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GENERAL SETTING OF THE PROBLEM

BACKGROUND

Three static fields: metric, electromagnetic field and scalar field.
In Schwarzschild-like coordinates (n+2 dimensions):

g =—f(r)dt® + ¢(r) dr® + S(r)?dXZ,

f(r)?
A = a(r)dt,
@ =o(r).
dx12 + ..+ dx(2n)7 K= 0, planar
dX(2,,) = { dQn, K = +1, spherical
dHny, K = —1, hyperbolic

Action:

S= / d"2x\/—g <R — 20 — 7(99)% — %Z (9)F? - V(¢))
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GENERAL SETTING OF THE PROBLEM

BACKGROUND

Einstein equations:

v (¢ S\ &PZ +anf'y — 202V
’ _¢<C<_n5)_ anf ) (6)
= <i‘ g - led) ’ (7)
" _C/S/ ﬂ 2
> ¢ o (8)
O :52 (27]f¢/2 _ Za/2) _ 2n5f’5/ _ 2”(” _ 1)f5l2+
+2¢% (n(n = DK = S*(V +A)) . (9)
1 / ¢! 'S’ 2(n—1) , 2 )
f :Zaz+T—(n—2) o (§2K—f52)—777f¢2' (10)
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GENERAL SETTING OF THE PROBLEM

GRAVITATIONAL, ELECTROMAGNETIC AND SCALAR
PERTURBATIONS

We seek for a new solution (for simplicity, we restrict to planar symmetry):

8w = B + €08 + ... (11)
A,=A,+eda,+ .. (12)
p=@p+edp+.. (13)

Plug into Einstein equations, expand in e.

System of nonlinear Einstein equations — infinite system of linearized
equations.
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GENERAL SETTING OF THE PROBLEM

GRAVITATIONAL, ELECTROMAGNETIC AND SCALAR
PERTURBATIONS

Form of perturbations (tensor, vector and scalar sectors):

hee  Ahy ik hy 0 .. 0 he,
%htr hrr ’k hrt 0 0 hrz
ik hex ik hpe —k2he 0 w0 ikhe
S8 — 0 0 0 —k?h,, 0 O hye | gk
: : : 0 0 0
0 0 0 0 o . 0
he  h.  ikh. hy. 0 0 —k?hy,
6A, = (ar, ar, ikax, 0, .., 0, a.)e™,
Sp = dpe™™
(14)
also introduce Ay = hy + -5h_, hy, = ..hy; = hy — 1h_.
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GENERAL SETTING OF THE PROBLEM

LINEAR GAUGE INVARIANTS

Gauge transformations induced by linear gauge vector e (*:

h,ul/ - h,ul/ + LCEMV ) (15)
ap — au+ LA, (16)
56— 6+ LB (17)

Two ways: choose a certain gauge (e.g. Regge—Wheeler
(hrx = hex = h— = 0), Detweiller (hy = hy, = h— = 0)) or construct
gauge invariants.
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GENERAL SETTING OF THE PROBLEM

LINEAR GAUGE INVARIANTS
Tensor sector:

Hyz = hyz,
Vector sector:

Hiz = ht; — Othyz

S/
Hrz = hrz - arhxz + 2§hxz )
A, =da,,
Scalar sector:
!
Hee = hee — 20:h 2h_ + k2
tt tt 8t,“ tx + 81.‘ + 2[755/

Htr 7Hrr 7Hr>< ;At 7Ar , O = ..

MIESZKO RUTKOWSKI

(h-

nh+)¢

17.06.2019

8 /18



MASTER EQUATIONS FOR THE SYSTEM

Einstein Equations can be all fulfilled introducing master scalar functions:

Tensor sector Vector sector Scalar sector

T V) _ S) _
o7 V) — <¢(GV)> o) = | o
E (D(S)

S

Master scalars fulfil coupled wave equations:

(i - W(T>) o) =0 (25)
(i - W(V)> ») =0 (26)
(i - W(S)) ) =0 (27)

W) and W) are 2x2 and 3x3 symmetric matrices.
Express all variables in terms of ®'s and their derivatives.

MIESZKO RUTKOWSKI 17.06.2019 9 /18



3 EQUATIONS FOR THE SYSTE!

POTENTIALS

Tensor sector:

w( =0
Vector sector:
v 1%
(05 43
WG,E Wi

where

WMy (£S5 L) fo'?
W' (r)= n(g“?s 4252"‘52 +n 2

VvV /
W L(r)=—Vk—nKYZZ

v sl K 572 722 a2
wi )(r):—@-ﬁ'(”—@(sﬁ—@)‘*‘ T Z?z -

1 Z—/(—2§2V’+a’22’) 72 62 7' 1s'e! | 922"

72 4§2 V4 §25 2422 ’
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MASTER EQUATIONS FOR THE SYSTEM

Tensor sector:

Hy, = 5?67 (30)

Vector sector:

/ 2

th = nfSS (D(GV) + E8rq>((;\/) )

¢ ¢

2
Hrz = CS 8td)(v) (31)

S
&EMW—K—w”
vz E

Scalar sector:
Hie :\/"—’lmﬁ(2fk(¢’¢(5)7fn5’a’2¢(5)> 52,0

-5 (nS(K2 SF4215 (n—2)K-n(n—1)K ) }42nk2S>F(¢/ )2 +2Kk4 20 ) (32)

S’ fD
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EXTENSIONS, P

BLE APPLIC

APPLICATION: QUASINORMAL SPECTRUM

Calculating quasinormal modes more efficient:

QNM from master scalar equation

(O(t,r) = e “tU(r)):

n Re(wn) Im(wp)

1 +0.7414299655 —0.2862800072
2 +1.733511095 —1.343007549
3 +2.705539866 —2.357061908
4 +3.689391462 —3.363863379
5 +4.678735426 —4.367980846
6 £5.671090621 —5.370783926
7 +6.665291123 —6.372835299
8 +7.660712908 —7.374412239
9 +8.656989607 —8.375668528
10 +9.653890825 —9.376696881
11 +10.65126380 —10.37755679
12 +11.649003 —11.378288
13 +12.6470 —12.3789
14 +13.65 —13.38

15 +15. —14.

Spectrum was found using A. Jansen, Eur. Phys. J. Plus 132:546 (2017).

QNM (Kovtun, Starinets):

n Re(wp) Im(wp)

1 +0.7414299655 —0.2862800072
2 +1.733511095 —1.343007549
3 £2.705539866 —2.357061908
4 +3.689391462 —3.363863379
5 +4.678735426 —4.367980846
6 +5.671090621 —5.370783926
7 +6.66529112 —6.37283530
8 +7.66071 —7.37441

9 +8.65 —8.37
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Perturbation analysis for gravitational and electromagnetic radiation
in a Reissner-Nordstrom geometry

Frank J. Zerilli
Astronomy Department, University of Washi Seattle, Washington 98195
(Received 12 October 1973)

We ider the gravitational and elect c fields duced by a charged (or uncharged)
test particle moving in a Rei rdstrdm 'y as perturbations on the background
Reissner-Nordstrdm geometry and its associated electric field, respectively. The gravita-
tional perturbations are expanded-in tensor harmonics in the manner of Regge and Wheeler,
while the electr field is ded in vector ha i Following a previously
proposed convention, we find that in the Einstein-Maxwell system of equ.aﬁons electric
gravitational multipoles couple only to electric (TM) el and
similarly for magnetic multipoles. It is possible to reduce the entire Einstein-Maxwell
system for each type of le to two d-order Schridinger-type equations.
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EXTENSIONS, POSSIBLE APPLICATIONS

NONLINEAR REISSNER—NORDSTROM PERTURBATIONS

e for every sector there exist two master scalar variables CD(GS)(t, r) and

CI>E_ES)(t, r) fulfilling a coupled system of wave equations:

(N (S)

_ [0} . N~
(=04 Ve v Do) = 05,
(5), Vo) (5) (1plS) — D5LS)
r(—0+ V) —FE— + v Do) = (055

o ()H,, and (DA, a are sums of solutions to the homogeneous
equations and functions responsible for inhomogeneities:

IHy jy=... +0),
OHy f=... +08,
OHy | =... +0y,
A, =... +x,
DA, ,=... +0).
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EXTENSIONS, POSSIBLE APPLICATIONS

212 (PA20OSE, + POSE , 4+ 2A0SE )

(g — —
“ 00+ 1)r2 (PA —2A+ (1 1))
16Q2AUSE 20
U+ 1) (rA —2A+ (0 + 1))’ (40)
) 2,()gG 9, (e
(i) _ { tr t 41
b r<£(£+1)+ A | (41)
. () () Doy (PA! + 0(0 + 1))
(i), _ rooa+Wa Yo (rA" + 4
Y a Yy , (42)
, 2()gM  2Q9,(sE
(g = T 2r 4 0L (43)
0+1) " Al(L+1)
] 2(i)5M 2 Aar(i)SG
o e 29 f= (44)
Wr+1) o+1)
S N (S (45)
(46)
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SUMMARY

Summary:

@ We can make the system of linearised Einstein equations with
fundamental fields surprisingly simple: coupled wave equations (no
derivative couplings, symmetric potential matrices)

o Form is useful for further generalisations to higher perturbation orders.

o Usefulness for numerics (1st order equations instead of 4th w.r.t.
time), linear stability

e Conceptual simplicity means possible use to other models (e.g,
cosmological perturbations, A. Rostworowski arXiv:1902.05090)
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Thank you
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