2

<latexit sha1_base64="WqfNmMPcs8VCkz7oUjF/XlLVCEQ="></latexit>

~a3

<latexit sha1_base64="a/J1Wq2auNx9C/8JGEy3WzWjlRo="></latexit>

~a1

Basic algebra of Projective Geometry going back to Pascal in 1640!

• Blaise Pascal. Essay pour les conique. (facsimile) Nieders ̈achsiche Landesbibliothek, Gottfried Wilhelm Leibniz Bibliothek, 1640. 

map to circle ==> 



 Calculation Modular dependent on the torus

<latexit sha1_base64="qHBlY7NCgiyWForf0kIOs1bwthQ="></latexit>

h�(0)�(z)i =
����
#0
1(0|⌧)

#1(z|⌧)

����
1/4 P4

⌫=1 |#⌫(z/2|⌧)|P4
⌫=2 |#⌫(0|⌧)|



<latexit sha1_base64="cKYzKVB4nEdmrKmN7Ck5DukMSmU=">AAACDXicbVC7SgNBFJ2Nr5j4WLW0GUwEq7CbItoIQRtBiwjmAcmyzE4myZjZ2WVmNhCW/ICNv2KjoIiNhb2dH6K1k2wQTTwwcO4593LnHi9kVCrL+jBSC4tLyyvp1Ux2bX1j09zarskgEphUccAC0fCQJIxyUlVUMdIIBUG+x0jd65+O/fqACEkDfqWGIXF81OW0QzFSWnLNPIQtSXkPFuG5G9Pr0U95kZTH0IaumbMK1gRwnthTkivnPx9eB9mvimu+t9oBjnzCFWZIyqZthcqJkVAUMzLKtCJJQoT7qEuamnLkE+nEk2tGcF8rbdgJhH5cwYn6eyJGvpRD39OdPlI9OeuNxf+8ZqQ6R05MeRgpwnGyqBMxqAI4jga2qSBYsaEmCAuq/wpxDwmElQ4wo0OwZ0+eJ7ViwS4VSpc6jROQIA12wR44ADY4BGVwBiqgCjC4AXfgETwZt8a98Wy8JK0pYzqzA/7AePsGGjOdfA==</latexit>

sinh 2Kij sinh 2Lij = 1

Kramers Wannier  High T/Low T Loop expansion  Wilson-Majorana Lattice Fermions 

<latexit sha1_base64="tCK9YRoo6+dZQd0wMYEtjawSCNA=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwY0lEqiBC0Y3gpqJ9QBPCZDppp51MwsxEKKEf48ZfcePCBy7c+C1O0yy09cCFwzn33pl7/JhRqSzryygsLC4trxRXS2vrG5tb5vZOU0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+8Gritx6IkDTi92oUEzdEPU4DipHSkmeewzsvdZSgiPcYGcMLeAQdmYRaZJkE6QA6IndvvJQOxlB6VNfAM8tWxcoA54mdkzLIUffMd6cb4SQkXGGGpOzYVqzcFAlFsV5fchJJYoSHqEc6mnIUEumm2ZFjeKCVLgwioYsrmKm/J1IUSjkKfd0ZItWXs95E/M/rJCo4c1PK40QRjqcPBQmDKoKTxGCXCoIVG2mCsKD6rxD3kUBY6VxLOgR79uR50jyu2NVK9fakXLvM4yiCPbAPDoENTkENXIM6aAAMHsEzeAVvxpPxYnwYn9PWgpHP7II/ML5/AM+YpFU=</latexit>

S4 = �
X

hiji

Kijsisj

<latexit sha1_base64="paHrV6wyVgGh+ZT7wuGDK7DfAQQ="></latexit>

Sdual = �
X

hiji

Lijsisj

<latexit sha1_base64="WtxQ8/S7GHCC+HlQisHIUGMslUs="></latexit>

S =
1

2

X

i

 ̄i i �
X

hiji

ij ̄iPij j ,

<latexit sha1_base64="1wNEXOShwMz9LslpEo7aEb5csLQ="></latexit>

Pij =
1

2
(1 + êij · ~�)

3 Equivalent Loop Expansion for Partition Functions!





COMMENT ON GEOMETRIC SMOOTHING
• The Sphere obeys                N - E + F = 2

• N = 2 + 10 * L*L to deficit delta to smooth the scalar curvature 

• But there are 2 N = 4 + 20*L*L  D.O.F on the sphere

• So smoothing  F = 20*L*L.  areas is one to one 
<latexit sha1_base64="caOhFMewu/+F9cOD3CH02Na6NaA="></latexit>

@A4(1, 2, 3)

@`2ij
=

`⇤ij
`ij

<latexit sha1_base64="nVn2NA2rbDgjwK4GTu7/EFKAyws="></latexit>

Same as FEM Beltrame Laplace operator

d ⇤ d� =
`⇤ij
`ij

(�i � �j)
2



Area Optimization  to smooth scalar curvature
<latexit sha1_base64="1fZ5YJ2N/QYT5lLPq00akRYqsLs=">AAACInicbVDLSgMxFM3Ud31VXboJFqEuLDMiVRdC1Y0rUbRV6LRDJr1to5nMkGSEMsy3uPFX3LhQ1JXgx5i2Az4PBE7OOZfkHj/iTGnbfrdyY+MTk1PTM/nZufmFxcLScl2FsaRQoyEP5ZVPFHAmoKaZ5nAVSSCBz+HSvzka+Je3IBULxYXuR9AMSFewDqNEG8kr7J2XXODcS9h1uoH38Ukr2XRSV8WB52rJiOhywAetra9bKQt7haJdtofAf4mTkSLKcOoVXt12SOMAhKacKNVw7Eg3EyI1oxzSvBsriAi9IV1oGCpIAKqZDFdM8bpR2rgTSnOExkP1+0RCAqX6gW+SAdE99dsbiP95jVh3dpsJE1GsQdDRQ52YYx3iQV+4zSRQzfuGECqZ+SumPSIJ1abVvCnB+b3yX1LfKjuVcuVsu1g9zOqYRqtoDZWQg3ZQFR2jU1RDFN2hB/SEnq1769F6sd5G0ZyVzaygH7A+PgEvgqOB</latexit>

S(`ij) = N�1
X

4
A2

4(lij)

10 20 50 100 Refinement Level

5.×10-6

1.×10-5

5.×10-5

1.×10-4

5.×10-4

Var (Area)

y =
0.0325603

L1.9819

10 20 50 100 Refinement Level
1.×10-5

5.×10-5

1.×10-4

5.×10-4

0.001

Var (Dual Area)

y =
0.049635

L1.75515

<latexit sha1_base64="GaDsUzi4rWh96Vgb125AjHIEVZQ="></latexit>

4A(a, b, c)2 = (a+ b+ c)(�a+ b+ c)(a� b+ c)(a+ b� c)

= a2b2c2/R2
4

<latexit sha1_base64="bPEB+WhYI06wpHNi8MnvqhJdAoY="></latexit>

a2 = `212 = |~r1 � ~r2|2 = 2� 2~r1 · ~r2

<latexit sha1_base64="eGWGxLWXmxxyhwZyC6GuQqDslMM=">AAACDHicbVDLSgMxFM3UV62vqks3F4sgCGWmliqCUHTjQqSC1UKnlkwm04ZmJmOSEcvQD3Djr7hxoYhbP8Cdf2P6WPg6EDiccy4393gxZ0rb9qeVmZqemZ3LzucWFpeWV/Kra5dKJJLQOhFcyIaHFeUsonXNNKeNWFIcepxeeb3joX91S6ViIrrQ/Zi2QtyJWMAI1kZq5wtu6Im71BfBwQDcmwT7UIIzOIQy7EDJhtPrXTApu2iPAH+JMyEFNEGtnf9wfUGSkEaacKxU07Fj3Uqx1IxwOsi5iaIxJj3coU1DIxxS1UpHxwxgyyg+BEKaF2kYqd8nUhwq1Q89kwyx7qrf3lD8z2smOthvpSyKE00jMl4UJBy0gGEz4DNJieZ9QzCRzPwVSBdLTLTpL2dKcH6f/JdclopOpVg5LxeqR5M6smgDbaJt5KA9VEUnqIbqiKB79Iie0Yv1YD1Zr9bbOJqxJjPr6Aes9y+JQJgT</latexit>

dof: 2N = 4 + 20L3

Area Variance
Dual Area Variance



Smooth  Scalar Curvature Theorem

10 20 50 100Refinement Level

1.000

1.001

1.002

1.003

1.004

1.005

Ratio of Deficit Angle Over Dual Area

y = 1+
0.31698

L2

1984 T D LEE et al " Lattice Gravity Near the Continuum" 



Smooth Link Weight K1 (K2 and K3 are rotated) 
 before and after scalar smoothing
Projected From Icosahedron

Smoothed Scalar Curvaturer



Back to Putting critical 2d Ising on the sphere

• Now set all the circumradii 
equal to converge to a 
differential affine tangent 
planes.  

• Give we believe the Exact 
Ising CFT  in the continuum 
limit.









PART IV
GENERALIZATION 3D & 4D & CODES



dual

4 triangle 8 triangle 20 triangle

600 tetra
16 tetra5 tetra

self dual

self dual

8 cubes 120 dedaca

6th self dual with 24 octahedrons Euler N - E + F - V = 0 https://en.wikipedia.org/wiki/Regular_4-polytope#

2D & 3D SIMPLCIAL PLATONIC SOLIDS 

https://en.wikipedia.org/wiki/Regular_4-polytope#


(2⇡ � 5ArcCos[1/3])/(2⇡) = 0.0204336

Aristotle’ s 2% Error!

3 Spheres and 4D Radial Simplicial Lattices

Fast Code Domains of   
Regular  3D Grids on  Refinement

The full symmetry group of the 600-cell is the Weyl group of H4. This is a group of order 14400. It consists of 7200 rotations and 7200 rotation-
reflections. The rotations form an invariant subgroup of the full symmetry group.

S3 =) R⇥ S3

600 cell: “Square of the icosahedron” —Symmetries  1440=  120 * 120 the 120 copies of icosahedron 
<latexit sha1_base64="uOupDos0VKrCQQHHImGxUNUk/P4="></latexit>

O(4) ⇠ SU(2)⇥ SU(2)

https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher
https://en.wikipedia.org/wiki/Symmetry_group
https://en.wikipedia.org/wiki/Weyl_group
https://en.wikipedia.org/wiki/H4_(mathematics)
https://en.wikipedia.org/wiki/Group_(mathematics)
https://en.wikipedia.org/wiki/Rotation_(mathematics)
https://en.wikipedia.org/wiki/Invariant_subgroup


N

S

𝑟 = 0 𝑟 = 1 𝑟 = 2 𝑟 = 3 𝑟 = 4

Aiming to implement MPI, we divide the lattice into 5 patches + two pole points:

Uncolored points have an identical point somewhere else. 2/12



THE THEORIST EXPERIMENTAL LAB 



WHAT'S NEXT? 

• MORE PRECISION TESTS OF AFFINE CONJECTURE

• Non-integrable systemsPhi 4 2d, 3d Ising, Large J/Q etc.

• Exascale & Quantum Qubit Algorithm.

• HELP WANTED -- Thanks!



1. MOTIVATION:  
1. EXACT LATTICE THEORHY ON CURVED MANIFOLDS
2. CFT on Sphere/Cylinder  dual  to  AdS Space
3. BSM Exascale project!

2. HILBERT'S ADVICE 
1. ph 4 Results on S2 and Rx S2 but ...

3. SIMPLICAL GEOMETRY
1. Regge's. and FEM Manifold
2. Affine Simplicial Structure Barycentric Invariants
3. Classical EH acton and FEM Action vs Quantum

4. QUANTUM GEOMETRY 
1. Affine Action for Ising on R2
2. Affine Action for  Ising on S2
3. Is Ising on S2 exact

5. NEXT STEPS
1. What about phi ^4 theory on S2
2. What about SUSY et al 
3. What about R x S2, S3 , R x S3
4. The Affine Map problem --- Machine Learning?
5. What about Lattice Codes for Exascale

Review of Narrative



BACK UP SLIDES



FREE MAJORANA FERMIONS ON S2
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h 1
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EQUILATERAL TRIANGULATION

1

p
+

1

q
= 1/2 flat T2 vertex q = 6

1

p
+

1

q
> 1/2 de Sitter S2 vertex q = 3, 4, 5

1

p
+

1

q
< 1/2 Hyperbolic AdS2

vertex q = 7, 8, 9, · · ·

q

Triangle  case p = 3 

p = 3
Preserves Discrete 
Subgroup of Isometries 



Triangle Group Tiling

r = 2

A 

b

c

a

(r, p,q) - (2,3,q) 
Equilateral Case

• Reflection:  a, b, c  
•  Rotations: A = bc, B = 

ca, C= AB =ba 
• Two generators 

q way vertex

�(p, q, r) = {a, b, c|a2 = b2 = c2 = Ap = Bq = Cr}



DISCRETE ISOMETRIES &  THE TRIANGLE GROUP

⇡

p
+

⇡

q
+

⇡

r

8
<

:

> ⇡ Postive curvature
= ⇡ Zero curvature
< ⇡ Negative Curvature

https://en.wikipedia.org/wiki/(2,3,7)_triangle_group

(2, 3, 6)

Triangle Lattice

on Euclidean R2

(2, 3, 5)

120 element

Icosahedral in O(3)

(2, 3, 7)

Subgroup of Modular

Group on H
2



Triangle Group Tessellation:  Preserve Finite subgroup of the Modular Group 

Hyperbolic (e.g. Poincare Disk)  and Global AdS 

H
d ! AdSd

1/p + 1/q < 1/2  

https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher


Triangle Group Tessellation:  Preserve 
Finite subgroup of the Modular Group 

Hyperbolic (e.g. Poincare Disk)  and Global AdS 

Are these Tessellation  “Tensor Networks” ?
YES: See  Daniel Harlow’s Slide from Wednesday

1/2 + 1/3 + 1/q < 1  

q = 7

z ! az + b

cz + d
ad� bc = 1

a, b, c, d 2 Z mod q

Can we do QC lattice Field Theories in AdS?
Classical YES /QC Maybe

https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher


https://en.wikipedia.org/wiki/5-polytope#Regular_5-polytopes https://en.wikipedia.org/wiki/4-polytope

https://en.wikipedia.org/wiki/4-polytope


AdS3 Hamiltonian from  

Conformal

boundaryTime Anti-de Sitter space



UV cut off problem

<latexit sha1_base64="BME4NGfM6eO9PiOg37++adceI64=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQJBuSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqTasEQ+2ImiocBDyWJGsHVSW/czgZ+m/XLFr/pzoFUS5KQCORr98ldvkJBUUGkJx8Z0A1/ZMMPaMsLptNRLDVWYjPGQdh2VWFATZvNzp+jMKQMUJ9qVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZkyq1VJLFojjlyCZo9jsaME2J5RNHMNHM3YrICGtMrEuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwiM4Rle4c1T3ov37n0sWgtePnMMf+B9/gC8uI/Y</latexit>rmax

<latexit sha1_base64="/cMzqiABeiRV0KAkatybEFKDgfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9KCvvV654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8A0cGNgQ==</latexit>

r = 1

<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏



Bulk to Boundary Critical Phenomena



Making Steady Progress Going  Backward!

• 2013: Lattice Radial Quantized: 3D Ising   (R x S2) 

• 2017: Lattice Dirac on S2 Simplicial Riemann Manifold (S2:Free CFT) 

• 2018: phi^4 test of 2-d Ising CFT on S2  (S2) 

• 2019: Lattice Setup for Quantum Field Theory  in AdS2  

• 2021: Radial Lattice Quantization of 3D phi^4 Field Theory (R x S2) 

• 2022: Lattice AdS3 for Scalar  Field Theory (w. C. Cogburn, E. Owen) 

• 2022: Ising Model on the Affine Plane (w. E. Owen)  (2D Torus!) 

• 2023-4  "Exact" Ising Model on the the 2 sphere
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