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[. Introduction

@ Black hole in LQG : Isolated horizon with punctures. [Eugenio’s talk]
@ Chern Simons theory on the horizon. Edges of spin network thread the horizon.

@ Punctures contribute area elements to the horizon and construct the microstates accounting

19,my

for the entropy. I

@ Area of the horizon is an observable. Statistical analysis for area of the horizon.
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[.Introduction

@ Microcanonical studies have been done GM, DL, ENP, .. , characterizing the horizon as

A=8myl3 Y \ipGp + 1),
P

Zmp =0.
P

and counting the number of such configurations

e)\A

2~ —=,
VA

and 1
S~ XA — —logA.
2
@ However number of puctures can not be held fixed, horizon can exchange the number of area quanta with
the bulk.

@ Does this situation corresponds to entropy calculation of a photon gas?
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|. Introduction: Punctures as Quantum hair

@ Major Class. Quant. Grav. 17 (2000) Ghose and Perez Phys. Rev. Lett. 107 (2011): Punctures as
quantum hair.

@ Chemical Potential associated with a puncture.
@ Horizon as a gas of punctures.
@ Microcanonical analysis suggests Bekenstein-Hawking area law recovered.

@ Implications for subleading corrections ?
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[I. Canonical ensemble analysis

@ We first fix a graph I' and calculate the (canonical) partition function as first step

@ The partition function for this canonical ensemble is given as

N! B i Mim. A
Zr(B,N) = Y o bpoe I M
{3 iy mamy !
with
N = Z Njms and 2 Z Njm;mj = D
J.mg J,mg

@ We use a suitable representation of the delta function to turn the partition function into

B> im. M a;
Simy mim; i

1
Zr(B,N) = —

N! /27r dkezik ijj jm; ™
2 (o}

T {njm ;) jm; mimt-

@ On simplification,
N
1 27 ;
Ik Z (2ikm j—Baj)

Jjmg

Zr(B,N) = 2 Jo

@ If we work with Flux area operator [Barbero, Lewandowski,Vilsenor], the Unitary representation of Area
operator | Livine], or the semiclassical limit

aj=(+1) jeN
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[I.Canonical ensemble analysis

@ In this case

N
1 r2w 1 O - : ;
Zr(B,N) =~ 2 /o dk <e27',k 1 Z el Uklk(t e ml})

=1
1 ™ 2cosk —e 7 N
= — dk | —m——F, s
27 J -7 e20 — 2e¢% cosk + 1
with
o= 477’yl§6,

which can be evaluated in the thermodynamic limit N >> 1.

@ With a transformation
k= 2tan_1(z/2)

@ the partition function

Z0(8, N) = /OC P 1 2cosk(z) —e” 7 N
me A x27r(1+z2/4) €20 — 2¢9 cos k(zx) + 1
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[I. Canonical ensemble analysis

@ Partition unction is a unimodal symmetric distribution

N=1000

oy ETS " oo B

@ We would like it to approximate as accurately as possible.
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[I.Canonical ensemble analysis: Approximation

@ Moment generating function for a (Non-normalized) Gaussian with a zero mean

2
oo _lz
C/ dze 202,
J—oco

is given by
202 oo 1 (e=te?)?
M(t) =Ce 2 / dze 2 o2
oo
@ With the substitution z — to? = z’ we have
t202  roo , _1)?
M@) =Ce 3 / do'e 2 o2,
—oo

+2

2
—Ce 3 \/27ra2:Af(iazt),

22

1z
252 and A = V27n02.

where f(z) = Ce

In a non-normalized gaussian distribution (with zero mean), the n — th moment is given by

2

i}

1
B C [22, dzzTe 2

Hn

wa\)‘

x

_1
C [, dze 252
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II.Canonical ensemble analysis: Approximation schemes

@ Now,
2
oo _lz
M(t) = C/ dze'®e 202
J—oo
2 n 122
t t _lz
= C/OO dz(l+tz+ﬂ+.”+ﬂ+.“)e 202,
J—oco 2! n!
Thus,
M (#)lo
Hn = —————————
M(#)lo
@ Now,

MM ()]o = AGio®)" £ (102 )]0 = A(ic?)" (™) (0),

M(t)|o = Af(ic’t)|o = Af(0).

Therefore the n — th moment is

()" M (0)
T T e
@ Variance
For second moment
2 af"(0)
ocf=—0"—==,
1(0)
2 £(0)

therefore, 0° =

S o)
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II.Canonical ensemble analysis: Approximation schemes

@ Kurtosis X X X
The 4-th moment is again obtained as

G RNAC)
£(0)

4

Therefore the kurtosis is given by

(ie2)* 1™ (0)
700y
Bo = — =

gy P4 _ £(0) £ (0)
2T et T ()2

@ The kurtosis for the distribution becomes

na _ f@lof M@)o
[ (@)]0]?

54

6[(1 — 2e7)%(e? — 1)* +8e37(—1 + 2e + €37 — e29)N + 8e57 N?]
[-1+e7(4+e(=5+e(2+4N)))]2
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II.Canonical ensemble analysis: Approximation schemes

@ The “excess kurtosis” in the thermodynamic limit vanishes
4
lim 24 _3 0.

N—oco g

enabling us to approximate the distribution as gaussian and evaluate the partition function as

_o [2log4 2—e 7 N
Zr(B,N) = |e ~ m .

@ Corresponding canonical entropy

1
S =1InZr + BA = N[nz(o) + oq] — > In N + const.,

with ¢ = —9log z/d0o. The entropy is extremized w.r.t. the number of constituents to get
a(qp)A 1 A
Szﬁffln ——— | + const.
47r’yl% 2 47r'yl%)qo
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[I.Canonical ensemble analysis

@ We recover the B-H area law for the leading order if we take v = 0.258

Analysis | ~ ]
Ghosh et. al. Microcanonical LQG | 0.274 |
Ghosh, Mitra, Phys. Rev. D. 71 (2005)

ng Zh;mg Phys. Rev. D. 68 (2003)

[ [
| |
’ Cing, Zhang ‘ N=ISUSYLQG [ 0.247 |
’ ‘ Canonical LQG [ 0.258 |

KL’ &Vaz Phys. Rev. D. 85 (2012)

@ Recent proposals suggest fixation of Immirizi parameter is not core to obtaining the area-law when the
problem is posed in terms of local observers [Eugenio’s talk].

@ We also obtain sub-leading logarithmic corrections with a negative signature.

@ Next we allow the number of punctures to vary.
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II1. Grand-canonical ensemble analysis

@ The corresponding grand-canonical treatment gives

N
2(8, a) = Z Z H(ZJ +1)n] 6—(87\'76(1 —a)n]
N= OnJ70 j

The average occupation number of punctures in a state j will be

() 1 8lnE  A(2j+1)e 8P
n;) = — =
7 8myB Oay 1— Xz
and the average quantities will be given by
Oln= Az
N) = = n;) = .
v da ZJ:< i) 1— Az
dlnZ= 1] Oln z
A=-— = —1In(l —Xz)=—-N s
9B op o

where A () = e® is the fugacity, and
2(8) = (25 + e PP

J
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II1. Grand-canonical ensemble analysis

@ Using the relation
== Z ZNeaN
N

and using the canonical partition function we get

dk

1 k3
2o a) = — = :
2w Jom 1= M) 252, ai(o) ()

with z; (o) = e~ U+1) ang AMa) = e,
@ Again, the partition function can be approximated (saddle-point) in the thermodynamic limit

1
E(o,a) = V2w f(0)6 = s
() RV s ) IR SUC):

where

oo

20) =3 a(@)+1)

=1

> 2 3 2 1
b(o) = E z1 (o) {*l +20° 4+ -1 —1].
=1 3 3
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II1. Grand-canonical ensemble analysis

@ Large N limit is given by
Az — 1

@ In this limit the ratio A/N depends on the chemical potential and is constant for isothermal cases : Good
intensive variable to use.

@ Legendre transform of In =, which is the entropy, becomes
S(A,N)=InE4+BA—-—aN =(N+1)In(N+1) — NInN + Naoc(a) + N In z(a)
and simplifies, in the limit of large N, to

S(A,N) =~ InN + Nlac(a) + In z(a)] = M% + Nlnz(a) + In N.
i P

@ At some fixed value of the temperature, o, or of the chemical potential, ag, we find that a(og) = ag

then
o A
47r'yl229a0
can be used to eliminate N
1 Inz(ag)] A A
S(A) " — |ocp + ————| — + In — + const.,
Ty ag 4l% 41%
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II1. Grand-canonical ensemble analysis

@ Inclusion of the projection constraint and the fluctuation in N, in large N limit gives

A
In — + const.

— +
2
4lp

1 Inz(ag)] A 1
S(A):?’Y |:0'0+7} 2 3
P

ag

@ Therefore for isothermal case B-H law is obtained upto fixing the Immirizi parameter.

@ For zero chemical potential we reocver the same Immirizi parameter. In general it is chemical potential
dependent.

@ The logarithmic correction has now become positive signature and differs from microcanonical results.
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Discussions

@ The B-H area relation can be achieved for isothermal cases in LQG.
@ In general, the Immirizi parameter is a function of the temperature/chemical potential.

Canonical/grand-canonical analysis suggests correction to area law, logarithmic in nature but with opposite
signatures.

@ Differs from microcanonical analysis
Barbero, Vilasenor, Class. Quant. Grav. (2011).

@ Implications for stability. Energy ensemble in terms of local observers will make the analysis thermal.

Thank you for your attention !
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