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Cosmology with scalar field

Scalar field approach:

» Uses the scalar field ¢ in order to describe dark energy and
inflaton field.

» Provides description of the acceleration of the Universe with
the energy density of ¢ dependent on time.

» In general, requires implementation of the potential U(¢),
affecting the scalar field ¢.
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Purpose of the research

» An investigation of the cosmological model with scalar field
non-minimally coupled to the gravity, describing both
inflation and late-time acceleration.
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Purpose of the research

» An investigation of the cosmological model with scalar field
non-minimally coupled to the gravity, describing both
inflation and late-time acceleration.

» A meticulous analysis of changes of the dynamics of the
cosmological equations under a variation of the parameters.

» An extraction of scenarios with an emergence of a
non-singular evolution of the universe starting from
de Sitter state (inflation) to another de Sitter state (late-time
acceleration after inclusion of matter).
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Purpose of the research

» An investigation of the cosmological model with scalar field
non-minimally coupled to the gravity, describing both
inflation and late-time acceleration.

» A meticulous analysis of changes of the dynamics of the
cosmological equations under a variation of the parameters.

» An extraction of scenarios with an emergence of a
non-singular evolution of the universe starting from
de Sitter state (inflation) to another de Sitter state (late-time
acceleration after inclusion of matter).

» A study of bifurcations within given scenarios—how many
qualitatively different behaviours occur?
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» The action

S=54+54,
where
Sg = 2 > d*xy/—gR (Einstein-Hilbert action)
5¢>:——/d4x g |eVYVad +2U(8) +e€RS |,
S —
with

——
kinetic energy potential energy R—¢ coupling,
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Non-minimal coupling model

» The action
S =5+ Sy,

where

Sg = d*xy/—gR (Einstein-Hilbert action),

2 9,2

1
Sp=—= / d*xv/—g |eV2Vad +2U(4) +e€RP? |,
2 —_— —— Y—
kinetic energy potential energy R—¢ coupling,
with
» ¢ = +1—canonical or phantom scalar field, respectively,
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Non-minimal coupling model

» The action
S =5+ Sy,

where

Sg = d*xy/—gR (Einstein-Hilbert action),

2 9,2

1
Sp=—= / d*xv/—g |eV2Vad +2U(4) +e€RP? |,
2 —_— —— Y—
kinetic energy potential energy R—¢ coupling,
with
» ¢ = +1—canonical or phantom scalar field, respectively,

» ¢—coupling parameter, £ # 0—non-minimal coupling,
» k2 =87nG, c =1 and the signature is (— + ++).
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Sy = —% / d*x\/—g [eV*Va0 +2U(0)

+e€R 2
N—_——

~—
kinetic energy potential energy

R—¢ coupling
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Non-minimal coupling model

1
S¢——2/d4x —8 |eV¥Vag +2U(9) |+elRe7 ||,

kinetic energy potential energy | R—¢ coupling

» The introduction of NMC is forced upon us in many situations
of physical and cosmological interest
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Non-minimal coupling model

1
S¢——2/d4x —8 |eV¥Vag +2U(9) |+elRe7 ||,

kinetic energy potential energy | R—¢ coupling

» The introduction of NMC is forced upon us in many situations
of physical and cosmological interest

» NMC arises at the quantum level due to quantum corrections
and is required to the renormalizability of the scalar field theory
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Non-minimal coupling model

1
S¢——2/d4x —8 |eV¥Vag +2U(9) |+elRe7 ||,

kinetic energy potential energy | R—¢ coupling

» The introduction of NMC is forced upon us in many situations
of physical and cosmological interest

» NMC arises at the quantum level due to quantum corrections
and is required to the renormalizability of the scalar field theory

» The value of £ is not arbitrary but is determined by the
underlying physics (allowed ranges for &)
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Field equations

» Variation of the action w.r.t. g*” and ¢ produces Einstein and
Klein-Gordon equations, respectively:

1
R — EgWR — ;27

2

O¢ — ERG — Uy =0,

where the energy-momentum tensor
¢) 7€vu¢v Qb 5g;wv (bva(b Buv (¢)+

+ e€¢? <R;w ~ 5

1
g;wR> + &€ (gWD¢>2 - v,uvu(bz) )

and
Uy = dU/d¢
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» Spatialy flat (k = 0) universe with

Friedmann-Lemaitre-Robertson-Walker (FLRW) symmetry

ds® = —de? + a°(t) (dx® + dy® + d2%) ,
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Assumptions
» Spatialy flat (k = 0) universe with
Friedmann-Lemaitre-Robertson-Walker (FLRW) symmetry
ds? = —dt® + a°(t) (dx® + dy? + d2?)

» Linear barotropic equation of state between energy density p,
and pressure pg

Py = WePop-
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Assumptions

» Spatialy flat (k = 0) universe with

Friedmann-Lemaitre-Robertson-Walker (FLRW) symmetry
ds? = —dt® + a°(t) (dx® + dy? + d2?)

» Linear barotropic equation of state between energy density p,

and pressure pg
Py = WoPy-
> \We use the Ratra-Peebles potential

Mn+4
U(¢) = o

where n is a dimensionless parameter and M > 0 is a dimensional

constant.
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» Spatialy flat (k = 0) universe with

Friedmann-Lemaitre-Robertson-Walker (FLRW) symmetry
ds? = —dt® + a°(t) (dx® + dy? + d2?)

» Linear barotropic equation of state between energy density p,

and pressure pg
Py = WoPy-
> \We use the Ratra-Peebles potential

Mn+4
U(¢) = o

where n is a dimensionless parameter and M > 0 is a dimensional

constant.
» Well known form of potential in quintessence models
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Assumptions

» Spatialy flat (k = 0) universe with

Friedmann-Lemaitre-Robertson-Walker (FLRW) symmetry
ds? = —dt® + a°(t) (dx® + dy? + d2?)

» Linear barotropic equation of state between energy density p,

and pressure pg
Py = WoPy-
> \We use the Ratra-Peebles potential

Mn+4
U(¢) = o

where n is a dimensionless parameter and M > 0 is a dimensional

constant.

» Well known form of potential in quintessence models
» Allows for a solution of the fine tunning of initial conditions

Franciszek Humieja Generic cosmological solution without singularity



o

@
|||||



» Applying these assumptions, we obtain cosmological equations
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» Applying these assumptions, we obtain cosmological equations
» Friedmann equation

3

K2

1 . .
H? = p, = §e¢2 + U+ 3e6H?*¢? + 6eEHopo,
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» Applying these assumptions, we obtain cosmological equations
» Friedmann equation

3

K2

1 . .
2=py = §€¢2 + U + 3e6H?§? + 6cEHo o,
» acceleration equation

-5 (2H+3H2) =py =

1 - er?£g2(1 — 66)

«O» «F»r « > > Q>

2e02(1 — 4€) + 66292 H? + 2eEHpp — U + 260U 4
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Cosmological equations

» Applying these assumptions, we obtain cosmological equations
» Friedmann equation

3

K2

1 . i
H? = p, = sz + U+ 3e£H?¢? + 6cEHb o,

» acceleration equation

2e02(1 — 4€) + 66292 H? + 2eEHpp — U + 260U 4

1, R
—— (2H+3H?) = py =
2 (2H+347) = py 1 — er2¢2(1 — 6¢)

» Klein-Gordon equation

b+3H+6¢0 (H+2H) +2U,y =0,
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Cosmological equations

» Applying these assumptions, we obtain cosmological equations
» Friedmann equation

3

K2

1 . i
H? = p, = sz + U+ 3e£H?¢? + 6cEHb o,

» acceleration equation

2e02(1 — 4€) + 66292 H? + 2eEHpp — U + 260U 4

1, R
—— (2H+3H?) = py =
2 (2H+347) = py 1 — er2¢2(1 — 6¢)

» Klein-Gordon equation

b+3H+6¢0 (H+2H) +2U,y =0,

> where Uy := dU/dé.
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» Let us introduce dimensionless phase space variables

¢ Ve 1
Uu=—, v=——.
Ho K¢
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Dynamical equations

» Let us introduce dimensionless phase space variables

¢ _Ve1
He ' T Tk 6

» In new variables, cosmological equations produce the
dynamical system

, 1, 3 1, 1, 2
u = |:7§u (24 n) — Eu(l +4&n) + SEV° — 3¢(1+ n):| [gsv —2¢(1 - 65)} +
+ (66 + u) Eevz —2¢(1 — 65)} .
. (u2 [L — &2 —n)] +4cu(2 4 3¢n) — %5v2(1 +2¢n) 436 [1 4 2¢(1 + n)]) ,
/ 1 2 2
vi=—uv |:§av —2&(1 — 65)} ,

where f/ = d‘li: = H-lf,
a
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» We start with finding equilibria, i.e. points, in which v/ =0
and v/ =0 (no evolution).
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» We start with finding equilibria, i.e. points, in which v/ =0
and v/ =0 (no evolution).

» There are six equilibria (A-F) in finite space.
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Investigation of the dynamics of the system

» We start with finding equilibria, i.e. points, in which v/ =0
and v/ =0 (no evolution).

» There are six equilibria (A-F) in finite space.

» Coordinates and stability features of these points depend on
model parameters ¢, £ and n.
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Investigation of the dynamics of the system

» We start with finding equilibria, i.e. points, in which v/ =0
and v/ = 0 (no evolution).

» There are six equilibria (A-F) in finite space.

» Coordinates and stability features of these points depend on
model parameters ¢, £ and n.

0
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» As said before: Stability features of equlibria depend on
parameters of the model...
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» As said before: Stability features of equlibria depend on
parameters of the model...

» ...this leads to the methods of bifurcation theory.
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Bifurcation theory

» As said before: Stability features of equlibria depend on
parameters of the model...

» ..this leads to the methods of bifurcation theory.

» Definition: The appearance of topologically nonequivalent
phase portrait under variation of parameters is called a
bifurcation.
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» In the de Sitter universe the dynamics is dominated by the

cosmological constant A, so the matter component (both
baryonic and dark) is neglected.
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What is the de Sitter universe?

» In the de Sitter universe the dynamics is dominated by the
cosmological constant A, so the matter component (both
baryonic and dark) is neglected.

» Pressure and energy density satisfy

A Pds
Pds = —pPds = ——5 = W4s = — = —L.
K Pds

Franciszek Humieja Generic cosmological solution without singularity



What is the de Sitter universe?

» In the de Sitter universe the dynamics is dominated by the
cosmological constant A, so the matter component (both
baryonic and dark) is neglected.

» Pressure and energy density satisfy

A Pds
Pds = —pPds = ——5 = W4s = — = —L.
K Pds

» For the spatially flat universe (k = 0) the scale factor a
depends on time as

a(t) ei\/gt.
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What is the de Sitter universe?

» In the de Sitter universe the dynamics is dominated by the
cosmological constant A, so the matter component (both
baryonic and dark) is neglected.

» Pressure and energy density satisfy

A Pds
Pds = —pPds = ——5 = W4s = — = —L.
K Pds

» For the spatially flat universe (k = 0) the scale factor a
depends on time as

a(t) ei\/gt.

» For ‘+' sign it is de Sitter state, while for ‘—' it is anti
de Sitter state.

Franciszek Humieja Generic cosmological solution without singularity



What is the de Sitter universe?

» In the de Sitter universe the dynamics is dominated by the
cosmological constant A, so the matter component (both
baryonic and dark) is neglected.

» Pressure and energy density satisfy

A Pds
Pds = —pPds = ——5 = W4s = — = —L.
K Pds

» For the spatially flat universe (k = 0) the scale factor a
depends on time as

a(t) ei\/gt.

» For ‘+' sign it is de Sitter state, while for ‘—' it is anti
de Sitter state.

» De Sitter state describes dynamics of cosmic inflation.
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Cases of de Sitter—de Sitter evolution of the universe

» Looking at bifurcations diagrams, we could extract ranges of
parameters for which evolution of the universe starts in
de-Sitter state (inflation) and finishes in another

de Sitter state (late time acceleration after the inclusion

of matter).

Table: Sets of parameters for which the universe undergoes the evolution
starting from the de Sitter state and finishing in the de Sitter state.

no. ¢ n € starting point final point
1. Generic de Sitter—de Sitter evolution
(a) % (0, 400) +1  unstable node A  stable focus E
(b) 13—6 (—=2,0) —1  unstable node A  stable focus E
© (£, -2 —1  unstable node C  stable focus E
2. Non-generic de Sitter—de Sitter evolution
(d) (—o00,0] -2 +1 saddle E stable node C
(e) % (33, —52) —1 saddle A stable focus E
f) = [-4,—-32) -1 saddle A saddle E
(g o %) -2 —1 saddle C stable node/focus E
(h) (%7—&-00) -2 —1 saddle E stable node C
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‘Collisions’ of equilibria for generic dS—dS scenarios

» Again, bifurcation diagrams (showing ‘collisions’ of equilibria)
indicated that one phase portrait is fully representative for

each of scenarios (a)—(c).

Nullcline v=0 for n=-2, e=+1

2r | PointC

T

Point B

Point A

T
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A ¢ Point C

4|
-16 N
0.16 0.18 0.2

- ~0.4 0.2 0.0 0.2 0.4

Franciszek Humieja

Point C

Point B

Point A

— saddle

— unstable node

— stable node

Generic cosmological solution without singularity



fHac

@
i
it
||||| .



B

-05 . 0.5
scenario (b) scenario (c)

0.00! :
-0.90 -0.85 -0.80 -0.75 -0.70 -0.65 -0.60
u u

DA




t
-20A-15 -1.0 -05 0.5 -500 -400 -300 -200 —10005

— wy
- H
— H
— H+H
t T e
0
4040
8 — Q¢ kin
20 — Qg pot
10

t L
-20 -15 -1.0 -05 00 05 -500 -400 -300 -200 -100 O
40> «F»r <«




2
1 1
t t
-0 -8 -4 -2 10 -8 | > -4 -2 o
A\
- >
-3 -

— H
~— H
b — H+H
* 20
t — Qg
10 -8 (-6 -4 -2 G0 s (6 4 2 ”
. 20 — Qg.pot
-40 B

a
u]
v
a
v
a
v
a
v
it

DA



o

b}
|||||



Conclusions

» We considered cosmology with scalar field coupled to the
gravity; this approach enabled us to include both the
inflation and the late-time acceleration in a single model.
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singularity.
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Conclusions

» We considered cosmology with scalar field coupled to the
gravity; this approach enabled us to include both the
inflation and the late-time acceleration in a single model.

» The application of bifurcation theory allowed us to distinguish
sets of parameters for which the universe undergoes a
generic evolution without presence of the initial
singularity.

» There occured two types of non-singular initial states: the
de Sitter state and the static universe.

» From the bifurcation analysis, we obtained pairs of the critical
values of the parameters (£, n) which corresponded to
bifurcation values.

» THANK YOU FOR YOUR ATTENTION!
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