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Bottom lines

• Enormous progress has been made!

• Exciting time for neutron star studies:
new data, progress in theory

• Concentrate on physical principles

• Get inspiration from other systems

• Plenty of work to do
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Macroscopic Microscopic



Scale of Neutron Star Masses

• N neutrons in sphere of radius R.

• Neutron separation: N/R3 ⇠ 1/r3
n, or rn ⇠ R/N1/3.

• Fermi energy per particle eF ⇠ h̄vn/rn. Total kinetic energy ⇠ NeF .

• Gravitational binding energy, EG ⇠ G(Nmn)2/R.

• Comparable when

N2/3 ⇠ h̄vn

Gm2
n
.

• Neutrons relativistic. N ⇠ a3/2
G , where aG = Gm2

n/h̄c ⇠ 10�38 is the
“gravitational fine structure constant”.

• Thus N ⇠ 1057, corresponding to a mass of order 1033 gm (1M�).

• More difficult to explain why sun has a mass ⇠ 1033 gm.
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General messages

• No fundamental problems in finding properties of matter below 1-2 times that of

nuclear matter.

Microscopic interactions are well understood from laboratory data.

• Large uncertainties at higher densities due to lack of understanding of basic con-

stituents and interactions.

• Observations, especially mass measurements of neutron stars, provide constraints.



Bose–Einstein condensates in neutron stars 3

Figure 1.1 Schematic picture of the phases encountered in a neutron star.

density, the highest occupied neutron levels are no longer bound, a situation
referred to as “neutron drip”. As a consequence, at higher densities the
lattice of nuclei is permeated by a neutron fluid. With further increase in
density, the density of this neutron fluid increases, and nuclei become even
more neutron rich and occupy an increasing fraction of space. Nuclei merge
to form a uniform fluid of neutrons and protons at a density of around one
half of nuclear density, and the fraction of protons is ⇠ 5%. At densities
just below that for the transition to a uniform medium, nuclei can form
highly non-spherical shapes such as rods or sheets in what are referred to
as “pasta phases” because of their resemblance to spaghetti and lasagna.
At higher densities other constituents can appear: among these are muons,
(which are present when the electron chemical potential exceeds the muon
restmass energy), hyperons and possible phases with deconfined quarks. A
schematic view of a slice of a neutron star is shown in Fig. 1.1. The figure is
not to scale. For neutron stars in the mass range that can be observed, the
radius is ⇠ 12 km [3], the outer crust is some hundreds of metres thick and
the inner crust about one half of a kilometre.

1.3 Condensates in neutron stars

We now give an overview of the various condensates that have been proposed.
These may be classified according to the baryon number, B, of the condensed



Electrons simple at high densities

• Weakly interacting except near surface.

Kinetic (Fermi) energy ⇠ (~2/r2e)/2me. Potential energy ⇠ e2/re.
P.E./K.E ⇠ e2/~ve. Electron velocity ve ⇠ ~/mere.
Terrestrial matter: re ⇠ a0 = ~2/me2.
Higher densities: Interactions less important.

• Pressure ionization. Atom cores overlap. Size of atom in Thomas–Fermi

theory rTF ⇠ a0/Z1/3
. Mass density ⇢ ⇡ AZ gm/cm

3

(Coulomb energy⇠ Ze2/rTF and Fermi energy (~2/r2e)/2me ⇠ (~2Z2/3/r2TF )/2me

comparable.)

• Electrons relativistic. re . �e, ~/mec = ↵a0, Compton wavelength.

Fine structure constant ↵ = e2/~c ⇡ 1/137.

• Screening length ⇠ ↵�1/2re ⇡ 10re. Screening unimportant for Z . 10
3
.
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Nuclei

• Matter is cold in neutron stars.
Nuclear energies ⇠MeV or more (1010K) than temperature (109K) or less after
one hour.

• Lowest energy nucleus (no electrons for the moment).
Liquid drop model: bulk, surface and Coulomb energies.

E = Ebulk +Esurf +ECoul





Nuclei at higher densities

• ⇢ & 106 g/cm3, Electrons relativistic and Fermi energy & 1 MeV.

• Electron capture, e� + p ! n+ ⌫e.

• Chemical equilibrium: µe + µp = µn, where µ is the chemical potential.

• Matter becomes more neutron rich.

• But perhaps “neutron star” is a misnomer . . .
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Neutron drip

• Bulk approximation.

E = A(�bbulk + bsymm�
2).

Neutron excess � = (N �Z)/(N +Z) = 1� 2x, where x = Z/A is proton
fraction.

• bbulk ⇡ 16 MeV, bsymm ⇡ 32 MeV

• Neutron chemical potential. µn = @E/@N = �bbulk + 2bsymm� +O(�2)

• Neutron drip: µn = 0 gives �drip ⇡ bbulk/2bsymm = 1/4,
or xdrip = (1� �drip)/2 ⇡ 3/8.

• Why is �drip so low? Kinetic and potential energy contributions have same
sign in bsymm but opposite sign in bbulk.

• At drip, µn � µp = 4bsymm�drip ⇡ 2bbulk ⇡ 32 MeV.

• Better calculations: ⇢drip ⇡ 4⇥ 1011 g/cm3.

• Why so much less that nuclear densities? Electrons relativistic, nucleons
non-relativistic + small �drip.
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Lattice energy

• Electron–nucleus and electron–electron interactions become important as
density increases.

• Wigner–Seitz approximation. Replace unit cell by sphere of same volume.
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Comments on nuclei

• Up to neutron drip density the equilibrium nuclei are known in the lab.

• At higher densities properties must be estimated from theory.

• Shell effects need to be investigated more.
Spin-orbit interaction becomes weaker.
Calculations of neutron drops provide information.



Reduction of surface (interface) tension

VOLUME 28, NUMBER 15 P 8YS I CAL RE V I E%' LETTERS 10APRrL 1972

Z increases continuously with increasing neutron-
gas density. On the other hand, Buchler and Bar-
kat' (BB)performed differential Thomas-Fermi
calculations of a whole unit cell of neutron-star
matter, in which the surface energy is contained
only implicitly. They found that Z decreases con-
tinuously, once the neutron-gas density is above
a rather small value.
In this paper we make a direct calculation of

the nuclear surface energy. We examine the prop-
erties of a plane interface between two nuclear-
matter phases, in the Hartree-Fock (HF) and the
Thomas-Fermi (TF) approximations. We are
thereby able to check the values of the surface
energy used by BBP. By constructing neutron-
star matter using these surface energies, we
can also make a comparison with the work of BB.
Furthermore, we can compare the semiclassical
TF approximation with the quantum-mechanical
HF method. Our results are as follows: The HF
surface energies are about 25% bigger than the
TF values in the region of interest for neutron-
star matter, although they are about a factor of
4 below the BBP values. ' The cvalues we obtain
are comparable to those obtained by BB.'
The plane-surface approach enables us to study

properties of the nuclear surface itself, without
any contamination from shell effects. It is there-
fore particularly useful for comparing different
methods of calculating properties of the surface.
Also we can investigate readily the gross fea-
tures of nuclear energies for a range of nuclei,
using the compressible liquid-drop model, with-
out having to perform a detailed microscopic cal-
culation for each nucleus. '
The nuclear model we consider is that of nu-

cleons interacting through a contact pseudopoten-
tial, as suggested by Skyrme. ' The particular
Hamiltonian H(R) we use follows closely the form
given by Vautherin and Brink, ' with a slight modi-
fication in the isospin dependence of the three-
body interaction' to improve the agreement with
the neutron-gas results of Siemens and Pandhar-
ipande, ' obtained using nuclear-matter theory.
The physical system consists of a planar-sur-

face region separating a mixture of neutrons and
protons to the left of the surface, and a pure neu-
tron gas (or a vacuum) to the right of the surface.
Far to the left of the surface the neutron, proton,
and total nucleon densities approach the valuesn„„,n, ~, and n, (=—n„„+n~),and far to the right
of the surface the neutron density approaches the
value n~. At the start of the calculation these
asymptotic densities are chosen to make pres-
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FIG. 1. Dependence of particle densities on distance
in the region of the surface. To the left is a neutron-
proton mixture with x =0.2, to the right a neutron gas.
The origin R is taken arbitrarily as the proton radius
R&. The boundaries R& and R2 are typically —15 F and
+15 F, respectively.

sures and neutron chemical potentials equal on
the two sides of the surface; this ensures that the
two phases can coexist in thermodynamic equili-
brium. The enumeration of states necessary to
satisfy the bulk-equilibrium boundary condition
is taken from Bennett and Duke's calculation of
properties of a metallic interface. ' The rest of
the procedures are intricate but fairly standard.
' We start with appropriately chosen interpolating
functions for the particle densities and the effec-
tive masses between two positions R, and B, to
the left and to the right of the surface, and suf-
ficiently distant from it. In about five HF itera-
tions the surface stabilizes in shape, and we can
examine its properties.
Surface profiles obtained from the HF calcula-

tion are shown in Fig. 1, for a typical proton con-
centration. For comparison purposes we show
also the results of TF calculations with exactly
the same Hamiltonian and boundary conditions.
We use two versions of the TF approximation:
The semiclassical neutron and proton fluids are
either independent (two-fluid version, TF-II), or
are proportional according to the relationship
n~(R) ~n„(R)—n„(single-fluid version, TF-I).
The latter version formed the basis for BBP's
consideration of surface energy, whereas the for-
mer is close in spirit to BB's calculations. Dif-
ferences between the two TF profiles give infor-
mation about the role of neutron-proton separa-
tion and symmetry energy, thereby calibrating
the contribution of this effect in the HF calcula-
tion, in which the neutrons and protons are neces-

Matter inside and outside nuclei become more similar





Melting

• Classical plasma of point nuclei in a uniform background charge.
Dimensionless parameter

� =
Z2e2

rckBT

• At melting �M ⇤ 175.

• Coulomb energy di⇥ers little for di⇥erent crystal structures
fcc U = �0.895929 . . . Z2e2/rc

bcc U = �0.895873 . . . Z2e2/rc

kBTM =
Z2e2

�Mrc
⇤ 0.013Z5/3(nx)1/3 MeV



Equilibrium nucleus

• Virial relation still holds, but with the total Coulomb energy, including
the lattice contribution.

• Coulomb energy reduced, equilibrium A increases.

Fission instability

• Bohr and Wheeler (1938). Nucleus unstable to quadrupolar distortion if

Esurface <
1
2
E0

Coulomb

E0
Coulomb is the Coulomb energy of an isolated nucleus

(Rather insensitive to medium e�ects.)
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Pasta phases
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TABLE I. Parameter set used in the RMF model.

gσN gωN gρN
b c mσ (MeV) mω (MeV) mρ (MeV)

6.3935 8.7207 4.2696 0.008659 −0.002421 400 783 769

within the Thomas-Fermi approximation,

µn =
√

kF,n(r)2 + m∗
N (r)2 + gωNω0(r) − gρNR0(r), (6)

µp =
√

kF,p(r)2 + m∗
N (r)2 + gωNω0(r)

+ gρNR0(r) − VCoul(r), (7)

ρe(r) = (µe − VCoul(r))3/3π2, (8)

where the local Fermi momentum kF,i(r) is simply related
to the density, k3

F,i(r)/(3π2) = ρi(r). Finally, baryon-number
conservation and charge neutrality are imposed besides these
equations. We use the same set of parameters as in Ref. [39]
listed in Table I, in order to compare the equation of state
(EOS) and structural changes of the pasta structure with
and without the WS approximation. With these parameters,
we can reproduce the properties of uniform nuclear matter
shown in Table II. The first and second quantities, ρ0 and
ϵ0, are the saturation density of symmetric nuclear matter
(≈ 0.16 fm−3) and its energy per nucleon, respectively. The
third and forth quantities, K and S0, are the incompressibility
and symmetry energy at ρ0, respectively. The last one, L,
is the slope parameter of symmetry energy at ρ0. By using
these parameters the binding energy per nucleon around the
saturation density is expressed as

E

A
= ϵ0 + K(ρ − ρ0)2

18ρ2
0

+
[
S0 + L(ρ − ρ0)

3ρ0

]
(1 − 2Yp)2.

(9)

To numerically simulate the nonuniform structure of infinite
matter, we use a cubic cell with a periodic boundary condition.
If the cell size is small and includes only one or two units of
the structure, the geometrical shape should be affected by the
boundary condition and the appearance of some structures is
implicitly suppressed. Therefore, the cell size should be so
large as to include several units of the pasta structure. We
divide the cell into three-dimensional grids. The desirable grid
width should be so small as to describe the detailed density
distribution, particularly at the nuclear surface. Due to this
requirement, we set the grid width to 0.3 fm at the largest. This
grid width is small enough to give an energy difference within
2 keV from that with 0.1 fm. Given the average baryon-number
density ρB , the initial density distributions of fermions are
randomly prepared on each grid point. Then proper density
distributions and the meson mean fields are searched for
until the chemical potentials are independent of the position.

TABLE II. EOS of uniform nuclear matter.

ρ0 (fm−3) ϵ0 (MeV) K (MeV) S0 (MeV) L (MeV)

0.153 −16.4 240 33.4 84

More detailed numerical procedures and treatment with a local
chemical potential will be discussed in the Appendix.

III. RESULTS

A. Fixed proton number fraction

First, we present here some results for fixed proton number
fraction Yp with Yp = 0.5 (symmetric nuclear matter), 0.3, and
0.1, which are roughly relevant to supernovae and neutron-star
crust. Shown in Fig. 1 are the proton density distributions in
cold symmetric matter. We can see that the typical pasta phases
with rods, slabs, tubes, and bubbles, in addition to spherical
nuclei (droplets), are reproduced by our calculation in which
no assumption on the structures was used. Furthermore,
these cells include several units and we can specify these
lattice structures. The crystalline configuration of droplets
and bubbles is fcc; rods and tubes exhibit a honeycomb
configuration.

No exotic mixtures appear as ground states at any density.
In a droplet, we have seen that the proton density is highest
near the surface due to Coulomb repulsion, while the neutron
density distribution is flat inside the droplet. Note that baryon
density outside the droplets is zero for Yp = 0.3 and 0.5.
Electron density is spread over all space but slightly localized

FIG. 1. (Color online) Proton density distributions in the ground
states of symmetric matter (Yp = 0.5). Typical pasta phases are
observed: (a) Spherical droplets with an fcc crystalline configuration
at baryon density ρB = 0.01 fm−3, of 98 fm each side. (b) Cylindrical
rods with a honeycomb crystalline configuration at 0.024 fm−3,
of 76 fm each side. (c) Slabs at 0.05 fm−3, of 95 fm each side.
(d) Cylindrical tubes with a honeycomb crystalline configuration at
0.08 fm−3, of 79 fm each side. (e) Spherical bubbles with an fcc
crystalline configuration at 0.09 fm−3, of 97 fm each side.

025801-3

Proton 
density

(Image from Okamoto, Minoru et al., Phys.Rev. C 88, 025801 (2013))

Spaghetti Lasagna

“Inside-out” phases



Where does the crust end?

• Start with uniform phase of neutrons, protons and electrons at nuclear density.

• Proton fraction is ⇠ 5%.

• Reduce density until matter is unstable to creation of density wave. E =E01/2Vqdn2
q.

(Actually there are two densities, neutron and proton.)

• Coulomb interaction (and low compressibility of electrons) favors small wave-
lengths.

• Terms in energy µ (rn)2 favor large wavelengths.

• Instability density gives upper bound on density at which structure appears.
Transition has to be 2nd order on general grounds. ((dn)3 term in energy!)

• Include 3rd and 4th order terms. As density is reduced, the most stable state goes
through the sequence of pasta phases found from liquid drop ideas.

• Rather general for a number of systems (block copolymers)



Properties of uniform nuclear and neutron matter

• Solve many-body problem for a specific nucleon-nucleon interaction. Great
progress over past few decades due to development of a family of Monte-Carlo
methods.

• Interaction obtained by direct fit to N-N scattering data, supplemented by phe-
nomenological 3-body interaction or an effective field theory approach in which
one expands the effective interaction between nucleons in powers of the momen-
tum (Weinberg).

• Compare with other models.



Representative equations of state

Lattimer and Prakash,  Ap. J. 550, 426 (2001) 

430 LATTIMER & PRAKASH Vol. 550

FIG. 1.ÈPressure-density relation for a selected set of EOSs contained in Table 1. The pressure is in units of MeV fm~3, and the density is in units of
baryons fm~3. The nuclear saturation density is approximately 0.16 fm~3.

potential models. As we show in ° 3, the pressure in the
vicinity of is mostly determined by the symmetry energyn

sproperties of the EOS, and it is signiÐcant that relativistic
Ðeld-theoretical models generally have symmetry energies
that increase proportionately to the density while potential
models have much less steeply rising symmetry energies.

A few of the plotted normal EOSs have considerable
softening at high densities, especially PAL6, GS1, GS2,
GM3, PS, and PCL2. PAL6 has an abnormally small value
of incompressibility MeV). GS1 and GS2 have(K

s
\ 120

phase transitions to matter containing a kaon condensate,
GM3 has a large population of hyperons appearing at high
density, PS has a phase transition to a neutral pion conden-

sate and a neutron solid, and PCL2 has a phase transition
to a mixed phase containing strange quark matter. These
EOSs can be regarded as representative of the many sugges-
tions of the kinds of softening that could occur at high
densities.

3. NEUTRON STAR RADII

Figure 2 displays the mass-radius relation for cold, cata-
lyzed matter using these EOSs. The causality constraint
described earlier and contours of are also indicated inR=Figure 2. With the exception of model GS1, the EOSs used
to generate Figure 2 result in maximum masses greater than
1.442 the limit obtained from PSR 1913]16. From aM
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Akmal, Pandharipande and Ravenhall,
Phys. Rev. C 58, 1804 (1998).

<latexit sha1_base64="AUxBv1waNzS48IwObvy452ecqpU="></latexit><latexit sha1_base64="AUxBv1waNzS48IwObvy452ecqpU="></latexit><latexit sha1_base64="AUxBv1waNzS48IwObvy452ecqpU="></latexit><latexit sha1_base64="AUxBv1waNzS48IwObvy452ecqpU="></latexit>

Stellar mass versus central density
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Mass versus stellar radius
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A S T R O P H Y S I C S

Weighing in  
on neutron stars
The more massive a neutron star is, the greater the constraints it places on the 
nature of the matter at its core. The discovery of a new mass record holder has 
strengthened those constraints considerably. SEE LETTER P.1081

M .  C O L E M A N  M I L L E R

Large mass is a touchy subject among 
humans, but for neutron stars it is greatly 
desirable. This is because high mass 

places strong constraints on the matter in these 
stars’ cores, which exists in a state that cannot 
be probed in laboratories and could be domi-
nated by anything from neutrons and protons 
to exotica (such as quark matter that is not 
confined inside nuclei, hyperons or conden-
sates). On page 1081 of this issue, Demorest  
et al.1 report measurements of a neutron  
star with a mass nearly 20% greater than any 
previous, precisely measured value.

The object studied by Demorest and col-
leagues is a millisecond pulsar with a com-
panion star. A millisecond pulsar is a rotating 
neutron star that emits a beam of radio waves 
at regular millisecond intervals. For this par-
ticular source, known from its sky coordinates 
as J1614–2230, the authors use a felicitous 
orientation of the binary system, along with 
the extreme timing stability characteristic of 
millisecond pulsars, to measure the ‘Shapiro 
delay’. This delay, predicted in 1964 by Irwin 
Shapiro2 using general relativity, occurs when 

light passes through the gravitational field of 
an object during its journey to Earth (Fig. 1). 

As seen from a large distance, clocks run 
more slowly in deeper gravitational poten-
tials. As a result, in a binary system this delay 
increases and decreases periodically with a 
characteristic shape and depth that depend, 
respectively, on the system’s orbital inclination 
relative to our line of sight and the mass of the 
companion. When combined with classical 
measurements of the binary orbital period 
and of the line-of-sight speed of motion of the 
pulsar (as determined from Doppler timing 
shifts), the delay yields the masses of both the 
pulsar and its companion. The Shapiro delay 
has been measured before (for example, for the 
double pulsar J0737–3039; ref. 3), but never 
with enough accuracy to provide precise mass 
estimates without measurements of additional 
relativistic parameters.

Importantly, and unlike alternative post-
Keplerian effects such as the pre cession of the 
orbital pericentre (the point at which the two 
masses are closest), the Shapiro delay does 
not depend on complicating effects such as 
tidal forces on the companion. It therefore 
provides a robust estimate of the masses. It 

Figure 1 | The Shapiro delay. Radio waves from a pulsar that pass close to a companion are affected by 
time dilation through the companion’s gravitational well. At a given moment, the resulting time delay due 
to a companion of gravitational mass M is ∆t = –(2GM/c3)ln(1–sin i cos θ), where G is Newton’s constant, 
c is the speed of light, i is the inclination of the orbit to our line of sight, and θ is the instantaneous phase 
of the orbit. Nearly edge-on systems such as the binary pulsar J1614–2230 studied by Demorest et al.1 
produce comparatively large Shapiro delays during conjunction (where θ = 0).

RESEARCHNEWS & VIEWS

2 8  O C T O B E R  2 0 1 0  |  V O L  4 6 7  |  N A T U R E  |  1 0 5 7
© 20  Macmillan Pu blishers Limited. All rights reserved10

Courtesy M. C. Miller





parameters, with MCMC error estimates, are given in Table 1. Owing to
the high significance of this detection, our MCMC procedure and a
standard x2 fit produce similar uncertainties.

From the detected Shapiro delay, we measure a companion mass of
(0.500 60.006)M[, which implies that the companion is a helium–
carbon–oxygen white dwarf16. The Shapiro delay also shows the binary

system to be remarkably edge-on, with an inclination of 89.17u6 0.02u.
This is the most inclined pulsar binary system known at present. The
amplitude and sharpness of the Shapiro delay increase rapidly with
increasing binary inclination and the overall scaling of the signal is
linearly proportional to the mass of the companion star. Thus, the
unique combination of the high orbital inclination and massive white
dwarf companion in J1614-2230 cause a Shapiro delay amplitude
orders of magnitude larger than for most other millisecond pulsars.
In addition, the excellent timing precision achievable from the pulsar
with the GBT and GUPPI provide a very high signal-to-noise ratio
measurement of both Shapiro delay parameters within a single orbit.

The standard Keplerian orbital parameters, combined with the known
companion mass and orbital inclination, fully describe the dynamics of a
‘clean’ binary system—one comprising two stable compact objects—
under general relativity and therefore also determine the pulsar’s mass.
We measure a pulsar mass of (1.97 6 0.04)M[, which is by far the high-
est precisely measured neutron star mass determined to date. In contrast
with X-ray-based mass/radius measurements17, the Shapiro delay pro-
vides no information about the neutron star’s radius. However, unlike the
X-ray methods, our result is nearly model independent, as it depends
only on general relativity being an adequate description of gravity.
In addition, unlike statistical pulsar mass determinations based on
measurement of the advance of periastron18–20, pure Shapiro delay mass
measurements involve no assumptions about classical contributions to
periastron advance or the distribution of orbital inclinations.

The mass measurement alone of a 1.97M[ neutron star signifi-
cantly constrains the nuclear matter equation of state (EOS), as shown
in Fig. 3. Any proposed EOS whose mass–radius track does not inter-
sect the J1614-2230 mass line is ruled out by this measurement. The
EOSs that produce the lowest maximum masses tend to be those which
predict significant softening past a certain central density. This is a
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Figure 1 | Shapiro delay measurement for PSR
J1614-2230. Timing residual—the excess delay
not accounted for by the timing model—as a
function of the pulsar’s orbital phase. a, Full
magnitude of the Shapiro delay when all other
model parameters are fixed at their best-fit values.
The solid line shows the functional form of the
Shapiro delay, and the red points are the 1,752
timing measurements in our GBT–GUPPI data set.
The diagrams inset in this panel show top-down
schematics of the binary system at orbital phases of
0.25, 0.5 and 0.75 turns (from left to right). The
neutron star is shown in red, the white dwarf
companion in blue and the emitted radio beam,
pointing towards Earth, in yellow. At orbital phase
of 0.25 turns, the Earth–pulsar line of sight passes
nearest to the companion (,240,000 km),
producing the sharp peak in pulse delay. We found
no evidence for any kind of pulse intensity
variations, as from an eclipse, near conjunction.
b, Best-fit residuals obtained using an orbital model
that does not account for general-relativistic effects.
In this case, some of the Shapiro delay signal is
absorbed by covariant non-relativistic model
parameters. That these residuals deviate
significantly from a random, Gaussian distribution
of zero mean shows that the Shapiro delay must be
included to model the pulse arrival times properly,
especially at conjunction. In addition to the red
GBT–GUPPI points, the 454 grey points show the
previous ‘long-term’ data set. The drastic
improvement in data quality is apparent. c, Post-fit
residuals for the fully relativistic timing model
(including Shapiro delay), which have a root mean
squared residual of 1.1ms and a reduced x2 value of
1.4 with 2,165 degrees of freedom. Error bars, 1s.
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Figure 2 | Results of the MCMC error analysis. a, Grey-scale image shows the
two-dimensional posterior probability density function (PDF) in the M2–i
plane, computed from a histogram of MCMC trial values. The ellipses show 1s
and 3s contours based on a Gaussian approximation to the MCMC results.
b, PDF for pulsar mass derived from the MCMC trials. The vertical lines show
the 1s and 3s limits on the pulsar mass. In both cases, the results are very well
described by normal distributions owing to the extremely high signal-to-noise
ratio of our Shapiro delay detection. Unlike secular orbital effects (for example
precession of periastron), the Shapiro delay does not accumulate over time, so
the measurement uncertainty scales simply as T21/2, where T is the total
observing time. Therefore, we are unlikely to see a significant improvement on
these results with currently available telescopes and instrumentation.
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Shapiro delay for best-fit model

Best-fit model without general relativity

Deviations from fit in uppermost plot

Shapiro delay for J1614-2230 General relativity important!



Implications of a 2M� neutron star

• Many equations of state ruled out

• Models

– Ones based on nucleons, either microscopic or schematic.

– Ones based on quark degrees of freedom.

• Observed masses consistent with conventional models, but that

does not mean that they are right.



Heavy Neutron Stars

Neutron-star–white-dwarf binary systems

• J1614-2230. M = 1.97± 0.04M�
Demorest et al., Nature 467, 1081 (2010).
M = 1.928± 0.017M�
Fonseca et al., Ap. J. 832:167 (2016).

• J0348+0432. M = 2.01± 0.04M�
Antoniadis et al., Science 330, 448 (2013).

• J0740+6620. M = 2.17+0.11
�0.10M�

Cromartie et al., arXiv 1904.06759.
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NICER X-ray Timing Instrument (IMAGE)
NASA/GODDARD SPACE FLIGHT CENTER

Disclaimer: AAAS and EurekAlert! are not responsible for the accuracy of news releases
posted to EurekAlert! by contributing institutions or for the use of any information
through the EurekAlert system.

CAPTION
A view of the NICER X-ray Timing Instrument without its protective blanketing shows a
collection of 56 close-packed sunshades -- the white and black cylinders in the foreground --
that protect the X-ray optics (not visible here), as well as some of the 56 X-ray detector
enclosures, on the gold-colored plate, onto which X-rays from the sky are focused.

CREDIT
Keith Gendreau

USAGE RESTRICTIONS
None

Image courtesy Keith Gendreau

Neutron Star Interior Composition Explorer
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NICER

• Look at X-rays from hot spots on neutron star surface.
General relativity important!

• 56 channels

• Roughly size of a refrigerator. 400 kg.

• (Also experiment to use pulsars as interplanetary GPS sources)

• See M. Coleman Miller and F. K. Lamb, Eur. Phys. J. A 52, 63 (2016)
for details of analysis.

• Data being analyzed, but no articles yet.
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X-rays deflected by strong gravitational field



causality be violated before the maximum mass (at
dM=dR ¼ 0) is reached, one could continue the M-R
curves by enforcing causality. This would lead to a some-
what larger maximum mass but would not affect the
masses and radii of neutron stars with lower central den-
sities. We observe from the transition density points !12 in
Fig. 3 that the range of !1 dominates the uncertainty of the
general extension to high densities. Smaller values of !1

are excluded because the associated EOS is not able to
support a 1:65M" star. The larger allowed values of
the polytropic indices lead to very low central densities
!# ð2:0– 2:5Þ!0.

We find that the pressure at nuclear densities and below
sets the scale for the M-R results. The dark gray (blue)
region in Fig. 3 ends almost at the central value of the
radius results. For a 1:4M" star, the radius is constrained to
R ¼ 9:3– 13:5 km, as indicated by the vertical band. For
pure neutron matter the range is similar, R ¼ 9:3– 13:3 km,
even though for a 1:4M" star individual models may differ
by up to 0.4 km compared to those for matter in beta
equilibrium. Furthermore, if a 2:0M" star were to be
observed, this would reduce the allowed range to R ¼
10:5– 13:3 km. As for the EOS in Fig. 2, the presented
radius constraint significantly reduces the spread of viable
neutron star models; e.g., it is difficult to see how one can
obtain R & 15 km as is the case for the Shen EOS [21].
Finally, our results are more rigorous than an esti-
mate based on the empirical PR' 4 correlation [16], which
for the values of the pressure we find Pð!0Þ ¼
1:4– 2:1 MeV fm' 3 implies R ¼ 9:4– 11:9 km.

When chiral 3N forces are neglected, the neutron star
radius is significantly smaller, with RNN ¼ 8:8– 11:0 km as
shown in Fig. 4 based on low-momentum NN interactions
only. This demonstrates that the theoretical error for the
radius of a 1:4M" star is due, in about equal amounts, to the
uncertainties in 3N forces and to the extension to higher
densities dominated by !1.
Effect of the crust.—In our calculations, the difference

between the neutron and proton masses was neglected and
the phases were assumed to be spatially uniform. In this
approximation, matter at low density consists only of
neutrons. The impact of using a more realistic EOS at
low densities can be investigated by observing that the
surface gravity of the star is approximately constant in
the outer layers. By integrating the equation of hydrostatic
equilibrium from the surface of the star up to a crust
density !c, one finds that the mass between the density
!c and the surface is proportional to the pressure at !c [22].
Thus the stellar mass is to a good approximation unaffected
by changes in the EOS at !< !c. To determine how
changes in the low-density EOS affect the radius,
we note that the thickness of the crust (!< !c) is
"R ¼ ½"ð!cÞ ' "s)=½mgð1 þ zÞ), where g ¼ GMð1 þ
zÞ=R2 is the surface gravity, with surface redshift

1 þ z ¼ ½1 ' 2GM=ðRc2Þ)' 1=2 [23]. Here "s is the (neu-
tron) chemical potential at the surface of the star, where the
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FIG. 2 (color online). Comparison of theEOSbased onFig. 1 to
a representative set of EOS used in the literature [16]. The dark
gray (blue) band corresponds to the same band in Fig. 1, and the
light gray (blue) band covers the range of polytropes allowed (see
text for discussion).

 6  7  8  9  10  11  12  13  14  15

R [km]

0.5

1.0

1.5

2.0

2.5

3.0

M
 [

M
]

0

1 = 1.5                     
1 = 2.5                     
1 = 3.5                     
1 = 4.5                     
2 = 1.5                     
2 = 2.5                     
2 = 3.5                     
2 = 4.5                     
= 1                    
= 12 = 1.5 0  
= 12 = 2.5 0  
= 12 = 3.5 0  
= 12 = 4.5 0  

 6  7  8  9  10  11  12  13  14  15

R [km]

0.5

1.0

1.5

2.0

2.5

3.0

M
 [

M
]

FIG. 3 (color online). Neutron star M-R results for the EOS
based on Fig. 1. The thick (thin) lines, corresponding to the
left (right) branch, start from the low pressure limit c1 ¼
' 0:7 GeV' 1, c3 ¼ ' 2:2 GeV' 1 (high pressure limit c1 ¼
' 1:4 GeV' 1, c3 ¼ ' 4:8 GeV' 1). The dark gray (blue) region
corresponds to the band below nuclear densities in Figs. 1 and 2.
The different piecewise polytropes can be identified from the
colors and lines indicating !1=!2 and from the points denoting
!12. The vertical band gives the radius constraint for a 1:4M" star.

PRL 105, 161102 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

15 OCTOBER 2010

161102-3

Equations of state

Light blue area: constraint provided by existence of a 1.65M� neutron star.

(Hebeler, Lattimer, CJP, Schwenk, Phys. Rev. Lett. 105, 161102 (2010).)
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Figure 7. Pressure P of neutron star matter as a function of the mass density ρ. The blue band at lower densities represents the pressure predicted by the neutron matter
results of Figure 2 with beta equilibrium incorporated as described in Section 3. The gray area shows the pressure accessed by the possible polytropic extensions. The
lighter blue band is the envelope of the general polytropic extensions that are causal and support a neutron star of mass M̂ = 1.97 M⊙ (left panel) and M̂ = 2.4 M⊙
(right panel). We also show the individual EOSs within these bands: the lines denote EOSs with central densities ρc ! 2.5 ρ0 (yellow), for 2.5 ρ0 < ρc ! 5 ρ0
(orange), and for ρc > 5 ρ0 (red).
(A color version of this figure is available in the online journal.)

2. The EOS supports a neutron star mass M = M̂ , the mass
of the heaviest neutron star observed.

We consider each EOS up to densities at which the maximal
neutron star mass is reached or the EOS becomes acausal,
whichever density is smaller. In Figure 7 we present the
individual EOSs that fulfill both constraints for two cases:
M̂ = 1.97 M⊙ (left panel), the mass of the heaviest known
neutron star (Demorest et al. 2010), and M̂ = 2.4 M⊙ (right
panel), an estimated mass of the black widow pulsar B1957+20
(van Kerkwijk et al. 2011). However, since the uncertainties of
the latter determination are large, the M̂ = 2.4 M⊙ constraint
should be considered as a hypothetical mass, which is used here
to probe the sensitivity of our results to the constraint from
observations.

The blue band at lower densities in Figure 7 represents the
pressure predicted for matter in beta equilibrium as described
in Sections 2 and 3. The lighter blue bands give the allowed
EOS range, which is the envelope of the allowed polytropes at
higher densities. The color of the individual lines indicates the
maximal central density of the individual EOS (see figure cap-
tion). Clearly, the pressure accessed by the possible polytropic
extensions (the gray area in Figure 7) is substantially reduced
by causality and by the constraint from neutron star mass mea-
surements. The higher the mass of the heaviest neutron star
observed, the stronger the EOS band is constrained. In addition,
we find that the maximal densities in neutron stars are limited:
stiff EOSs with large polytropic exponents have smaller maxi-
mal densities (see yellow lines), which are strongly constrained
by causality. Softer EOSs tend to have larger central densities.
For M = 1.97 M⊙, we find central densities as high as ≈ 8 .3 ρ0,
and for M = 2.4 M⊙, the densities reach only ≈ 5.8 ρ0.

In Figure 8 we compare the EOS bands of Figure 7 with a
representative set of EOSs used in the literature. This set con-
tains EOSs calculated within different theoretical approaches
and based on different degrees of freedom. For details and no-
tation, we refer the reader to Lattimer & Prakash (2001). We
find that a significant number of EOSs are not compatible with

Figure 8. Constraints for the pressure P of neutron star matter as a function
of mass density ρ compared to EOSs commonly used to model neutron stars
(Lattimer & Prakash 2001). The color coding of the bands is as in Figure 7.
(A color version of this figure is available in the online journal.)

the lower density band based on chiral EFT interactions. In
addition, at higher densities only very few EOSs, including the
variational EOSs based on phenomenological nuclear potentials
(Akmal et al. 1998 ), AP3 and AP4 in Figure 8 , are located within
the uncertainty bands over the entire density range.

Figure 9 shows the uncertainty bands for the pressure as a
function of energy density E . These are the natural variables
to study to what extent the causality constraint is responsible
for the apparent softening of the EOSs at high densities. For
comparison, we show the limit P = E , represented by the
dotted line. Furthermore, we generated a causal extension for

7

Light blue.
Can support 1.97M� star.

Dark blue.
Can support 2.4M� star.

Hebeler, Lattimer, CJP, Schwenk, Ap. J 773:11 (2013).
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NICER X-ray Timing Instrument (IMAGE)
NASA/GODDARD SPACE FLIGHT CENTER

Disclaimer: AAAS and EurekAlert! are not responsible for the accuracy of news releases
posted to EurekAlert! by contributing institutions or for the use of any information
through the EurekAlert system.

CAPTION
A view of the NICER X-ray Timing Instrument without its protective blanketing shows a
collection of 56 close-packed sunshades -- the white and black cylinders in the foreground --
that protect the X-ray optics (not visible here), as well as some of the 56 X-ray detector
enclosures, on the gold-colored plate, onto which X-rays from the sky are focused.
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Image courtesy Keith Gendreau

NICER

• Look at X-rays from hot spots on neutron star surface.
General relativity important!

• 56 channels

• Roughly size of a refrigerator. 400 kg.

• (Also experiment to use pulsars as interplanetary GPS sources)

• See M. Coleman Miller and F. K. Lamb, Eur. Phys. J. A 52, 63 (2016)
for details of analysis.



Credit: Morsink/Moir/Arzoumanian/NASA GSFC

X-rays deflected by strong gravitational field



Comments

• Properties of matter at densities less than 1–2 times nuclear density under

control

• Simple models with meson condensates or quarks incompatible with mea-

sured NS properties

• Hybrid models. Phase transitions are probably artefact.

Hadron-quark continuity

• Conventional models based on nucleon degrees of freedom

not in conflict with data but validity questionable

at high densities

• Masses > 2M� will constrain equation of state further

• Radius measurements useful



Dense Matter and Neutron Stars
Lecture 2.

Superfluidity and superconductivity of nucleons

Chris Pethick
(Niels Bohr International Academy, Copenhagen and NORDITA, Stockholm)

59th Cracow School of Theoretical Physics

Zakopane, June 14-22, 2019
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Plan

• History. Superfluidity in nuclei. Superfluidity in neutron stars.

• Glitches. Two-component models.

• A↵ects neutrino emission. (Reddy lectures.)

• Superfluid gaps.

• Neutron superfluid density in crust.
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Superconductivity and superfluidity

• Metals. Kammerlingh Onnes (1911).

• Liquid 4He superfluid. Kapitsa, Allen. (1937).

• Fritz London. Superfluidity and Bose–Einstein condensation. “Rigidity
of wave function”. (1938).

• Mid 1950s. Vortices in liquid helium. (Onsager, Feynman). Flux lines in
superconductors. (Abrikosov).

• Weak attraction between two fermions above filled Fermi sphere gives a
bound state. (Cooper, 1956)

• Many-body version.
Bardeen, Cooper and Schrie↵er, Phys. Rev. 108, 1175 (1957).

• Energy gap in spectrum, �.

• E↵ect on total energy ⇠ �2/EF per particle - small compared with EF .

• Small number of low-lying excitations leads to superfluidity.

• Elementary excitations near Fermi surface are superpositions of an elec-
tron and a hole (plus 2 electrons in condensate).
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936 8RATENAHL, PETERSON, AND STOERING

Putting X~=90 in. , L=30 in. , E,=60 in. , A=0.786
in. ', and l/)i=2, we get

)Ao, q pkR+1q '=0.26X10 '(
~ &t ~ inscatter & g

To check this experimentally, we placed a detector just
outside the neutron cone (and near the normal detector

position) and compared its counting rate with and
without a 2X copper sample in the neutron beam. This
geometry was slightly, but not importantly, different
from the inscattering situation in our transmission
experiments. The measured inscattering agreed with the
theoretical (modified slightly for the changed geometry)
well within the statistics, which were only &40%
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Possible Analogy between the Excitation Spectra of Nuclei and Those
of the Superconducting Metallic State

A. BQHR) B. R. MoTTELsoN) AND D. PINEs*

COPenhagen, Denmark
(Received January 7, 1958)

The evidence for an energy gap in the intrinsic excitation spectrum of nuclei is reviewed. A possible
analogy between this effect and the energy gap observed in the electronic excitation of a superconducting
metal is suggested.

HE nuclear structure exhibits many similarities
with the electron structure of metals. In both

cases, we are dealing with systems of fermions which
may be characterized in 6rst approximation in terms of
independent particle motion. For instance, the sta-
tistical level density, at not too low excitation energies,
is expected to resemble that of a Fermi gas. Still, in
both systems, important correlations in the particle
motion arise from the action of the forces between the
particles and, in the metallic case, from the interaction
with the lattice vibrations. These correlations decisively
infiuenc0 various speci6c properties of the system. We
here wish to suggest a possible analogy between the
correlation eIIfects responsible for the energy gaps found
in the excitation spectra of certain types of nuclei and
those responsible for the observed energy gaps in
superconducting metals.
We first briefly recall the evidence for an energy gap

in the spectra of nuclei, and shall especially consider
nuclei of spheroidal type. The single-particle level
spectra for such riuclei exhibit a particularly close
similarity to that of a Fermi gas, since the degeneracies
characterizing the particle motion in a spherical
potential are largely removed by the distortion in the
shape of the nuclear field. The levels remain doubly
degenerate, and their average spacing may be most
directly obtained from the observed spectra of odd-A
nuclei. These exhibit intrinsic states which may be
associated with the diferent orbits of the last particle,
and the observed single-particle level spacing is ap-

proximately'
6=50A ' Mev,

where A is the number of particles in the nucleus.
If the intrinsic structure could be adequately de-

scribed in terms of independent particle motion, we
would expect, for even-even nuclei, the 6rst intrinsic
excitation to have on the average an energy —,'5, when
we take into account the possibility of exciting neutrons
as well as protons. Empirically, however, the first
intrinsic excitation in heavy nuclei of the even-even
type is usually observed at an energy of about 1 Mev
(see Fig. 1). The only known examples of intrinsic
excitations with appreciably smaller energy are the
E=O—bands which occur in special regions of nuclei,
and which may possibly represent collective octupole
vibrations. '
Such an energy gap between the ground-state and

6rst intrinsic excitation indicates an important de-
parture from independent-particle motion, a departure
arising from the residual forces between the particles.
In lowest order, such forces give rise to a pairing eftect,
since the attractive interaction is expected to be
especially strong for a pair of particles in degenerate
orbits. This eftect implies a shift upwards, relative to
the ground state, of states involving the breaking of a
pair. However, to this order, one still expects that levels
corresponding to the simultaneous excitation of two
particles remaining as a pair will have an average
energy spacing of about 6. Such low-lying E=O bands

*National Science Foundation Senior Post-Doctoral Fellow on ' B.R. Mottelson and S.G. Nilsson (to be published); F.Bakke
leave of absence from Princeton University, Princeton, New (to bepublished).
Jersey, 195'?—1958. s See, e.g. , K. Alder ei al. , Revs. Modern Phys. 28, 432 (1956).
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Fn. 1.. Energies of first excited
intrinsic states in deformed nuclei,
as a function of the mass number.
The experimental data may be
found in Nctclear Data Cards LNa-
tional Research Council, Washing-
ton, D. C.g and detailed references
will be contained in reference 1
above. The solid line gives the
energy B/2 given by Eq. (1), and
represents the average distance
between intrinsic levels in the odd-
A nuclei (see reference 1).
The figure contains all the

available data for nuclei with
150&A &190and 228 &A. En these
regions the nuclei are known to
possess nonspherical equilibrium
shapes, as evidenced especially by
the occurrence of rotational
spectra (see, e.g. , reference 2).
One other such region has also been
identified around A =25; in this
latter region the available data on
odd-A nuclei is still represented by
Eq. {1),while the intrinsic excita-
tions in the even-even nuclei in
this region do not occur below 4
Mev.
We have not included in the

figure the low lying If=0 states
found in even-even nuclei around
Ra and Th. These states appear to
represent a collective odd-parity
oscillation.
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are not observed, and their absence implies significant
correlations in the intrinsic nucleonic motion.
The appearance of a gap is reminiscent of the well-

known repulsion effect between coupled levels, but in
order to obtain a gap of the observed magnitude, which
is several times larger than 6, it appears necessary to
consider the coupling between a large number of states
of independent particle motion. It seems likely that the
resulting excitation spectrum may show regularities of
collective type, and indeed there is some evidence for
the occurrence of vibrational levels among the first
intrinsic excitations in the spheroidal nuclei of even-even
type. '
The correlations giving rise to the energy gap may

also affect many other nuclear properties; thus, they
appear to be responsible for the observed fact that the
rotational moments of inertia are appreciably smaller
than the values corresponding to rigid rotation. ' More-
over, the well-known mass difference between even-even
and odd-A nuclei4 appears intimately connected with
the occurrence of the gap. While we have here con-
sidered the nuclei of spheroidal type, similar differences
between the intrinsic spectra of odd and even nuclei
appear also for nuclei of spherical equilibrium shape.
To exhibit the gap in these spectra one must, however,
subtract the relatively low-lying collective excitations
of vibrational type.
' A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab.

Selskab, Mat. -fys. Medd. 30, 1 (1955).
4 For a review of this effect, see C. D. Coryell, Anneal Review

of Nuclear Science {Annual Reviews, Inc. , Stanford, 1953), Vol.
2, p. 304.

In the superconducting metal we may possibly be
dealing with somewhat similar correlation effects in
the electronic motion. Measurements of the thermal
and electromagnetic properties of superconductors'
indicate that the low-energy electronic excitation
spectrum divers essentially from that of a Fermi gas
in that there exists a finite energy gap between the
ground state of the metal and the states representing
electronic excitation.
Recently, new insight concerning the behavior of

interacting fermions has been obtained from a detailed
study of the correlations arising from the part of the
interaction which acts between particles with equal
and opposite momenta. ' Treating only this part of the
interaction, it was found that even very weak attractive
interactions lead to a major change in the low-energy
spectrum. oi the system. Quite apart from the extent
to which additional interactions may further modify
the spectrum, it would seem that the results obtained
are already of considerable interest in connection with
the features of the nuclear spectra discussed above and
indicate that a modified structure of the Fermi surface
is a general feature of Fermi systems with attractive
interactions. This qualitative result is perhaps not

5 For discussions of evidence for an energy gap, see Blevins,
Gordy, and Fairbank, Phys. Rev. 100, 1215 (1955); Corak,
Goodman, Sat terthwaite, and Wexler, Phys. Rev. 102, 656
(1956); R. E. Glover and M. Tinkham, Phys. Rev. 104, 844
(1956); 108, 243 (1957).

6 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957),
and Phys. Rev. 108, 1175 (1957).This model has also been treated
by N. N. Bogoliubov, J, Exptl. Theoret. Phys. (to be published)
and J. Valatin (to be published).

Even-even nuclei
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Odd-A nuclei
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Excitation energy
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Neutron superfluidity

• Phase shifts suggest 1S0 superfluidity (low density) and 3P2-3F2 (higher density).

• Simplest approach: BCS approximation (mean field).

• Induced interactions (exchange of spin fluctuations) suppress 1S0 gap.

• Inspiration from ultracold atomic gases.

• Reasonable agreement at low densities (. ns/10).
(Gor’kov and Melik-Barkhudarov (1961))

• Considerable uncertainties at higher densities.

• Calculations of proton superconductivity more uncertain
because of the dense neutron medium.



1S0

3P0 3P1
3P2

Nucleon-nucleon
phase shifts
(in degrees)

Positive phase shifts correspond to attraction.
(from nn-online.org, Nijmegen)
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Figure 7: The 1S0 (left panel) and 3P2�
3F2 (right panel) pairing gaps

� at the Fermi surface as a function of Fermi wave number kF in
neutron matter calculated in the BCS approximation for a number of
charge-dependent nucleon–nucleon interactions that have been fitted
to nucleon–nucleon scattering data. The potentials are specified ac-
cording to the legend in the right panel. For details see Refs. [30] (left
panel) and [33] (right panel).

the center-of-mass frame k . 2 fm�1 [29].5 For higher momenta, there
is considerable model dependence, also because inelastic channels start
to open up in nucleon–nucleon scattering, e.g., pion production for
k > 1.7 fm�1.

Figure 7 shows the 1S0 and 3P2�
3F2 pairing gaps in neutron mat-

ter, obtained by solving the BCS gap equation with a free-particle
spectrum for the normal state. At low densities (in the crust of neu-
tron stars), neutrons form a 1S0 superfluid. At higher densities, the
S-wave interaction is repulsive and neutrons pair in the 3P2 chan-
nel (with a small coupling to 3F2 due to the tensor force). Figure 7
demonstrates that in the BCS approximation the 1S0 gap is essentially
independent of the nuclear interaction used [30]. This includes a very
weak cuto↵ dependence for low-momentum interactions Vlow k. The
inclusion of the leading three-nucleon forces in chiral e↵ective field
theory gives a reduction of the 1S0 BCS gap for Fermi wave numbers
kF > 0.6 fm�1 [31]. This reduction becomes significant for densities
where the gap is decreasing and agrees qualitatively with results based
on three-nucleon potential models (see, e.g., Ref. [32]). At low densi-
ties (kF . 0.6 fm�1), 1S0 pairing can therefore be calculated using only

5
For simplicity, we shall frequently adopt the common practice of working in

units in which ~ = 1, in which case “momentum” and “wave number” become

synonymous.

BCS Approximation

Repeated interaction of pairs of nucleons in medium via vacuum interaction
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Figure 9: The 1S0 pairing gap � at higher densities as a function of
Fermi wave number kF . Results are shown for the BCS approximation
(see Fig. 7), for the method of Correlated Basis Functions (CBF) [12],
for the polarization potential method, in which induced interactions
are calculated in terms of pseudopotentials (Polarization Pot.) [13], for
a calculation in which induced interactions in the particle–hole chan-
nels are calculated from a renormalization group (RG) approach [42],
and for calculations based on Brueckner theory [46].

Nuclear matter density corresponds to kFn = 1.68 fm�1

Gezerlis, CJP, and Schwenk, arXiv 1406.6109

Other nucleons a↵ect

two-nucleon interaction
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Understanding the e↵ects of the medium

• Exchange of density fluctuations gives attraction.

• Exchange of spin fluctuations gives repulsion.

• At low densities, gap lowered, by a factor 1/(4e)1/3 ⇡ 0.45.
(Gor’kov and Melik-Barkhudarov,
Sov. Phys. JETP 13, 1018 (1961).)
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to exchange of a spin fluctuation with spin projection mS = 0 along
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Figure 6: Diagrammatic representation of the induced interaction due
to exchange of a spin fluctuation with spin projection mS = ±1 along
the quantization axis.
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2.1 Induced interactions 11
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Figure 4: Diagrammatic representation of the induced interaction due
to exchange of a density fluctuation in the surrounding medium.

between particles of opposite spin, in which case the simplest modifi-
cation of the interaction is the screening process shown in Fig. 3, and
its contribution for zero energy transfer between the particles is

Uind = U
2
0L(|p+ p

0
|), (15)

where

L(q) = N(EF )


1

2
+

(1� w
2)

4w
ln

����
1 + w

1� w

����

�
, (16)

with w = q/2pF , is the static Lindhard function familiar from the
theory of screening in the electron gas and the Fermi momentum is
given by pF = ~kF . For scattering of two particles on the Fermi
surface, q is given by 2pF cos(✓/2) and therefore when averaged over
the angle ✓ between p and p

0 on the Fermi surface one finds

hUindi = N(EF )
U

2
0

3
(1 + 2 ln 2) = 2N(EF )U

2
0 ln[(4e)

1/3] , (17)

where h. . .i denotes the average over the Fermi surface. On replacing
the interaction U0 in the BCS expression for the gap, Eq. (13), by U0

plus the average of the induced interaction one finds to lowest order
in the small parameter N(EF )U0 = (2/⇡)kFa that the gap is reduced
by a factor (4e)1/3, as we mentioned in Eq. (14) above.

Further insight may be obtained by analyzing the induced interac-
tion in terms of exchange of excitations in the medium. A short-range
interaction between fermions is described by the Hamiltonian

Hint = U0

Z
d
3
r n"(r)n#(r) =

U0

4

Z
d
3
r [n(r)2 � ns(r)

2], (18)

where n"(r) =  ̂
†
"(r) ̂"(r) and n#(r) =  ̂

†
#(r) ̂#(r). The total number

density is given by n(r) = n"(r) + n#(r), and the spin density by

mS = 0
<latexit sha1_base64="UyxffZrdsd8dZjmRlj9tLPDeSoU=">AAACN3icbVC7SgNBFJ2Nr7i+EgUbm8EoWIXdNNoIQRtLRaNCEsLs5CYOmcc6M6uEZT/DVr/DT7GyE1v/wNk1hSYemOFwzrncy4lizowNgjevNDe/sLhUXvZXVtfWNyrVzWujEk2hRRVX+jYiBjiT0LLMcriNNRARcbiJRqe5f/MA2jAlr+w4hq4gQ8kGjBLrpLa/J3qXx8Ge7+NepRbUgwJ4loQTUkMTnPeq3nanr2giQFrKiTHtMIhtNyXaMsoh8zuJgZjQERlC21FJBJhuWtyc4X2n9PFAafekxYX6eyIlwpixiFxSEHtnpr1c/M9rJ3Zw1E2ZjBMLkv4sGiQcW4XzAnCfaaCWjx0hVDN3K6Z3RBNqXU1+R8IjVUIQ2U87EWT5N2QyhfukaCzL/kYgj4BjvwKuyXC6t1ly3aiHQT28aNSaJ5NOy2gH7aIDFKJD1ERn6By1EEUKPaFn9OK9eu/eh/f5Ey15k5kt9Afe1zfu/quO</latexit><latexit sha1_base64="UyxffZrdsd8dZjmRlj9tLPDeSoU=">AAACN3icbVC7SgNBFJ2Nr7i+EgUbm8EoWIXdNNoIQRtLRaNCEsLs5CYOmcc6M6uEZT/DVr/DT7GyE1v/wNk1hSYemOFwzrncy4lizowNgjevNDe/sLhUXvZXVtfWNyrVzWujEk2hRRVX+jYiBjiT0LLMcriNNRARcbiJRqe5f/MA2jAlr+w4hq4gQ8kGjBLrpLa/J3qXx8Ge7+NepRbUgwJ4loQTUkMTnPeq3nanr2giQFrKiTHtMIhtNyXaMsoh8zuJgZjQERlC21FJBJhuWtyc4X2n9PFAafekxYX6eyIlwpixiFxSEHtnpr1c/M9rJ3Zw1E2ZjBMLkv4sGiQcW4XzAnCfaaCWjx0hVDN3K6Z3RBNqXU1+R8IjVUIQ2U87EWT5N2QyhfukaCzL/kYgj4BjvwKuyXC6t1ly3aiHQT28aNSaJ5NOy2gH7aIDFKJD1ERn6By1EEUKPaFn9OK9eu/eh/f5Ey15k5kt9Afe1zfu/quO</latexit><latexit sha1_base64="UyxffZrdsd8dZjmRlj9tLPDeSoU=">AAACN3icbVC7SgNBFJ2Nr7i+EgUbm8EoWIXdNNoIQRtLRaNCEsLs5CYOmcc6M6uEZT/DVr/DT7GyE1v/wNk1hSYemOFwzrncy4lizowNgjevNDe/sLhUXvZXVtfWNyrVzWujEk2hRRVX+jYiBjiT0LLMcriNNRARcbiJRqe5f/MA2jAlr+w4hq4gQ8kGjBLrpLa/J3qXx8Ge7+NepRbUgwJ4loQTUkMTnPeq3nanr2giQFrKiTHtMIhtNyXaMsoh8zuJgZjQERlC21FJBJhuWtyc4X2n9PFAafekxYX6eyIlwpixiFxSEHtnpr1c/M9rJ3Zw1E2ZjBMLkv4sGiQcW4XzAnCfaaCWjx0hVDN3K6Z3RBNqXU1+R8IjVUIQ2U87EWT5N2QyhfukaCzL/kYgj4BjvwKuyXC6t1ly3aiHQT28aNSaJ5NOy2gH7aIDFKJD1ERn6By1EEUKPaFn9OK9eu/eh/f5Ey15k5kt9Afe1zfu/quO</latexit><latexit sha1_base64="UyxffZrdsd8dZjmRlj9tLPDeSoU=">AAACN3icbVC7SgNBFJ2Nr7i+EgUbm8EoWIXdNNoIQRtLRaNCEsLs5CYOmcc6M6uEZT/DVr/DT7GyE1v/wNk1hSYemOFwzrncy4lizowNgjevNDe/sLhUXvZXVtfWNyrVzWujEk2hRRVX+jYiBjiT0LLMcriNNRARcbiJRqe5f/MA2jAlr+w4hq4gQ8kGjBLrpLa/J3qXx8Ge7+NepRbUgwJ4loQTUkMTnPeq3nanr2giQFrKiTHtMIhtNyXaMsoh8zuJgZjQERlC21FJBJhuWtyc4X2n9PFAafekxYX6eyIlwpixiFxSEHtnpr1c/M9rJ3Zw1E2ZjBMLkv4sGiQcW4XzAnCfaaCWjx0hVDN3K6Z3RBNqXU1+R8IjVUIQ2U87EWT5N2QyhfukaCzL/kYgj4BjvwKuyXC6t1ly3aiHQT28aNSaJ5NOy2gH7aIDFKJD1ERn6By1EEUKPaFn9OK9eu/eh/f5Ey15k5kt9Afe1zfu/quO</latexit>

mS = ±1
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At low densities, spin fluctuations overwhelm density fluctuations.
(3 magnetic substates for spin-1)
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Figure 3: Diagrammatic representation of the simplest modification
of the e↵ective interaction due to the surrounding medium.

to 1/rs, this condition is equivalent to kF |a| ⌧ 1. In a very impor-
tant paper, which was overlooked for many years, Gor’kov and Melik-
Barkhudarov studied the transition temperature and pairing gap for
such a system [20] and we begin by explaining their calculation in
physical terms [21].

In standard BCS theory (Sec. 1.2), one takes into account repeated
scattering between a pair of particles via the free-space two-body in-
teraction. If the interaction is eliminated in favor of the scattering
length, one finds for a dilute Fermi gas with two spin components of
equal mass and equal number densities for the pairing gap �BCS at
zero temperature the result

�BCS =
8

e2
EF e

�1/N(EF )|U0| ⇡ 1.083EF e
�1/N(EF )|U0|, (13)

where the scattering length is taken to be negative. The quantity
N(EF ) = mkF/(2⇡2~2) is the density of states of a single spin species
at the Fermi surface. Somewhat surprisingly, by systematically inves-
tigating the low-density limit, Gor’kov and Melik-Barkhudarov found

� =

✓
2

e

◆7/3

EF e
�1/N(EF )|U0| ⇡ 0.489EF e

�1/N(EF )|U0|, (14)

a factor (4e)1/3 ⇡ 2.22 smaller than the BCS value. The di↵erence
between the two results is due to the influence of the medium on the
interaction between pairs of particles, as we shall now explain.

2.1 Induced interactions

In a dilute Fermi gas with a short-range interaction there is very lit-
tle interaction between particles of the same spin because the Pauli
principle hinders particles in the same spin state from coming close
together. Consequently, the interaction may be taken to operate only

Net e↵ect corresponds to the process

Density fluctuation exchange cancels one of the spin fluctuation channels.
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Figure 8: The 1S0 pairing gap� as a function of Fermi wave number kF
in neutron matter. Results are shown for the BCS approximation (see
Fig. 7), for the exact result in the low-density limit (Gor’kov/Melik-
Barkhudarov) [20], which includes induced interactions, and for Dif-
fusion Monte Carlo calculations of neutron matter [18].

The present status of calculations of gaps in neutron matter is
that the situation at densities . ns/10 is under good control, thanks
to the analytical results in the low-density limit and quantum Monte
Carlo methods: the physical reason for the suppression of the gap
compared with the BCS approximation is the repulsive interaction
induced by exchange of spin fluctuations. At higher densities there are
larger uncertainties because additional terms in the neutron–neutron
interaction become increasingly important and the increased density
makes the extraction of gaps from energy di↵erences more challenging.

In addition, three-neutron interactions begin to play a role but for
neutron matter their e↵ects are suppressed because configurations in
which three neutrons are close together are unlikely, since at least two
of the neutrons must be in the same spin state.

3.3 Higher densities

Figure 9 demonstrates that understanding many-body e↵ects beyond
the BCS approximation constitutes an important open problem at
higher densities. All calculations shown in Fig. 9 are based on nucleon–
nucleon interactions only, so the di↵erences are due to truncations in
the many-body calculations.

As discussed in Sec. 2.1, induced interactions due to screening
and vertex corrections (creation of particle–hole pairs in intermediate
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Figure 10: Angle-averaged 3P2 pairing gap � versus Fermi wave num-
ber kF in neutron matter. The calculations were made in the spirit
of the BCS schematic model and for weak-coupling, and the gap is
given by � = 2EF exp(1/N(EF )V ), where V is the pairing matrix el-
ement in the 3P2 channel at the Fermi surface. The results are shown
for the direct interaction only, both without and with corrections to
the e↵ective mass of the particles, and with the inclusion of second-
order induced interactions in the pairing interaction. We also show
the modification of the gap when only induced central or only induced
spin-orbit e↵ects are taken into account. For comparison, we give the
results of Baldo et al. [33], which are obtained by solving the BCS
gap equation in the coupled 3P2–3F2 channel for di↵erent free-space
interactions (see also Fig. 7). For details see Ref. [51].

the gap is maximal and in the density at which it vanishes. In addi-
tion, in Fig. 9 we show results for the 1S0 pairing gap in Brueckner
theory [46], but they disagree with the known analytical result at low
densities, where they predict a gap greater than �BCS.

3.4
3
P2 pairing of neutrons

Noncentral spin-orbit and tensor interactions are crucial for 3P2 su-
perfluidity. In particular, without an attractive spin-orbit interaction,
neutrons would form a 3P0 superfluid, in which the spin and orbital
angular momenta are anti-aligned, rather than the 3P2 state, in which
they are aligned.

Gaps calculated in the BCS approximation are shown in Fig. 7 and
calculations of 3P2 pairing including many-body e↵ects are given in

3P2-3F2 superfluidity

Inclusion of higher-order processes suppresses gaps.
(A. Schwenk and B. L. Friman, Phys. Rev. Lett. 92, 082501 (2004).)



Glitch
Sudden speed-up of 

rotation of a neutron 
star

Vela pulsar, Radhakrishnan and Manchester, 
Nature 222, 228 (1969).
Also Reichley and Downs,  
Nature 222, 229 (1969).

Up to one part in 10^6



Models of glitches

• Cracking of crust, which becomes more nearly spherical. “Starquake”.
Moment of inertia reduced, giving spin-up.
(Ruderman, Nature 223, 597 (1969).)

• More detailed examination of glitches revealed relaxation processes with
long timescale.

• Model. Crust plus superfluid neutrons, with long relaxation time between
charged particles and superfluid neutrons.
(Baym, CJP, Pines, Ruderman, Nature 224, 872 (1969).)

• Model not viable after many more glitches were discovered.
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Introduction to superfluidity

• Paired neutrons described by a “condensate wave function”.
 (r) = h "(r) #(r)i / ei�(r)

• Superfluid velocity, vs = (~/2mn)r�.

• Flow irrotational, r⇥ vs = 0 if no singularities.

• Superfluids rotate by having quantized vortices, with circulationH
vs · dl = ⌫h/2mn, where ⌫ is an integer. (⌫ = ±1 most stable.)

• Areal density of vortices nv given by 2⌦ = nvh/(2mn).
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Seeing vortices in rotating ultracold 6Li gas

Zwierlein, Abo-Shaeer, Schirotzek, Schunck and Ketterle,
Nature 435, 1047 (2005).
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Pinned vortices in the crust
Anderson and Itoh, Nature 256, 25 (1975).

• Vortices pin to nuclei.

• For superfluid to rotate more slowly, vortex lines must migrate to the
exterior of the star.

• Prevented by pinning until force on vortex line due to di↵erential rotation
of crust and superfluid can overcome pinning.

• Sudden unpinning event.

• For idea to work, moment of inertia of superfluid much be large enough.
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Thanks to Andrew Lyne (Jodrell Bank)



Two-component model
•  Is mass of superfluid enough to explain glitches?

•  Assume pairing weak.  Difficult band structure calculation. 

• Many bands (~500)! Chamel, Phys. Rev. C 85, 035801(2012)

• Reduction of superfluid density by factor of ~10.  

• Neutron superfluid density in crust too small to explain glitches 
(Andersson, Glampedakis, Ho, Espinoza, PRL (2012), Chamel, PRL 
(2013))

• Need to include both band structure and pairing.  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Simple considerations

Scattering of BCS quasiparticles by a spin-independent potential, V .

• Quasiparticles at Fermi momentum are half particles and half holes. In-
teraction of particle component exactly cancels that of hole component.

• NO SCATTERING OF EXCITATION AT THE FERMI MOMENTUM
TO ANOTHER STATE WITH THE SAME ENERGY!

• Quasiparticle energy
Ek = ±

p
⇠2k +�2 where ⇠k = k2/2m� µ

• Matrix element for scattering of quasiparticle from state |k+i to state
|k0+i

(ukuk0 � vkvk0)V (k� k0)

where u2
k = (1 + ⇠k/Ek)/2 and v2k = (1� ⇠k/Ek)/2.



Pairing and band structure

• Cold atoms in a sinusoidal potential.  

• Include pairing and periodic potential (Hartree-Fock-Bogoliubov).
(G. Watanabe et al., Phys. Rev.  A78, 063619 ︎(2008 ︎))

• Superfluid density little affected if superfluid gap is larger than the strength of 
the periodic potential.  Confirms simple argument.

• In neutron star crust, superfluid gaps are ~ 1-1.5 MeV. 

• Strength of periodic potential less than ~ 1 MeV for most 
reciprocal lattice vectors.
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FIG. 1. Superfluid number density in terms of the total
number density as a function of K/2kF , where kF is the
Fermi wave number of the uniform non-interacting Fermi gas
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1.633 kF .

the results is most simply brought out by plotting n
s
zz/n

as a function of �0/|VK |, Fig. 2 [11]. The results are well
fitted by the expression

n
s
zz(�0) = n� n� n

s
zz(0)

[1 + (�0/|VK |)2]1/2
. (10)

Thus the e↵ects of band structure on the superfluid den-
sity are suppressed dramatically for �0 & |VK |.

Application to neutron star crusts.— For total nu-
cleon densities in the range 0.001–0.05 fm�3, the cal-
culations of Ref. [4] predict a reduction of the neutron

superfluid density by a factor ⇠ 3 or greater, and we
shall focus on a density of 0.03 fm�3, where the e↵ect
is largest. The density of neutrons outside nuclei, no, is
⇡ 0.024 fm�3, corresponding to a neutron Fermi wave
number, kn = (3⇡2

n
o
n)

1/3, of 0.89 fm�1 and a Fermi en-
ergy k

2
n/2m ⇡ 16.4 MeV. These densities are so high

that analytical results for uniform matter at low densi-
ties cannot be applied, and there are many estimates of
gaps based on many-body theory. Most calculations pre-
dict that the 1S0 gap is close to its maximum value at
these densities [13]. Calculations in which the pairing in-
teraction is taken to be the free-space neutron–neutron
interaction predict gaps of approximately 3 MeV. A vari-
ety of theoretical approaches lead to the conclusion that
gaps will be suppressed due to the e↵ect of the medium on
the pairing interaction, primarily exchange of spin fluc-
tuations, and numerically this is typically a factor of 2–3
[14]. Thus one may expect gaps to lie in the range 1–
1.5 MeV.

What makes calculations for crustal matter challeng-
ing is the fact that the lattice potential has many Fourier
components, with wave vectors corresponding to the re-
ciprocal lattice vectors (RLVs) of the solid, rather than
the single pair of them considered in the BdG calculations
above. The large number of Fourier components is re-
flected in the high number of occupied bands. RLVs with
Ki � 2kn have little e↵ect because scattering of fermions
between two states in the vicinity of the Fermi surface
is impossible for such wave vectors. However, although
the lattice potential has many Fourier components, they
are relatively weak, in the sense that their magnitudes
are much less than the Fermi energy. This is seen from
results for VK obtained from the Fourier transform of the
potential for a single spherical cell surrounding a nucleus
obtained by Pearson et al. [5], which are shown in Fig. 3.
The magnitude of the lattice potential has a maximum
value of 2 MeV for K = 0 and falls rapidly with K: for
wave numbers greater than about 0.3kn it is comparable
to estimates of the superfluid gap, and for K & 0.5kn it
is less than one tenth of the superfluid gap.

To estimate quantitatively the e↵ect of many RLVs,
we assume that pairs of RLVs Ki and �Ki contribute
independently to the superfluid density. For a single pair
of RLVs, the superfluid density tensor for arbitrary ori-
entations of K is given by

n
s
ij(K) = n�ij � [n� n

s
zz(K)] K̂iK̂j . (11)

When averaged over possible orientations of K for cubic
symmetry, one finds the superfluid density is a scalar,
and given by

n
s

n
= 1� 1

3
[n� n

s
zz(K,VK ,�)] . (12)

Thus the e↵ect of many RLVs in the neutron star crust

Suppression of band structure effects by pairing

G. Watanabe and CJP, Phys. Rev. Lett. 119, 062701 (2017).
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is given by

n
s

no
n

=
Y

Ki

0
⇢
1� 1

3


1� n

s
zz(K,VK ,�)

n

��
, (13)

where the prime on the product indicates that, to avoid
double counting, only one of the RLVs Ki and �Ki is to
be included. Since the reduction of the superfluid density
by a single pair of RLVs is typically less than one percent,
we may write

n
s

no
n

⇡ exp

(
�1

6

X

Ki


1� n

s
zz(K,VK ,�)

n

�)
, (14)

where the sum is over all reciprocal lattice vectors.
On replacing the sum in Eq. (14) by an integral one

finds

n
s

no
n

⇡ exp

⇢
�2no

n

nN

Z 1

0
x
2
dx


1� n

s
zz(K,VK ,�)

n

��
,

(15)
where x = K/(2kn) and nN is the density of nuclei.

Solving the BdG equations for the range of values of
VK and K encountered in the integral in Eq. (15) is
time consuming, so we adopt a simplified approach to
estimate the e↵ects of band structure with and without
pairing. First, we assume that in the presence of a super-
fluid gap, ns

zz scales as in Eq. (10). We have calculated
n
s
zz(K,VK ,� = 0) for a range of di↵erent |VK | and K

values. The function 1 � n
s
zz(K,VK ,� = 0)/n ⇡ (1 +

3.5x)|VK |/Eo
F with E

o
F = (3⇡2

n
o
n)

2/3
/2m gives a reason-

able first approximation for the values of |VK | as a func-
tion of K for the potential shown in Fig. 3. In the limit
of no pairing, this approximation gives n

s
/n

o
n ⇡ 0.20.

This represents a factor of 5 reduction, which is consid-
erable, although not as large as the values Chamel found
in Ref. [4], which were more than a factor of ten. What

is particularly interesting are the results when pairing is
included: we find n

s
/n

o
n ⇡ 0.64, a 36% reduction for a

gap of 1 MeV, and n
s
/n

o
n ⇡ 0.71, only a 29% reduction,

for a gap of 1.5 MeV.
Our calculations demonstrate that pairing greatly sup-

presses the e↵ects of band structure because the magni-
tude of the periodic potential |VK | is considerably less
than the pairing gap � for the vast majority of reciprocal
lattice vectors. Calculations that treat better the e↵ects
of the many Fourier components of the lattice potential
need to be done, but it should be enough to consider
only a limited number of components with wave num-
bers . 0.5kn. Our calculations suggest a reduction of
the neutron superfluid density by some tens of percent
when pairing is included, as opposed to the one order
of magnitude predicted in the limit of a small gap. We
therefore conclude that the e↵ects of band structure on
the neutron superfluid density are modest when pairing is
taken into account and, consequently, that glitch models
based on the superfluid density of neutrons in the inner
crust are still tenable.

Close to the inner boundary of the crust, it is predicted
that “pasta” phases with rod-like or plate-like nuclei can
occur [15, 16]. For these, the superfluid density will be
anisotropic. The calculations for a one-dimensional lat-
tice that we have performed may thus be regarded as a
first approximation for the plate-like phase, “lasagna”.

Finally, we note that cold atomic gases in optical lat-
tices are a useful system for investigating experimentally
the suppression of band structure e↵ects by pairing, since
the strengths of the periodic potential and of the pairing
interaction can both be varied.
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Fourier transform of potential of nucleus (Chamel)



Conclusions

• Approximate way of including many reciprocal lattice vectors.

• Conclude that superfluid density could be reduced by tens of 
per cent but not by an order of magnitude.

• Two-component glitch model still viable!

• Pinning needs to be understood better.
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What happens to matter when compressed?

• Electrons become simple
• Matter becomes more rich in neutrons
• Neutron “drip” out of nuclei
• “Solid state” effects (lattice energy) important 
• “Inside-out” nuclei
• “Pasta nuclei” (Geoff Ravenhall)

D. G. Ravenhall, CJP, and J. R. Wilson, PRL 50, 2066 (1983).
M. Hashimoto, H. Seki, and M. Yamada, Prog. Theor. Phys. 71,320 (1984). 
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Упрощенная картина фаз пасты: спагетти (а) и лазаньи
(б). Стержни и пластины состоят из ядерной материи с
нейтронами и протонами, а пространство между ними за-
полнено нейтронами, находящимися в равновесии с яд-
рами. Нуклоны погружены в электронный фон, в сущ-
ности однородный, обеспечивающий электрическую нейт-
ральность материи. Две эти фазы являются наиболее рас-
пространенными фазами пасты в нейтронных звездах, но
существуют также фазы, подобные им, но с взаимно-
обратными ролями ядерной материи и нейтронной жид-
кости, а также фаза со сферическими полостями в одно-

родной ядерной материи, заполненными нейтронами

довательно, существование дополнительной моды,
включающей изменение плотностей частиц, в отли-
чие от единственной моды в однокомпонентной сис-
теме.

Наличие нескольких компонент может быть
учтено прямым обобщением стандартной теории.
Второе различие состоит в том, что нейтроны и
протоны в фазах пасты обладают сверхтекучестью.
Таким образом, нейтроны могут почти свободно
перемещаться относительно периодической струк-
туры, в то время как в жидких кристаллах, в
хорошем приближении, средняя скорость материи

совпадает со скоростью периодической структуры.
На языке физики жидких кристаллов отклонение
от такой ситуации обозначается как «просачивание»
[5] или «перколяция»1). Благодаря сверхтекуче-
сти нуклонов в фазах пасты просачивание может
играть важную роль, как показано ниже.

В жидких кристаллах существуют низкочастот-
ные моды, скорости которых уменьшаются до ну-
ля при волновых векторах, параллельных стерж-
ням спагетти или лежащих в плоскости пластин ла-
заньи. Это легко понять, поскольку силы реакции
структуры при таких деформациях происходят из
членов, зависящих от искривления, которые пропа-
дают в первом порядке приближения по волновому
вектору. Обнаружение мод, скорости которых обра-
щаются в нуль при волновых векторах, перпендику-
лярных стержням и пластинам [7, 8], стало удиви-
тельной неожиданностью и впоследствии подтвер-
дилось в эксперименте. В нашей работе показано,
что в сверхтекучих жидких кристаллах, вследствие
просачивания, скорости этих мод не обращаются в
нуль.

Статья организована следующим образом. В
разд. 2 разрабатывается гидродинамический фор-
мализм. В разд. 3 формализм применяется к одно-
компонентной материи в несжимаемом приближе-
нии и вычисляются скорости мод. В разд. 4 сделан
набросок обобщения формализма на случай двух-
компонентной материи. В разд. 5 описываются эф-
фекты связи низкоэнергетических мод с вариация-
ми плотности материи. В разд. 6 рассмотрена дис-
персия мод за счет высших членов градиентного
разложения свободной энергии. Обсуждение и за-
ключительные замечания представлены в разд. 7.

2. ФОРМАЛИЗМ

В нейтронных звездах возрастом более пример-
но одного года с момента рождения температура
уменьшается значительно ниже 109 К (≈ 0.1 МэВ),
поэтому в хорошем приближении можно пренебречь
эффектами тепловых возбуждений, таким образом,
актуальным термодинамическим потенциалом яв-
ляется энергия. Внутренняя кора состоит из нейтро-
нов, протонов и электронов. Будем рассматривать
низкочастотные низкоэнергетические явления, и по-
этому предположение об электрической нейтрально-
сти и отсутствии электрических токов будет выпол-
няться с хорошей степенью точности. Для выполне-

1) При подготовке этой статьи весьма полезной для нас ока-
залась глава, написанная Питаевским [6].
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1-dimensional displacement

2-dimensional displacement

Elastic properties



Elastic energy of lasagna

• Elastic energy/unit volume:

Eelast =
1

2
B

✓
@uz

@z

◆2

(@uz/@z is the fractional change in the spacing of layers)

• B = 6ECoul, where ECoul is the Coulomb energy per unit volume.
(Potekhin and CJP, Phys. Lett. B 427, 7 (1998).)

• Esurf = 2ECoul gives

B = 62/3⇡1/3[np�ew(1�w)]2/3 ⇡ 2.6⇥1033

np

ns

�

1 MeV fm�3w(1� w)

�2/3
erg cm�3

w - fraction of space filled by nuclear matter, � - surface tension, and np - proton
density.
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Elastic properties of polycrystals

• Important for stellar oscillations.

Duncan, (1998), Strohmeyer and Watts, (2006)

• Polycrystal behaves as isotropic system at long wavelengths.

• Estimating elastic constants.

– Average elastic properties over wave vectors and polarizations.

Like resistances in series.

Voigt (1887) Ogata and Ichimaru (1990) (Upper bound)

– Harmonic average of elastic properties over wave vectors and polari-

sations.

Like resistances in parallel.

Reuss (1929) (Lower bound)

– Self-consistent models give results between limits. Kröner, Eshelby,

For astrophysical solids, Kobyakov and CJP, MNRAS 449, L110

(2015).
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The plates in Fig. 1(c) are free to adjust their inclination
in response to the applied strain. They first break near
ϵz ≈ 0.68, implying that pasta breaks less easily when the
plates can adjust their inclination. The shear stress in the xz
plane grows approximately linearly until the break, trans-
forming a tensile stress into a shear stress as expected.
However, these shear stresses can be eliminated by apply-
ing a rotation matrix to the stress tensor whose angle is
taken from the inclination of the plates, approximately
recovering the stresses seen in Fig. 1(b), as expected. This
directly confirms that disconnected plates have near zero
shear modulus between plates, as claimed by Pethick and
Potekhin [17].
In the run with inclined plates connected by helicoidal

defects [Fig. 1(d)], the tensile deformation of the boundary
again produces a shear deformation of the plates in the xz
plane. However, the filaments initially resist this shear. The
filaments break near ϵy ≈ 0.2, at which point the evolution
proceeds identically to the case discussed in Fig. 1(c).
The difference in σxz at small strains between Figs. 1(c)

and 1(d) cannot be eliminated by applying a rotation and is
a clear indication of a shear modulus produced by the
filaments. Their difference gives a maximum shear stress of
3 × 10−4 MeV=fm3; estimating the shear strain to be 0.1
gives us a shear modulus of5× 1030 erg=cm3. The rotation
of the plates partially transforms the shear stress into a
tensile stress at small strains, so this shear modulus may be
a factor of 2 larger.
With the elastic response of individual domains of

nuclear pasta understood, we now consider a larger simula-
tion with many domains. This simulation contains 3 276
800 nucleons at proton fraction YP ¼ 0.3. These param-
eters are known to produce parallel plates with a hexagonal
arrangement of holes, the “waffle” phase [24]. This proton
fraction was chosen for two reasons. First, the simulation is
less computationally expensive and allows us to evolve a
larger number of particles. Second, the filamentary struc-
ture of the waffles allows us to study how domains and
asymmetry affect pasta elasticity.
This is the largest simulation of nuclear pasta yet, and its

preparation is discussed in detail in Ref. [20]. Briefly, we
evolved a random initial state for over 15 250 000 MD time
steps, and the system formed seven differently oriented
domains; see Fig. 2. The plates are misaligned at domain
boundaries but topologically connected by filaments. The
relative volume fractions of domains remained approxi-
mately constant during this initial evolution, suggesting the
domains are long lived.
This simulation was strained at a rate _ϵx ¼ 2 × 10−7c=fm

until ϵx ¼ 0.25. The stresses are shown in Fig. 2. No
breaking was observed. Shear and tensile stresses with
components perpendicular to the strain direction x grow
approximately linearly until ϵx ∼ 0.12 and then flatten out.
Meanwhile, stresses with x components decrease slightly
before flattening out. This is expected for a linear isotropic

material which is misaligned with the strain axis. Another
simulation was strained at _ϵx ¼ 1 × 10−6c=fm until ϵx ¼
0.77 and found similar results. While it is not possible to
extract individual elastic constants from this simulation, the
stresses grow comparably to our Yp ¼ 40% simulations,
suggesting they may be similar.
In Fig. 2, we show our simulation for two different

strains: ϵx ¼ 0.0 and 0.2. At their boundaries, domains are
connected by filaments similar to the helicoidal defects
considered above. When strained, domains move relative to
each other and slide with limited resistance. At large
strains, nucleons flow between adjacent domains at the
boundaries, allowing domains to shrink or grow in response
to the applied stress. This is a mechanism for plastic flow,
possibly preventing catastrophic failures. If nuclear pasta
forms domains, the inner crust may simply not break for
realistic astrophysical strains.
Discussion.—We find, using MD simulations, that the

analytic model of Pethick and Potekhin describes well
the qualitative elastic response of idealized lasagna plates
to large deformations. Idealized nuclear pasta is strong
in our model, possibly with a shear modulus as large as
1031 erg=cm3. This is comparable to the strength of the outer
crust extrapolated to the high densities at the crust-core
boundary, which may make nuclear pasta the strongest
material in the known Universe.
For comparison, a typical nucleus predicted at pasta

densities by Haensel and Zdunik for an accreted crust is
88Ti (Z ¼ 22) with free neutron fraction Xn ¼ 0.80 [29].
Using the effective shear modulus of Horowitz and Hughto,
μeff∼0.11nZ2e2=a (ion number densityn,a¼½3=ð4πnÞ%1=3),
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FIG. 2. Multidomain simulation of strained nuclear pasta. (Top)
Tensile (left) and shear stresses (right). (Bottom) Evolution of
domains, identified by color, from no strain (ϵx ¼ 0.0) (left) to
ϵx ¼ 0.2 (right). Animations are in Supplemental Material [26].

PHYSICAL REVIEW LETTERS 121, 132701 (2018)

132701-4

Polycrystalline lasagna

• Molecular dynamics simulations of polycrystalline lasagna.

Caplan, Schneider, Horowitz, PRL 121, 132701 (2018).

• E↵ective shear modulus µe↵ of order 10
30
-10

31
erg cm

�3

• Analytical estimate. Voigt average.

µe↵ =
B

15
,

which is of a similar order of magnitude. (Kobyakov and CJP)

• Power of analytical methods.
<latexit sha1_base64="FoxR7ohtjzz6uOr3FAYnFN3w3FI="></latexit><latexit sha1_base64="FoxR7ohtjzz6uOr3FAYnFN3w3FI="></latexit><latexit sha1_base64="FoxR7ohtjzz6uOr3FAYnFN3w3FI="></latexit><latexit sha1_base64="FoxR7ohtjzz6uOr3FAYnFN3w3FI="></latexit>



Comments

• Reuss average vanishes. (Inverse of elastic constant 
tensor singular.)

• Need to make self-consistent calculations
• Has been done for bcc solid.  28 % reduction compared 

with Voigt average 
• Complication (or simplification?).  Lasagna is modulated!



Pasta phases resemble liquid crystals

•Similar sequences occur in other systems 
(block copolymers)

•BUT neutrons and protons are superfluid
•Surface and Coulomb energies small 
compared with bulk energies.

•Low-frequency modes affected by 
superfluidity.

•Ordinary liquid crystals. No “permeation”.  
Pattern moves with fluid.

•Not generally the case for pasta phases



Illustrative example: one-component lasagna

• Two-fluid model. Normal component moves with structure. Linearize.
Superfluid current proportional to r�. Current density

j = nnu̇k + ns ~
2m

rk�+ n
~
2m

r?�

• “Potential” energy

Epot =
1

2
B

✓
@uz

@z

◆2

+
1

2

@2E

@n2
(�n)2 + C�n

@uz

@z

• B involves surface and Coulomb energies. B ⌧ @2E/@n2
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Equations of motion

• Resemble those of a perfect fluid

• Hydrodynamics works because superfluid particles described by a density

and a velocity. Here it is a result of “molecular fields”, not collisions

• Particle conservation
@n

@t
+r · j = 0

• Momentum conservation

m
@j

@t
= Pressure force density + Elastic force density

= �rp� �Epot

�u

•  (r, t) = hN � 2| "(r) #(r)|Ni / e
�i(EN�EN�2)t. EN � EN�2 = 2µ.

Josephson equation.

@�

@t
= �2µ

~

• Take gradient: superfluid acceleration equation

m
@vs

@t
= �rµ
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Collective mode velocity
Lasagna

• Liquid crystal.  No “permeation”. 
• Structure moves with local fluid velocity.
•Mode velocity along z-axis zero.

• SF liquid crystal.  Permeation occurs.  
•Counterflow of normal and superfluid possible.
•Mode velocity along z-axis nonzero.

Dmitry Kobyakov and CJP,  JETP 127, 851(2018)
D. Durel and M. Urban, Phys. Rev. C 97, 065805 (2018)

One component
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Also high velocity sound mode

Polar plot of mode velocity



But pasta is not uniform …

H. Pais and J. R. Stone PRL 109, 151101 (2012)

cases studied in this Letter, we set the proton fraction equal
to 0.3, a likely value for CCSNmatter. The minimum of the
free energy in a cell at a given particle number density,
temperature, and proton fraction is sought as a function of
three free parameters: the number of particles in the cell
(determining the cell size) and !, ", the parameters of the
quadrupole moment of the neutron distribution. Each
minimization takes approximately 12 hours of CPU time
on a single core of the Cray XT5/XK6 machine and is
performed in a trivially parallel mode, typically using
45 000 processors.

We present here a complete calculation for T ¼ 2 MeV
and the particle number density range 0:02–0:12 fm"3. We
observed the onset of the pasta phase and its dissolution to
uniform matter. All classical pasta formations, starting
from spherical droplets through rods, slabs, tubes (cylin-
drical holes), and bubbles (spherical holes) were observed
fully self-consistently for all Skyrme force models. The
shapes are illustrated in Fig. 1 for the SMC700 Skyrme
force as an example at threshold densities for each shape.
We show the 3D image in the top row and the yx, xz, and yz
projections in the 2nd, 3rd, and 4th rows, respectively. In
the tube and bubble regions we found the cylindrical
(spherical) holes appearing exactly in the edges (corners)
of the unit cell and not in the center as expected in the bcc
or fcc symmetries, which are in principle allowed in a
cubic box. The reason for this effect is likely to be that
in our model we calculate the density distribution only in
one octant of the cell and assemble the whole cell using
reflection symmetry. This procedure reduces the higher
order bcc and fcc symmetries to a simple cubic symmetry.
The use of reflection symmetry makes the 3D-SHF model

manageable. Removal of that symmetry would increase the
demand on computational time by a factor of 8 which is not
realistic at this time.
In addition, we determined the transition densities

between individual phases as shown in Fig. 2. For com-

FIG. 1 (color online). First row: Pasta phases calculated using the SQMC700 Skyrme interaction, T ¼ 2 MeV and yp ¼ 0:3. Rows
2, 3, 4: 2D projection of the pasta phases on the (y, x), (x, z), and (y, z) planes, respectively. The neutron density distribution is shown at
the density corresponding to the onset of each phase, known with the uncertainty given in brackets. Blue (red) color indicates the
bottom (top) of the density scale: 0.001 (dark blue)—0.02475 (light blue)—0.0485 (green)—0.07225 (light orange)—0.095 (red) fm"3.
The pasta formation shown here appears for all the Skyrme models, but the threshold density changes somewhat; see Fig. 2. For more
explanation see text.
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FIG. 2 (color online). Comparison of phase diagrams at T ¼
2 MeV and yp ¼ 0:3 as calculated for the four Skyrme inter-
actions used in the 3D-SHF model. The sequence of phases from
bottom to top is spherical droplets (magenta): no pasta, rods
(yellow), cross-rods (blue), slabs (red), cylindrical holes (tubes,
orange), and spherical holes (bubbles, green). The white gaps
between colored boxes represent transition regions in which
calculation is not available. The onset densities of each phase
can be compared with results of Sonoda et al. [12], who found
the following regions of densities (all in fm"3 rounded to 3
decimal places): 0.017–0.029 (spherical droplets), 0.034 (rods),
0.059–0.063 (slabs), 0.080–0.084 (cylindrical holes), and 0.088–
0.109 (spherical holes). For more explanation see text.
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        Nuclear waffles
(molecular dynamics simulation)

A. S. Schneider, D. K. Berry, C. M. Briggs, M. E. Caplan, C. J. Horowitz, 
Phys. Rev. C 90, 055805 (2014)

… and is expected to have defects.

Nuclear waffle configuration with 409,600 nucleons

200 fm

Waffle configuration each 2D 
plane has a lattice of holes

Run for 15 million MD time steps

Yp=0.3, T=1 MeV

Christian 
Briggs

https://arxiv.org/search/nucl-th?searchtype=author&query=Schneider%2C+A+S
https://arxiv.org/search/nucl-th?searchtype=author&query=Berry%2C+D+K
https://arxiv.org/search/nucl-th?searchtype=author&query=Briggs,+C+M
https://arxiv.org/search/nucl-th?searchtype=author&query=Caplan%2C+M+E
https://arxiv.org/search/nucl-th?searchtype=author&query=Horowitz,+C+J


• Uniform lasagna (spaghetti) - describe by displacements 
in 1 (2) directions

• More generally need 3 component vector, u
• More terms in elastic energy
• Two superfluids (neutrons and protons), + normal 

component (lattice)
• Three more modes: extra phase plus two extra 

components of u

More general approach



• Three-fluid model.  Neutron and proton superfluids, 
normal fluid associated with lattice.

•  Anisotropic.  
• Backflow (Entrainment).    
•  5 collective modes.  
• Surface and Coulomb energies small compared with bulk 

energies.
• 2 compressional modes (high velocity). 
• 3 low-velocity modes, one purely transverse, 2 mixed 

transverse and longitudinal                                         
(D. Kobyakov and CJP, in preparation)



Overview of results

• Generally, mode velocity is nonzero in all directions
• Exception.  If proton superfluid density vanishes for 

flow perpendicular to the sheets.  In this case the 
velocity of the mode involving changing the spacing 
between lasagna sheets vanishes.

• Need better understanding of the proton superfluid 
density.  Tunneling between sheets and defects.



Lessons
• Interesting quantum system combining features 

of superfluids and solids
• Mode velocity generally nonzero.  Thermal 

fluctuations less important (cf. Landau-Peierls)
• Room for more work!  Attenuation of modes.  

Thermal conduction.



How good electrical conductors are 
the pasta phases?

• Idea.  Pasta poor conductor because of low-lying modes and 
disorder.

• Could account for decay of magnetic fields and death of 
isolated X-ray pulsars. 

   Pons, Viganò, and Rea, Nature Physics 9, 431 (2013).

• BUT … Protons superconducting!  Pasta is likely a good 
conductor.

• More work needed.  (What happens at boundaries of pasta? 
Are there weak links? Band structure?)



Where does the crust end?

• Start at higher densities. Lower density until instability sets in.

• Energy density for small deviations from uniformity (no Coulomb or sur-

face e↵ects):

E =
1

2
Enn(�nn)

2
+

1

2
Epp(�np)

2
+ Enp�nn�np

• Stability: Require Enn > 0, Epp > 0, EnnEpp � E2
np > 0

• Instability:

Epp �
E2

np

Enn
< 0

Second term is induced interaction due to change in density of neutrons

(phonon exchange)

• Instability occurs at roughly half nuclear matter density.

• Coulomb energy 2⇡e2(�np)
2q�2

. (q is wave vector)

• Surface (gradient) energy / q2�n2
n, plus terms with �np.

• Optimal q when Coulomb and surface e↵ects are equal.
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Cubic crystal system
In crystallography, the cubic (or isometric) crystal system is a crystal system where the unit
cell is in the shape of a cube. This is one of the most common and simplest shapes found in
crystals and minerals.

There are three main varieties of these crystals:

Primitive cubic (abbreviated cP[1] and alternatively called simple cubic)
Body-centered cubic (abbreviated cI[1] or bcc)
Face-centered cubic (abbreviated cF[1] or fcc, and alternatively called cubic close-packed or
ccp)

Each is subdivided into other variants listed below. Note that although the unit cell  in these
crystals is conventionally taken to be a cube, the primitive unit cell often is not.

Bravais lattices
Crystal classes
Voids in the unit cell
Multi-element compounds

Caesium chloride structure
Rock-salt structure
Zincblende structure

Weaire–Phelan structure
See also
References
Further reading
External links

The three Bravais lattices in the cubic crystal system are:

Bravais lattice Primitive
cubic

Body-centered
cubic

Face-centered
cubic

Pearson symbol cP cI cF

Unit cell

The primitive cubic system (cP) consists of one lattice point on each corner of the cube. Each atom at a lattice point is then shared
equally between eight adjacent cubes, and the unit cell therefore contains in total one atom (1⁄8 × 8).
The body-centered cubic system (cI) has one lattice point in the center of the unit cell in addition to the eight corner points. It has a
net total of 2 lattice points per unit cell (1⁄8 × 8 + 1).
The face-centered cubic  system (cF) has lattice points on the faces of the cube, that each gives exactly one half contribution, in
addition to the corner lattice points, giving a total of 4 lattice points per unit cell (1⁄8 × 8 from the corners plus 1⁄2 × 6 from the faces).
Each sphere in a cF lattice has coordination number 12. Coordination number is the number of nearest neighbours of a central atom in
the structure.

The face-centered cubic system is closely related to the hexagonal close packed (hcp) system, where two systems differ only in the
relative placements of their hexagonal layers. The [111] plane of a face-centered cubic system is a hexagonal grid.

A rock containing three crystals
of pyrite (FeS2). The crystal
structure of pyrite is primitive
cubic, and this is reflected in the
cubic symmetry of its natural
crystal facets.

A network model of a primitive
cubic system

The primitive and cubic close-
packed (also known as face-
centered cubic) unit cells

Contents

Bravais lattices

Cubic crystal system - Wikipedia https://en.wikipedia.org/wiki/Cubic_crystal_system
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Higher-order terms determine structure

• Terms like E(3)(�n)3 and E(4)(�n)4

• Minimize energy by choosing lattices with reciprocal lattice vectors of
length qc.

• Example. Cubic term: vectors q1, q2, and q3 must add to zero (transla-
tional invariance)

• For weak instability best lattice is body-centered-cubic.
(Baym, Bethe, CJP, Nucl. Phys. A 175, 225 (1971).)
(For terrestrial solids, Alexander and McTague, PRL 41, 702 (1978).)

• For stronger instability, obtain pasta sequence.
Kleinert and Maki, Fortschritte der Physik 29, 219 (1981).
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Baade and Zwicky,
Phys. Rev. 46, 76 (1934).



Concluding remarks
• Much progress has been made.
• Strong theoretical, experimental and    

observational support for nucleon superfluidity.
• More astronomical data coming.
• Nuclear physics.  More data and better models for 

neutron rich matter.
• Neutron stars as a stimulus for gaining a deeper 

understanding of physics.
• Expect the unexpected.
• Why not join in the fun?


